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Abstract

This thesis is a presentation of research that has addressed the forward and inverse problems
for the DC resistivity and magnetometric resistivity (MMR) experiments. The emphasis has been on
the development of practical numerical procedures for solving problems involving a large number of
data and unknowns. The relative value, in terms of information content, of the different data sets
arising from DC resistivity or MMR experiments has also been emphasized. For the purposes of this
work, a two-dimensional conductivity structure was assumed, although the results can be extended

to three-dimensions.

The first part of this research focused on the development of numerical algorithms to accurately
and efficiently solve the forward problem. A forward modeling algorithm based on the integrated
finite difference discretization was first developed. The algorithm was designed to model a variety
of different responses, including pole-pole, pole-dipole, dipole-dipole and MMR measurements
for surface, cross-borehole and borehole-to-surface arrays. Complex conductivity structures and
topography can also be specified. The high accuracy of the algorithm was demonstrated by comparing
forward modeled results with analytic solutions for different conductivity models. The algorithm was
then used in the development of a multi-grid procedure for iteratively computing DC resistivity
responses. The multi-grid algorithm makes use of a sequence of grids of increasing fineness to
accelerate convergence. Testing of the multi-grid algorithm demonstrated its value as a fast and
accurate solver for the DC resistivity problem. The use of non-coextensive grids was also found
to be useful for achieving higher resolution in the vicinity of singularities and rapid changes in the
conductivity. The multi-grid approach was used in the development of a novel adaptive grid design
procedure that iteratively refines an initial numerical grid. The application of this algorithm to the

modeling of DC resistivity responses for different conductivity structures illustrated the usefulness



of the approach, and demonstrated the need for assessing the accuracy of a numerically computed
solution.

The second part of this research focused on the calculation of the sensitivities of the modeled
responses to changes in the model parameters — quantities that are essential to the solution of the non-
linear inverse problem. A study of the available techniques for numerically computing sensitivities
was carried out to determine the most suitable approach. Based on this study, an adjoint formulation
for the 2D resistivity and MMR problem was developed. A comparison of these numerically computed
sensitivities to ones obtained by perturbing the model parameters verified the accuracy of the approach.

The final part of this research focused on the solution of the inverse problem. The inversion
of DC resistivity data has traditionally employed a coarse parameterization of the model to reduce
the non-uniqueness of the problem. Although this can succeed in reducing the non-uniqueness, it
can also lead to problems of poor stability and slow convergence. In this work, a strategy of using
a fine parameterization of the model was adopted. The resulting non-uniqueness was reduced by
requiring that the final solution minimize a global norm of the model. Computational problems
were addressed using a re-parameterization based on a generalized subspace approach. The use
of linearized information to avoid computing a large number of forward solutions was examined.
The resulting generalized subspace algorithm was tested by inverting synthetic data sets generated
for pole-pole, pole-dipole, dipole-dipole and cross-borehole electrode conﬁguraﬁons: The success
of these inversions demonstrated the stability and efficiency of the generalized subspace approach.
Synthetic MMR data sets were also inverted, both individually and in a joint inversion with pole-
pole resistivity data. The results indicated that the additional information provided by the magnetic
field data can help to better resolve the subsurface. An E-SCAN pole-pole field data set was also
inverted, and a solution that delineated two conductors was obtained. The solution was consistent

with geological cross-sections that were available for the study area.
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Chapter 1

Introduction

The research presented in this thesis has focused on the solution of forward and inverse problems
for the direct current (DC) resistivity and magnetometric resistivity (MMR) experiments. There were
two primary objectives of this research. The first was to develop numerical procedures that could
be used in the analysis of data from these surveys. Because of the size of the problems that were
to be solved, considerable attention was given to developing procedures that were both accurate and
efficient. The second objective was to assess the relative value, in terms of information content, of the
different data sets arising from DC resistivity or MMR experiments. These included pole-pole, pole-
dipole and dipole-dipole measurements for surface and borehole electrode configurations, and MMR
magnetic field measurements. The inversion of these different data sets, either separately or in a joint
analysis, was used to demonstrate their relative usefulness in recovering accurate representations of

the subsurface.

1.1 The DC resistivity experiment

The DC resistivity method has been used in the geophysical exploration of the subsurface for
many years. The simplicity of the equipment, the low cost of carrying out the survey and the
abundance of interpretation methods make it a popular altemnative to drilling and testing. Although
there are many variations of the DC resistivity technique, the basic procedure is to establish a

subsurface current distribution by injecting current into the ground between two electrodes (Figure



1.1). A series of potential differences are measured between pairs of potential electrodes in a line
or grid, and are then interpreted to yield information about the electrical conductivity beneath the

study area.

1.1.1 Field procedure

Numerous ways of arranging the current and potential electrodes in a resistivity survey are
possible. Both the geometric configuration of the electrodes (i.c. the array used) and the relative
spacing between electrodes can vary from survey to survey. Because both the depth of penetration
and vertical resolution depend on the particular arrangement of electrodes used (Roy and Apparao
1971, Roy 1972, Ward 1990), a proper choice of array is important to the success of the experiment.
This choice must be based on the nature of the target (such as depth of burial and resistivity contrast),
as well as on the complexity of the surrounding medium. Arrays that are frequently encountered
include the pole-pole, pole-dipole, and dipole-dipole array. These are illustrated in Figure 1.1. Other

popular arrays include the Wenner, Schlumberger and the gradient arrays (e.g. Ward 1990).

Figure 1.1 Electrode configuration for the pole-pole, pole-dipole and dipole-dipole arrays. Dashed
lines indicate electrodes located at infinity.



The most common way of acquiring resistivity data is to make use of one or more traverse
lines. To image lateral changes in the subsurface, the center of the array is moved along one of
the traverse lines while keeping the electrode separations fixed. This mode of acquisition is referred
to as profiling. Expanding the electrode array about a fixed point to image successively deeper
regions of the earth is referred to as depth sounding. Combining the two techniques into a depth

sounding/profiling survey is also possible.

1.1.2 Applications

The resistivity technique has been used extensively in the detection and mapping of groundwater
contamination (Klefstad et al. 1975, Stollar and Roux 1975, Kelly 1976, Urish 1983, Buselli et al.
1990, Mazac et al. 1990a, Ross et al. 1990). Considerable work has also been done to apply the
technique to the evaluation of groundwater resources and in the quantitative evaluation of aquifer
parameters that control groundwater flow (Schwartz and McClymont 1977, Kelly 1977, Kosinski
and Kelly 1981, Sri Niwas and Singhal 1981, Sri Niwas and Singhal 1985, Mazac et al. 1990b).
Resistivity measurements have also been used in the geostatistical extrapolation of aquifer parameters
away from well control (Ahmed et al. 1988). The use of geoelectric methods in the monitoring of
enhanced oil recovery (EOR) processes (Beasley 1989) and in archeological applications (Clark

1986, Imai 1987) has also been described.

The use of DC resistivity surveys in mining exploration has been less widespread. This is
primarily due to the small influence that disseminated mineralization often has on the resistivity, as
well as strong competition from the induced polarization (IP) method. Successful use of the DC
resistivity technique in the mapping of both massive and disseminated ore deposits have, however,
been described (e.g. Leney 1966, Maillot and Sumner 1966). The technique has also seen some use

in the exploration for hydrocarbons (e.g. Yungul 1962).



1.1.3 Relationship between electrical resistivity and other parameters

The close relationship between electrical current flow and porous media transport has stimulated
considerable interest in the application of DC resistivity methods to groundwater resource and
contamination problems. Much of the attention in recent years has focused on the relationships
between electrical resistivity and parameters governing porous media flow (Worthington 1976,
Frohlich and Kelly 1985, Mazac et al. 1985, Huntley 1986, Mazac et al. 1990b). Often these
relationships are based on experiment, and can only be applied to very specific situations. Nonetheless,
they provide a way of characterizing properties of an aquifer or reservoir once the electrical structure
has been recovered.

The starting point for most studies is to relate the bulk electrical resistivity p to the resistivity

of the pore fluid p; using a constant formation factor F', where

F=2 (1.1)
P

Assuming the formation factor is indeed constant, this allows one to determine the ionic content
of the pore fluid, and hence the water quality, once the bulk resistivity has been estimated. The
assumption of a constant formation factor, as pointed out by Worthington (1976), will be invalid for
problems where matrix conduction is significant. In these cases, more complicated formulae must
be considered.

For problems where the porous medium is non-homogeneous, theoretical relations like Archie’s
law

F=qa9™ 12)

can be used to relate the formation factor to the porosity ¥. Combining (1.1) and (1.2), one obtains

9 = log,, (aps/ps) (13)

(1.3) can be used to determine the porosity of the medium, given an estimate of its bulk electrical

resistivity.



Relationships between formation factor and other aquifer parameters like hydraulic conductivity
and permeability have also been examined (Frohlich and Kelly 1984, Mazac et al. 1985, Huntley
1986). Hydraulic conductivity can be correlated directly with porosity, or it can depend on other
parameters (e.g. grain size, packing) which are related to porosity. One can thus observe either a
direct or an inverse relationship. The formation factor can also display a direct or inverse correlation
with porosity, depending primarily on the mode of conduction. The need to establish the correct
relationship between electrical resistivity and the parameter of interest is essential to the success of
any geoelectric survey. In the groundwater problem this is usually done by comparing the resistivity

sounding results to aquifer parameters estimated from pump tests at nearby wells.

1.1.4 Interpretation

The first step in a typical interpretation of resistivity data is to convert the measured potentials
into apparent resistivities — the apparent resistivity, p,, being the resistivity of a homogeneous earth
corresponding to the particular potential measurement ¢(z,y,2). For the pole-pole experiment the

apparent resistivity is given by

Pa = 27” @ =2+ (1= 1) + (2 - 2) - 4z, 2) (14)

Data from depth soundings are most often presented as apparent resistivity vs electrode separation
plots, and are interpreted using type curves generated from simple layered-earth models (e.g. Orellana
and Mooney 1966). A more elaborate interpretation of sounding data makes use of the at-JIXi.liary point
method (Parasnis 1986). This involves matching successive branches of the sounding plots to two-
or three-layer type curves, thereby constructing a more complete multi-layer cross-section. More
sophisticated direct interpretation or inversion techniques based on a 1D model assumption have also
been used (Pekeris 1940, Zhohdy 1965, Koefoed 1966, Inman et al. 1973, Inman 1975, Oldenburg

1978).



Apparent resistivity data obtained from profiling surveys are usually displayed as pseudo-sections
or contoured plan maps and interpreted qualitatively. Analytic solutions for spheres, vertical dikes
and other simple earth structures are often used to aid in the interpretation (e.g. Van Nostrand and
Cook 1966). To model more complicated structures, 2D and 3D forward modeling techniques are
often used. Recent work on the forward modeling of DC resistivity data has concentrated on the
use of standard numerical procedures, including the finite element method (Coggon 1971, Rijo 1977,
Pridmore et al. 1981, Fox et al. 1980, Holcombe et al. 1984), finite difference method (Mufti 1976,
Dey and Morrison 1979a,b, Mundry 1984, James 1985, Lowry et al. 1989) and boundary element

method (Snyder 1976, Oppliger 1984).

A number of attempts have been made to solve the inverse problem for 2D and 3D conductivity
distributions. Pelton et al. (1978) examined the inversion of resistivity and IP data over simple 2D
structures using a data base of synthetic data generated for different models. Because of the need to
restrict the size of the data base, only 9 parameters were actually used to describe the model. These
included the thickness of an overburden layer, width and height of a buried prism, and resistivity and
polarizability of the overburden layer, prism and host. Petrick et al. (1981) presented a 3D inversion
scheme based on the use of alpha centers. Smith and Vozoff (1984) used a least-squares approach
to solve the 2D inverse problem for resistivity and IP data sets. Although the finite difference
algorithm they used in the inversion permits a highly detailed model, they chose to solve for the
conductivity of only a small number of sub-regions. Tripp et al. (1984) presented an algorithm for
inverting dipole-dipole data over a 2D earth. Again, the conductivity of only a small number of
sub-regions was solved for in the inversion. Sasaki (1989) considered the joint inversion of MT and
dipole-dipole resistivity data using a least-squares approach, and later Sasaki (1990), using a similar
strategy, examined the inversion of cross-borehole data for 2D conductivity structures. Park and Van
(1991) examined the inversion of surface pole-pole data for a 3D conductivity structure. Because

of the computational problems encountered in solving the 3D problem, the conductivities of only a



small number of cells were solved for in the inversion.

Although the use of inversion techniques for the interpretation of 2D and 3D problems is highly

desirable, good results have been limited by the small number of parameters that can be solved for.

1.2 The magnetometric resistivity (MMR) experiment

The magnetometric resistivity (MMR) method is an electrical prospecting technique that was
first proposed by J. Jakosky in 1933 (e.g. Jakosky 1940). The method involves measuring the small
magnetic field that arises due to current injected into the ground as it flows through the subsurface.

The magnetic field is described by the Biot-Savart law

1
\/(x_z/)z +(y__y/ )2+(z_z/ )2

B(z,y,2) = -Z—; . /D f(:c',y',z’) x V' ] dz'dy'd (1.5)

where E(x, y, z) is the magnetic field measured at some point (z, ¥, 2) outside of the source region,
J is the subsurface current density and D is the domain of the problem. J can be related to the

subsurface conductivity o(z,y, z) by Ohm’s law
J(z,y,2) = —0(z,y,2)Vé(,v,2) (16)

where ¢(z,y, z) is the electrical potential. Equation (1.6) thus establishes a relationship that can be
used to infer the subsurface conductivity distribution given surface measurements of the magnetic

field responses.

1.2.1 Field procedure

In a typical MMR survey over a two-dimensional structure, a pair of fixed current electrodes
are placed parallel to strike several kilometers apart. A slowly alternating current is then injected
into the ground. Measurements of one or more components of the resulting magnetic field are made
over the study area and anomalies in the field are then used to determine the electrical properties

of the subsurface. Although anomalies in an MMR survey are typically quite small — on the order



of 0.1 nanoteslas for a current of several amps — they can still be measured to a high degree of
accuracy using sensitive flux-gate magnetometers (Edwards and Howell 1976). Accuracies of several
thousandths of a nanotesla can usually be expected.

Besides the linear MMR array described above, other configurations are possible, including cross-
borehole and borehole-to-surface configurations. As with the DC resistivity method, the MMR array

must be based on the nature of the target that is being studied, and the objectives of the survey.

Several aspects of the magnetic field response associated with MMR survey make it a particularly
useful tool for geophysical exploration problems. Unlike the potential field, the primary or "normal”
magnetic field for a current electrode at the surface of a uniform halfspace is independent of
conductivity (Edwards et al. 1978) and is thus easily subtracted from the measured response. As
well, a simple application of Ampere’s law reveals that no magnetic field anomaly is observed
at the surface for a current electrode over a layered halfspace. Thus our ability to resolve three
dimensional structures buried within a sequence of layers should be less sensitive to our knowledge
of the background layering. The MMR response is also less sensitive to near surface inhomogeneities
and local topography (Edwards and Howell 1976). Another advantage of the MMR technique is that
the receiver does not have to be in physical contact with the earth. This has important practical
consequences when making measurements over highly resistive ground or from within a cased

borehole — situations where making electrical measurements is difficult or impossible.

1.2.2 Applications

Applications of the MMR technique to various geophysical problems have demonstrated the
value of this particular data set. The method was first used successfully by Edwards and Howell
(1976) to delineate the contact between two basement rocks of differing conductivity. Acosta and
Worthington (1983) used a borechole magnetometer and subsurface current electrode configuration to

carry out a cross-borehole MMR experiment over a landfill site. The results of 2D forward modeling



were then used to delineate zones of fissuring within underlying limestone bedrock. Nabighian et
al. (1984) used an integral equation approach to interpret a cross-borehole MMR data set acquired
over a massive sulfide deposit. A combined DC resistivity and MMR survey were successfully used
by Szarka (1987) to study basement relief beneath a test site in Hungary. Variations on the MMR
technique have also been used to study the electrical conductivity of the oceanic crust (Edwards et

al. 1981, 1984).

1.2.3 Processing and interpretation

The processing of MMR data prior to interpretation is usually very straightforward. A “normal”
field, equal to the magnetic field response over a uniform halfspace, is first defined. If, for example,
B.(z,y,0) is measured, then the normal field BZ(z,y,0) for a current electrode at ¥, = (0,0,0)

is given by

pol
dr Y2 + 22

By (z,y,0) = — 1.7

(Edwards et al. 1978). The normal field is subtracted from the measured magnetic field, and the
result is normalized by the normal field computed at a fixed reference location. For the z component,

Edwards et al. (1978) take the reference location to be (z,0,0). The MMR anomaly is then given by

B.’D(x’ Y, 0) - B;"((L‘, Y, O)
B;(:L‘,0,0)

MMR anomaly = 100% - (1.8)

Other normalizations are also possible — the appropriate normalization depending on the nature of
the survey and the component being measured.

Once the measured data have been normalized, the resulting MMR anomaly is plotted in profile
form for subsequent interpretation. Until recently, the interpretation of MMR data has relied primarily
on comparisons to closed form analytic solutions and numerical forward modeling. Although the
number of analytic solutions for the MMR problem is somewhat limited, they can still yield valuable

information about the nature of the MMR response. Edwards et al. (1978) presented an extensive suite



of analytic solutions for MMR problems, and demonstrated the advantages of the MMR technique.
Edwards and Howell (1976) made use of analytic solutions for a vertical contact and a vertical dike

to estimate the conductivities on either side of a basement contact.

More recently, numerical and analogue forward modeling have also been used in an effort to
obtain more detailed information from MMR data. Pai and Edwards (1983) describe a finite difference
code for modeling the MMR responses over general 2D earth structures. Acosta and Worthington
(1983) make use of a similar finite difference code to forward model cross-borehole MMR responses
measured over a landfill site. Nabighian et al. (1984) used an integral equation approach to forward
model the results of a cross-borehole MMR study. Gomez-Trevino and Edwards (1979) use a 2D
boundary element code to demonstrate the usefulness of the MMR technique in the presence of
conductive overburden. Szarka (1987) used analogue modeling to interpret a joint potential and

MMR data set.

Thus far, the only attempt to apply formal inverse techniques to study MMR data was carried
out by Sezinger (1989). He employed a non-linear least-squares algorithm to simultaneously invert
synthetic cross-borehole MMR and dipole-dipole potential data for a 2D earth structure. The regional
conductivity outside the area of investigation was assumed known, and a parameterization that was
consistent with the known model was used. A line current source, rather than a point current source,
was also assumed. In this thesis, a more practical approach is developed that does not assume
information is available to specify the regional conductivity or parameterization. As well, a more

realistic point current source is used in the formulation.

1.3 The E-SCAN pole-pole experiment

The E-SCAN experiment is a relatively new DC resistivity technique based on the pole-pole
array. The survey involves recording a set of pole-pole measurements using a two-dimensional grid

of electrodes (Figure 1.2). Each electrode in the grid is in tumn activated as a current electrode,
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and potentials are measured at each of the remaining electrodes. Thus far the E-SCAN technique
has been used primarily in the exploration for structures associated with mineral deposits and in
the study of hydrothermal areas. Other proposed applications include the evaluation of groundwater
resources, detection and monitoring of groundwater contamination, and the monitoring of enhanced

oil recovery (EOR) processes.

Figure 1.2 Electrode configuration for an E-SCAN survey. The potential electrodes are indicated by the symbol “v”.

Because of the high density of data that is measured, the E-SCAN technique has the potential
for resolving more complicated earth structures than standard DC resistivity surveys. In addition, the
technique also allows for the measurement of other DC resistivity responses, including pole-dipole
and dipole-dipole responses. Future plans also call for the measurement of one or more components
of the MMR magnetic field associated with the direct current flow. The information from these
additional data sets should provide additional constraints on the subsurface conductivity distribution.

The interpretation of E-SCAN data sets has been limited primarily to the qualitative interpretation
of apparent resistivity pseudo-sections and plan maps. Because of the large number of data that can
be measured, and the detailed model that may need to be represented, standard forward modeling and

inversion procedures are not well suited to the interpretation of E-SCAN data. A suitable forward
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modeling algorithm must be able to accurately model a large and varied set of responses, including
pole-pole, pole-dipole, dipole-dipole data for either a line or a two-dimensional grid of electrodes.
A suitable inversion algorithm must be capable of inverting these large data sets, and have enough
flexibility to permit a very detailed representation of the subsurface. These requirements can make

the use of standard modeling and inversion procedures extremely expensive.

1.4 Solution of large-scale forward and inverse problems

To deal with the large-scale forward and inverse problems that are associated with E-SCAN,

MMR and conventional DC resistivity surveys, new, more efficient numerical procedures were needed.

1.4.1 Solution of the forward problem

The use of standard numerical techniques to model large-scale pole-pole resistivity and MMR data
sets is plagued by problems with accuracy and efficiency. Because of the large number of current
electrodes, and the complexity of the model that must be represented, the numerical grid used in
forward modeling can become very detailed. This can result in an excessively expensive calculation,
both in terms of computation time and memory requirements. In order to obtain a sufficiently accurate
solution without making the problem excessively expensive to solve, new approaches are needed. To
meet this need, the first phase of research was devoted to the development of accurate and efficient

forward modeling algorithms for the pole-pole resistivity and MMR forward problems.

In the initial stages of research a more traditional forward modeling algorithm, based on the
integrated finite difference technique, was developed. Particular emphasis was placed on accounting
for the errors that result from representing the continuous problem by a discrete problem. The method
of solving the discrete problem was selected so that the problem could be solved efficiently for a large
number of source locations. A secondary potential formulation for removing a singularity associated

with the current electrode was also incorporated into this basic algorithm. By properly removing the
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singularity, considerable improvements in accuracy could be realized. The development and testing

of this finite difference algorithm is the focus of Chapter 2 of this thesis.

Because of the need to solve large problems, and to achieve the necessary resolution in the vicinity
of singularities, an iterative solution to the forward problem based on the multi-grid approach was
also developed. Rather than solving the numerical problem on a single grid, as is usually done, a
sequence of grids of increasing fineness is used. Since resolution is often required in only a small
region of the model near the electrodes, the grids in the sequence can also be made spatially less
extensive as they become finer. In this way the fine grids are used only to achieve accuracy in the
region of interest, while the coarser, more extensive grids are used to satisfy the boundary conditions
and to accelerate convergence of the fine grid solution. This can result in considerable computational
savings over more conventional approaches. As well, solutions are generated for grids of increasing

fineness, so that the numerical accuracy of the final solution can be assessed.

The application of the multi-grid algorithm to the solution of a particular problem requires a
careful choice of operators used in the multi-grid process. This is particularly critical in the DC
resistivity case, where discontinuities in the model and singularities in the solution can easily degrade
the convergence rate of the algorithm. Because of this, and the general complexity of the algorithm,
it has not been previously applied to geophysical problems of this nature. The development and
testing of a suitable multi-grid algorithm, and its use in the modeling of pole-pole resistivity data

are presented in Chapter 3.

Since the design of the numerical grid used in the solution of the forward problem results in a
trade-off between computational work and accuracys, it is important that the grid be properly designed.
If the grid is too coarse where the solution is changing rapidly, the accuracy of the numerical solution
will be poor. On the other hand, if the grid is too fine then the cost of the calculation will be
excessively high. Since the accuracy of the solution for a particular grid will depend on the model

and the survey geometry, it is difficult to design an adequate grid a priori. Based on the development
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in Chapter 3, however, a study of the factors that control the accuracy of the solution can be helpful
in designing an adequate grid. These considerations led to the development of the adaptive grid
design procedure presented in Chapter 4. This approach requires solving the problem on a sequence
of grids, where each grid is obtained from a partial refinement of the previous grid in the sequence.
The refinement criterion is based on an analysis of the relative error between the solution on the
two finest grids. This approach can result in considerable computational savings since only those
regions of the model that contribute most to the error in the solution are finely discretized. An
adaptive multi-grid forward modeling algorithm that makes use of this strategy was developed for
the pole-pole DC resistivity problem. The development of this algorithm, and its use in the modeling

of pole-pole resistivity data, is presented in Chapter 4.

1.4.2 Calculation of sensitivities

In order to make the solution of 2D and 3D inverse problems tractable, the conductivity model
is usually parameterized by subdividing it into a number of sub-regions or blocks. The resistivities of
each block are then the parameters that are solved for in the inversion. Since the relationship between
the model parameters and the data is generally non-linear, an iterative solution to the inverse problem
is required. This involves improving, in an iterative manner, an initial estimate of the solution so
as to achieve a better fit to the observed data. These changes in the model can be related to the
desired improvement in the data by the sensitivities or partial derivatives of the data with respect
to the model parameters. Since sensitivities form the basis of most optimization procedures, their
calculation is fundamental to the solution of the inverse problem.

A variety of approaches exists for the numerical calculation of sensitivities. The approaches
differ, both in terms of the type of sensitivity information that is obtained, and in the computational
requircments of the algorithms. To assess these approaches, and to determine which was most suited

to the problem being addressed here, a detailed study of existing techniques was carried out. The
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results of the study were used in the development of an efficient algorithm for the calculation of
sensitivities for the 2D pole-pole resistivity and MMR problem. The development and testing of this

algorithm is the focus of Chapter 5 of this thesis.

1.4.3 Solution of the inverse problem

Since only a finite number of data are available for characterizing what can be an arbitrarily
complicated earth, the inverse problem is inherently non-unique — there is generally an infinite
number of models that fit the observed data. In order to avoid problems with non-uniqueness, most
attempts at solving the inverse problem use a relatively coarse parameterization of the model. To
further reduce the non-uniqueness, the regional model is often specified a priori, and the resistivity of
only a small portion of the model is solved for in the inversion. Although these strategies can reduce
the mathematical non-uniqueness, other difficulties are likely to result from the loss of flexibility in
the solution. In particular, the outcome of the inversion will be strongly influenced by the form of the
parameterization and choice of regional model. The lack of flexibility in the solution can also lead to
poor convergence (or even divergence) of the model iterates, even if the form of the parameterization

is consistent with the true earth structure.

To avoid these problems the strategy adopted here is to make use of as fine a parameterization of
the model as possible. This gives the inversion algorithm maximum flexibility, and makes the outcome
of the inversion less sensitive to the way in which the parameterization is specified. Unfortunately,
this strategy can also result in a very significant increase in computational expense. Much of the
research presented here has focused on making the solution of these large-scale inverse problems
practical. In particular, an optimization procedure based on a generalized subspace formulation has
been developed. This reduces the number of effective parameters that must be solved for in the

inversion, while still maintaining the needed flexibility.
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To deal with problems of non-uniqueness that arise when spccifyiﬁg a fine parameterization,
the solution to the inverse problem was required to have minimum structure relative to a specified
reference model. This was achieved by requiring that the model not only fit the observed data,
but also minimize an appropriate model objective function. Character that is not demanded by the
data is thus suppressed, leading to improved stability in the inversion. The use of this formulation
also allows one to take advantage of any a priori information about the true solution that might
be available. For example, the model norm can be chosen to emphasize certain features that are
anticipated in the solution.

The combined use of efficient forward modeling and optimization strategies, and the minimization
of a global norm of the model, leads to an inversion procedure that is both stable and computationally
practical. The development of an inversion procedure for large-scale problems is presented in Chapter
6. The use of this algorithm in inverting a variety of synthetic DC resistivity and MMR data sets,

and an E-SCAN field data set, is also presented.
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Chapter 2

Finite Difference Solution of the 2D Pole-pole Resistivity
and MMR Forward Problems

2.1 Introduction

Various algorithms have already been described for modeling resistivity data collected using
Schlumberger, dipole-dipole and other commonly used electrode arrays. These include algorithms
based on the finite difference, finite element and boundary element methods. In spite of the availability
of existing algorithms, none was found suitable for all of the problems that were considered in this
study.

A particular problem with existing forward modeling algorithms is the poor accuracy obtained
when modeling pole-pole responses. To obtain an accurate numerical solution it is first necessary to
understand where errors in the solution arise. This can be done through a study of the discretization
error that results from representing the differential operator by a discrete operator. The information
that this yields can then assist in the design of a more accurate numerical grid and can form the basis
of an adaptive approach to the solution of the forward problem. Although these are important
considerations in computing any numerical solution, they have received very little attention in
geophysics.

Second only in importance to accuracy, is the efficiency of the forward modeling algorithm. This
is particularly true if the algorithm is to be used in the solution of the inverse problem, where many

forward solutions may be required to obtain a model that fits the data. Two ways of maximizing the
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efficiency of the forward modeling algorithm can be considercd. The first is to keep the numerical
grid as coarse as possible without degrading accuracy. An algorithm that can be made more accurate
will thus also be more efficient. The second approach is to consider alternate numerical formulations
that are inherently more efficient. The need for more efficient procedures led to the investigation of

the multi-grid and multi-level approaches presented in Chapter 3.

Because of the desire to examine a wide variety of problems, it was important to develop an
algorithm with as much flexibility as possible. Of particular importance was having the flexibility
to model a variety of different responses, including pole-pole, pole-dipole, dipole-dipole and MMR
measurements for surface, cross-borehole and borehole-to-surface arrays. The flexibility to consider
complex conductivity structures and to include topography was also considered essential. As discussed
in Chapter 5, the sensitivities, which are at the heart of most inversion routines, can be computed
using the same forward code used to compute the forward responses. The forward modeling algorithm
must thus be able to model a large number of sensitivities accurately and efficiently if the solution

to the inverse problem is to be practical.

To meet the needs of this research, a forward modeling algorithm based on the integrated finite-
difference formulation was developed. The basic algorithm was then used in the formulation of
more efficient multi-level and adaptive multi-grid solvers described in Chapters 3 and 4, and was
also incorporated into the generalized sub-space inversion algorithm presented in Chapter 6. The

development and testing of the algorithm is the focus of this chapter.

2.2 Mathematical formulation

The first step in obtaining a numerical solution to any forward problem is to derive the governing
equation and boundary conditions that describe the physical experiment. For the DC resistivity

experiment these are developed from basic physical principles, beginning with the expression for
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conscrvation of charge
V-J=TI6(z — 2,)0(y — y5)8(2 — z,) @.1)

where J is the current density and I is the current injected into the ground at &, = (Zs,Ys, 2 ).

Ohm's law for a 2D conductivity model o(z, z) can be written as
J= —o(z,2)V¢ 2.2)

where ¢(z,y,z) is the scalar potential. The govemning differential equation for the DC resistivity

problem, obtained by combining (2.1) and (2.2), is then found to be
Lo==V-(0(z,2)V¢) = I§(z — z,)6(y — ys)6(2 — 2,) (2.3)
For a horizontal air-earth interface the potential must also satisfy the boundary conditions
2 4(2,4,0)= 0 X
0z

and

d)((l?, Y, z)lR.—voo =0 (25)

where R, = \/ (z —2,)> + (y — ¥:)* + (¢ — 2,)°.. Topography can be included in the problem by
assigning small values of conductivity to regions above the air-earth interface.
2.2.1 Transformed problem

Although a two-dimensional conductivity structure has been assumed in this work, the potential
field that results from injecting current into the ground at a single point current electrode is still
three-dimensional. The effective dimensionality of the problem can be reduced by considering the

Fourier cosine transform of the total potential, given by

Fold] = $(z, by, 2) = / 8(2, 9, 2) cos (kyy)dy 2.6)
0
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where k, is a spatial wavenumber in the y direction. (e.g. Snyder 1976, Dey and Morrison 1979a,
Gomez-Trevino and Edwards 1979, Mundry 1984). The transformed potential is then found to

satisfy the boundary value problem

L= —a—io‘(x,z)g% + k2o(z,2)¢ — %o‘(z,z)gg = —;—6($ —z5)0(z — z,) @7n
0 52, kyy0) = 0 2.8
£¢(x’ Yy )— (2.8)

&(z,ky’ z)

rrmsoo =0 29)

where 7, = \/ (x — =z, )2 +(z2— 2z )2. The factor of % on the right hand side of (2.7) arises because
the limits of the integral transform in (2.6) are from zero to infinity and the problem is symmetric
about the y axis.

If (2.7-2.9) is solved for a series of wavenumbers, then the potential in the spatial domain can

be obtained by numerically evaluating the inverse Fourier cosine transform
oo
o(z,y,2) = %/é(w,ky,z) cos (kyy)dk, (2.10)
0
The full 3D problem is thus reduced to a more tractable set of uncoupled 2D problems.

2.3 Discretization of the forward problem

Except when dealing with very simple models one must usually resort to numerical methods to
obtain a solution to (2.3-2.5) or (2.7-2.9). Recent work on the numerical solution of the DC resistivity
forward problem has concentrated on the use of the finite element method (Coggon 1971, Rijo 1977,
Pridmore et al. 1981, Fox et al. 1980, Holcombe et al. 1984), finite difference method (Mufti 1976,
Dey and Morrison 1979a,b, Mundry 1984, James 1985, Lowry et al. 1989) and boundary element
method (Snyder 1976, Oppliger 1984). A variation on the solution of the finite difference method

for the 2D pole-pole problem is presented below.
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2.3.1 Discretization to obtain the FD operator and truncation error

The first step in formulating the numerical problem is to develop a discrete approximation to (2.7).
Given a 2D earth model, a rectangular grid is first superimposed over the model and conductivity

values are assigned to each element in the grid, as shown in Figures 2.1 and 2.2.

For the ij** internal node, the governing equation (2.7) is integrated over the corresponding cell

(shaded in Figure 2.2), yielding

3¢ -
_ ]gDZ(ga,z)-a-5 di+ K /D o(z,2)f dA

I 2.11)
== / 0z —25)6(2 — 2,) dA
2 Ip,

Figure 2.1 Two dimensional finite difference grid used to discretize the transformed DC resistivity problem. The
current electrode is indicated by an arrow, the potential electrodes by v’s.

21



The two terms on the left side of (2.11) are expanded as

- z_,-+Az_,-/2 a
- éDi(z,z)gg dl= - / a,-,--a—xq;(:v,- + Az;f2,2) dz
z; P ’ zi—Az;_s[2 5
+ / a_.,.aqg(z,zj + Az;[2) dx +/ a‘_,,aaﬁ(x,zj + Az [2) dx
x.'+A.1:'.-/2 Ti 2.12)
# a .
- /a,-_,,-%¢(:v,- —Az;_1/2,2)dz —
z,-+Az,-/2
- 7 o, —a-J)(:c + Az [2,2) dz
if—1 ax 1 1 b
zj—ADzj_y [2
ij-1

@
ij+1
—— Axi_1—><————- Axi e

Figure 2.2 Finite difference operator used in the discretization of the transformed DC resistivity
problem. The shaded region corresponds to the ij** cell.

22



and

zi+Az [22;4+ 02 [2
kz/l‘)'c.r(z,z)QS dA = kz/ /a,.,-cb(z,z) dr dz
z; z;+Az; /2
+k2 / /ai_,,-q;(:c,z) dedz + ... (2.13)

z;—Az;_, /2%
.‘L',-+A$,-/2 z;

—i—k;‘;/ / 0,102, 2) dz dz

Tizj—Azj_1 /2

Taylor series expansions are then used to relate the integrands to the values of the potential at
the i5t* and adjacent nodes. For example

o,-,.—(,;?—x%(z,- + ACII,‘/Q, z) = 0‘;5%2—;’.% + (0$z)z|;+,~+(2 - zj)
- 1 -
(0B eelis (A2 + 5 (0B )aaline B2z — )
- 1=a’
+%(‘7¢2)22|-‘+:'+(z ] )2 0l Zg(a¢x)xxx|i+i+ (Axi)a 2.14)
+%(0$z)xnI-+:‘+(Azi)2(z -z} + %(Uéz)qu-*# Azi(z - zj)2
| 4 5(0Be)uaslorst (2 = 5)° + O (K)
and - . - -
0,;0(x,2) = 0,;0,; + (0 )| +,4 (2 — 7)) + (08, )i+,+(2 — 2;)
+5(0Be)eleess (6 = 2 + (0F)elovse (& = 2:)(z — ) @.15)

+3(08:)eleess (2 = 7 + O (%)

where b = max {Az;,Az;_1,Az;,Azj—1} and O(h™) is a term that approaches zero as quickly as
h™ as h — 0. Limits in the expansions, for example

(aéz)xxli'*'j*‘ = Clsil_lio(aéx)zzl(z,-i-c,zj-{-f) (216)
are assumed to exist.

Carrying out the integrations in (2.12) and (2.13), and combining terms, yields the five-point

finite difference operator
a;; ~|‘—1j + b.‘jﬁz’i,‘-x + ij‘l;-‘j + d-‘j‘Z’-‘j+1 + e-,‘éuu = f-‘j + 75 .17
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where
Oi1j-1 Az,’-x + ai-lezj

. =

A 2Az;_,
b = — O Az, + 0, , Az,
H 2Az;_,

kz
c; = —(a; +b;+d; +e;)+ Zy (0;Az,Az; + 0,_,; Az, Az

+ aii-lAwiAzj-x + ai-lj—lei-xAzj-l) (218)

d. = _ai-lewi-x + oAz,

N 2Az;
e = _o,-,-_lAz,-_, + 0,;Az;
R 2Az,

and f;j, the integrated source term, is given by

fi= —I—/ §(z —z5)0(z — z;)dzdz = I for electrode at ij’th node
2 Jp,; 2 (2.19)
= 0 otherwise
The truncation error, 7;;, is given by
~ AZJ' + AZ,-_, -~ -
=1y (Az?(‘7¢:)=:|-'+:’ — Az? (0¢.)e)i-5)
Az, + Az,_, - -
+ 2T EE (A0, )ty + A0, (08)uccl )
Az, + Az,_, 2, 7 2 7 2.20
+ _T—- * (AZ] (a¢z)xz -'j+ - Azj_l(a¢z):: ij-) ( * )
Az, + Az,_, ~ -
+ _xl—.tis—-x_ : (Az_,s(a¢z)zzz|q+ + AZ{;_I (a¢:)::: ij-)

+ o)

For a continuous model and uniform grid the first term in (2.20) vanishes, leading to an O(A?)
approximation. Otherwise, the approximation is O(h). Since the order of the approximation
approaches zero as h — 0, the scheme is said to be consistent. Consistency guarantees that for
a stable problem (i.e. one for which a unique solution exists) the numerical solution will converge

to the exact solution as the grid spacing is reduced.
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2.3.2 Approximation of boundary conditions

Finite difference equations for nodes along the upper boundary of the grid are derived in the
same way, with the boundary condition (2.8) being applied prior to integration. Nodes along the
left, right, and lower boundaries require special attention since the infinity boundary condition (2.9)
cannot be used on a finite grid. To describe the solution along one of these boundaries, the mixed

boundary condition
9 - .
%d)(x, ky,z) + ad(z,ky,2) =0 2.21)

is used (Dey and Morrison 1979a,b). This has the advantage of specifying the form of the solution
without restricting its amplitude. The coefficient « is determined from the asymptotic behavior of the
potential away from the source region. Using this approach, the true source distribution (including
secondary sources) is represented by a point source located at or below the center of the electrode
array. For a point source in a halfspace of conductivity oy /,, the asymptotic transformed potential

is given by

#(z,ky,2) = - Ko(kyrs) (2.22)

2r0,,

where r, = \/ (z—2,) + (2 — z,)?. The appropriate value for o at a particular boundary node is

then obtained by substituting the analytic solution for the point source into (2.21), yielding

Ki(ksr) 0

@ =k gk on

(2.23)

For this asymptotic representation to be accurate the boundaries must be far enough from the
anomalous region that the source distribution can in fact be represented by a single point source.
The accuracy of the representation is poorer for small wavenumber components of the solution,
which have energy out to greater distances from the electrode. This limits the value of the smallest

wavenumber that can be accurately modeled on a particular grid.
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The finite difference approximations for boundary nodes are found to be of the same form as
(2.17-2.19). Expressions for the truncation error show that the approximations are again O(h?) fora

smoothly varying model and uniform grid spacing, and O(h) otherwise.

2.3.3 Assembly of the matrix system

Having obtained discrete representations for the govemning equation and boundary conditions at

each node, the transformed forward problem can be written as the system of linear equations

ig=7 (2.24)

-u

where L is the sparse, banded matrix whose entries are the finite difference coefficients for each node.

2.4 Singularity removal

The singular nature of the source term in (2.3) can present difficulties when the potentials are
solved for directly. Note that close to the current electrode the potential will approach the halfspace

response
I 1

. 2.25
2709 \/(z'—z.)z+(!,l—y-)2'|'(Z—Z-)2 ( )

¢(wa Y, Z) =

where g is the conductivity around the current electrode. Taking the Fourier cosine transform of

the halfspace response yields

. I
Hasky2) = 5o - Kokyr) (2.26)

which displays a logarithmic singularity as r, = \/ (z—2,)+ (2 — 2 ¥ - 0.

One method for treating the singularity is to refine the mesh in the area around the singularity.
This approach is most practical when used in a multi-grid formulation, where the refinement can be
done without an overwhelming increase in cost. For numerical modeling algorithms that construct
the solution from a set of basis functions (i.e. the finite element or boundary element methods) one

can augment the set with higher order basis functions (Cavendish et al. 1969). These higher order
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functions are chosen so that the solution can be represented more accurately near the singularity.
Another possibility is to make use of a local solution defined on an "analytic patch” containing the
singularity (Cavendish et al. 1969, Hayes et al. 1977, Charbeneau and Street 1979a,b). The local
solution represents the singularity exactly, so that the total solution less the local analytic solution

can be more accurately modeled.

2.4.1 Modeling of secondary potentials

The approach used in this work involves reformulating the problem so that only the secondary
response is modeled. (The secondary response is defined as the total response less some analytic
reference or primary response that includes the singularity.) Coggon (1971) and Rijo (1977) apply this
technique to the modeling of EM and DC resistivity responses using the finite element method. Pelton
et al. (1978) discuss some of the advantages and disadvantages of modeling anomalous potentials for
the DC resistivity problem. Lowry et al. (1989) model anomalous potentials for various electrode
arrays using an integral finite difference scheme. Although the modeling of secondary responses is not
new, the way in which the secondary problem has been formulated in the past can lead to poor results

for certain kinds of models. An improved solution for the secondary responses is described below.

To deal with the singularity associated with the 2D pole-pole resistivity problem, a primary po-
tential $p(x, ky,z) and a secondary potential bs (z, ky, #) are first defined. The reference conductivity
structure can be a halfspace, or any other model for which transformed potentials can be computed
analytically (i.e. a dike, vertical contact or layered halfspace), and is chosen so that the secondary
response is small relative to the primary response. Let 0,(z,2) and o,(z,2) = o(z,z) — 0,(z, 2)
denote the reference and anomalous conductivity respectively. Substituting for é= <Z>p + J)s in 2.7)

and noting that

- 0 a6, ~ g é. I
Lppp =~ %—op(z,z)% + klop(z,2)dp — Eop(x,z)% = 56(x —z,)6(z—2) (27)
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leads to the govemning equation for the secondary potentials

=z 0 s 4 ~ 0 8@__ AV
Lps= ——%a(x,z)——ax + k,o(z,2)¢s — aa(z,z)———az = (.C p)qu (2.28)
where
s x\; O 0 - 0 0
_(C - L:p) ¢p=—a;a,(x,z)—é%’- — Koy (2, 2)¢p + -é—;a,(x,z)—a—f 2.29)

Note that the point source representing the current electrode in the original problem has been replaced
in the secondary problem by a current density distributed throughout the domain. The boundary

conditions for the secondary problem are
0 - _
77%(2:K4,0) =0 (2.30)

and

‘I’S(x’kyaz)

risoo = 0 2.31)

Together, (2.28-2.31) constitute the boundary value problem that must be solved to obtain the

secondary potentials.

2.4.2 Discretization of secondary potential problem

Applying the finite difference discretization scheme described earlier to the secondary problem

(2.28-2.31) yields the system of linear equations

Lé, = |, (2.32)

where the coefficient matrix [ is the same as that used in solving for the total potentials, and
?s is a discrete approximation to the secondary source term. Care must be taken in obtaining an
accurate representation of the source term for the secondary problem. Previous efforts at solving for
secondary potentials have made use of the same finite difference operator to discretize both sides of

the govemning equation. Thus the discrete problem

-

L6, = ~(L - L) bpcons (233)
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is solved, where I:Jp is the coefficient matrix that results from discretizing the primary potential

problem and J)p,cont is the continuous primary potential sampled at each node in the grid. Although

this discretization appears reasonable, it can lead to large errors in the computed solution, particularly

when the current electrode is buried in a region that is conductive relative to other regions in the

model.

To show why (2.33) is not an appropriate representation for the secondary source term, the

truncation error for the discretization must be examined. Note that the exact solution to the continuous

total potential problem, ¢,,,,, satisfies

where 7 is the truncation error. As well

f’Pép,cont = fp + i-P

Combining (2.34) and (2.35) yields

~

ff;s,cont = - (L - I’p) ¢p,cont + 7:: - 7::19

The truncation error that results from using the discretization in (2.33) is thus

!

s\
[
I
~}
|
~t
bS]
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Medium 1 Medium 2

Figure 2.3 Quarterspace problem used to illustrate the accuracy problems associated with the
discretization scheme given by (2.33)

To illustrate the result of using the discretization in (2.33), the quarterspace problem shown in
Figure 2.3 was considered. Substituting the analytic solution for the secondary potential into (2.20),

yields expressions for the truncation error 75 in each medium. These are

. I ot ot / At
Ts(@, by, 2) = T12 5 ('a? + 5;;‘) Ko (ky (z -+ y2> Ty (2.38)

in medium 1, and

- I ot ot At
Ts(T, Ky, 2) = 21 o (55; + W) Ko (ky V (z — b)2 + y2> ‘12 (2.39)

in medium 2, where 715 = gx - g, = —7ro1, and Az; = Az; = A foralli and j. If 01 > oy then
the resulting error contributed to the solution in medium 1 is proportional to 1/0; and the relative
error is independent of the conductivity in either medium. In medium 2, the error is proportional
to 1/0; so that the relative error is proportional to oy/0,. Clearly for the case of o1 >> 09, the

discretization scheme in (2.33) will lead to large errors in the more resistive quarterspace.

A more accurate representation of the secondary source term can be obtained using the dis-

cretization

—

zés,cont . fs,int + "_:.int (2'40)
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where f,;., is obtained by integrating the analytic secondary source distribution over each cell in

the grid. For the 4jt* cell in Figure 2.2 this yields
(fs,int)ij = - /D (E' - f'p) J’p dzdz

= L ('6%03% - kzasé;p + %0‘,%) dzdz 241

_ [ (90299 3%%)
-Lij(ax 0z + 0z 0z dzdz

Since the model is assumed to consist of a set of homogeneous blocks, the derivatives of the

conductivity in (2.41) can be written as

do, { (0i5 — 0i—1;)6(x — ;) for z > z;

Oz (0ij—1 — 0i—1j—1)8(x — ;) forz < z;
42

20_3 | (055 — 0i5-1)8(z — z;) for z > z;

9z ~ | (0i—1j —0i—15-1)0(z — z;)  forz < z;

Equation (2.41) then becomes
zi+AT;[2 5
(fs,int)-'i = (0, = 0ii) / 52“;51’(‘”’ ky,z;) dz
T
X, a
+ ((7.'_1,' - 0’.‘-1,’—1) / %&p(x’ky’zj)dx
zi—Azri1[2

zj+4z; /2 (2.43)

0 -
+ (05— 0ies;) / %‘ﬁp(xia ky,2) dz

21

o -
+ (aij-l . a.‘—x,’—x) / 8_¢p(xi’ ky’ Z) dZ
T
z;—Azi_1 [2

A five-point Gaussian quadrature scheme was used to evaluate each of the integrals in (2.43). Since
this results in a very accurate integration, the error in discretizing the source term is essentially zero.
Since all of the source is accounted for in (2.40), the scheme is said to be conservative. Clearly this
will not be the case with the discretization in (2.33) since — (f, - i,,) J)p will be non-zero wherever

the conductivity differs from that at the current electrode.
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" An analysis of the truncation error for the quarterspace problem can also be carried out for
the discretization scheme in (2.40). The relative error in both quarterspaces is then found to be

independent of the conductivities.

To illustrate the impact of using a non-conservative discretization, secondary potentials were
computed for the vertical contact model in Figure 2.3. In the first case the left quarterspace, which
contained the electrode, had a resistivity of 10.0 2m and the right quarterspace had a resistivity of
1000.0 Qm. For the second case the resistivities of the two quarterspace were interchanged. The
secondary potentials for y = 100.0 m obtained using the two discretization schemes are compared
to the analytic solutions for the two models in Figure 2.4. As expected, a severe error is observed
in the solution corresponding to the non-conservative scheme when the electrode is buried in the
more conductive quarterspace. When the resistivities are interchanged, the discretizations are found
to yield comparible results. Although this analysis was carried out for a simple model it is clear
that similar problems will be encountered for the non-conservative scheme whenever the current

electrode is placed in a locally conductive region.

0.08

£ 0.06 s
K=l °
5 g
v 0.04 2
a. a.

0.02

0.00b__4 { { ! 1 1 ! 3 3 1 1 4 ! 11 i ' 1
—-800 -—400 0 400 800 -800 -400 0 400 800
X position (m) X position (m)

Figure 2.4 Secondary potentials computed using the conservative discretization scheme (iriangles) and non-conservative
scheme (dashed line) compared to the analytic solution (solid line) for the model in Figure 2.3 with (a)
p1 = 10.0Qm and p; = 1000.0 Qm, and (b) with p; = 1000.0 Qm and p, = 10.0 ¥m. For both
problems, a current of 10 A was injected at the surface of medium 1 at z = —67.0m and the
potentials were modeled for y = 100.0 m. The contact was located at z = 67.0m.
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2.5 Method of solving the discrete matrix equations

For the solution of matrix problems the matrix problems in (2.24) and (2.32), a direct solver based

on the Cholesky decomposition (Golub and Van Loan 1983) was used. For the general problem
Ai=b (2.44)

the Cholesky decomposition involves factoring the coefficient matrix A into a lower and an upper

triangular matrix
A=LLT (245)

where L and LT are respectively lower and upper triangular matrices. The system in (2.44) becomes

LITa=% (2.46)
Letting
Ti=7 (2.47)
the vector § can be computed by solving
Li=b (2.48)

by forward substitution; the solution # is then obtained by solving (2.47) by backward substitution.

Although the Cholesky factorization can be expensive, obtaining solutions for different right
hand sides is relatively economical once the factors have been computed. This is an important
consideration in the DC resistivity forward problem, where each current electrode in the physical
problem corresponds to a different right hand side that must be solved for in the numerical problem.
As well, if the inverse problem is also to be addressed, the sensitivities must also be forward modeled.
This involves solving the original forward problem repeatedly for sources located at each observation
location. Because of the need to solve for a large number of right hand sides in the DC resistivity

problem; the Cholesky factorization was considered a practical choice.
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2.6 Inversion of the Fourier transform

Once the transformed forward problem has been solved for a set of wavenumbers, the potentials
in the spatial domain are obtained by numerically evaluating the inverse transform given in (2.10).
For pole-pole calculations this step is of extreme importance since errors associated with inverting
the transform are not cancelled by taking differences, as they are when responses for dipole current or
potential electrodes are modeled. In this regard, the low frequency part of the integration is critical.

As pointed out by Pelton et al. (1978), the use of a simple quadrature scheme to evaluate
the inverse transform can lead to poor results if the spectrum is not a monotonically decreasing
function. This is a particular problem when integrating transformed secondary potentials since the
associated spectrum often display a great deal of character. A more accurate solution is obtained by
using a cubic spline to interpolate between modeled points in the spectrum. This is done in the log
wavenumber domain since the spectrum is expected to change rapidly near k, = 0 and less rapidly
for large k,. Once the spline has been fit to the modeled potentials, a high density of interpolated
points are generated. Four or five interpolated potentials between each pair of modeled potentials
are usually sufficient to accurately represent the spectrum. A piecewise linear function is fit to the
interpolated spectrum and the integration is then carried out analytically. The resulting quadrature

formula is given by
2 T .
fy) = = / f(z)cos (zy)d=
% Z/ (a;z + b;) cos (zy)dz (2.49)

%;( cos (:cy) + A )sm:gxy)) Fi4

zj

where ) )
.= f(xj'H) - f(xi)
. Ty — T
Fe) — o F 2.50
b = TS (®) = 2,/ (@50.) (2.50)
™ z:’+1 - x,'
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In the solution of the 2D pole-pole inverse problem, it is often necessary to integrate a large
number of transformed sensitivities for each iteration. Since accuracy is less important in the
calculation of the sensitivities, the use of the integration scheme described above is not necessary.
Instead of using a spline to generate a denser sampling of the spectrum, a piecewise exponential

function is fit to the modeled data and the integration is carried out analytically using
2 o0
1w =2 [ fa)cos(wy)is

0
2 Ti+1
N Z / b;e%* cos (zy)dx (2.51)
5 J=

Tit1

2 z, a;sin(zy) — ycos (zy)
~ -7—‘_- EJ: f(x) a? n yz

;5

where - -~
- Inf;,, —1Inf;

i
Tipa — &

bj = exp [xj'*" In fJ —%; In fj+1

Tipn — L

:‘ (2.52)

This is the same approach used by Dey and Morrison (1979a), and others.

The accuracy of the integration depends on how well the spectrum is initially sampled. Best
results have been obtained by sampling the spectrum for ten or more approximately logarithmically
spaced wavenumbers. When selecting the range of wavenumbers to be sampled it is important to
consider whether one needs to calculate potentials for non-zero values of y, in which case more care
must be taken in sampling the low frequency portion of the spectrum. Although these are useful rules,
they are very approximate. Generally it is worthwhile to examine spectra of the modeled potentials

for selected locations to insure proper sampling.

2.7 Examples

To demonstrate the accuracy of the integrated finite difference algorithm, total and secondary

potentials were modeled for a series of example problems. For consistency, the grid depicted in
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Figure 2.5 was used in all of the forward modeling calculations. A detail of the center portion of the
grid below the arca of interest is shown in Figure 2.6. A standard suite of 16 wavenumbers (0.0001,
0.000325, 0.0005, 0.001, 0.0025, 0.00325, 0.005, 0.01, 0.025, 0.05, 0.1, 0.3, 0.7, 1.0, 5.0, 10.0)

was used in all of the examples.

As a test of the overall accuracy of the finite difference algorithm, transformed potentials were
first modeled for the quarterspace problem shown in Figure 2.7. A current of 10 A was injected
into the ground at &, = (—67.0,0,0) m. The transformed total and secondary potentials modeled
for a potential electrode at Z, = (0,100,0) m are shown as solid lines in Figures 2.8a and 2.8b
respectively. The same results are shown for a potential electrode at Z, = (167,100,0) m in Figures
2.8c and 2.8d. The numerically computed transformed potentials, indicated by triangles, are in good
agreement with the analytic solutions, which are indicated by solid lines. For both total and secondary
potentials the spectrum varies exponentially over most of the range of sampled wavenumbers and
an exponential interpolation would be expected to perform well. Using the inverse Fourier cosine
transform algorithm described eatlier, the potential profiles in Figure 2.8¢ and 2.8f were obtained.

As expected, these results are also in good agreement with the analytic solutions. Only at the node

(m)

Depth

4000.0
-4000.0 0.0 4000.0
Distance (m)

Figure 2.5 Finite difference grid used to solve the transformed resistivity problem.
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corresponding to the current electrode at ¢ = —67 m, for the total potential result in Figure 2.8e,

does the error become large.

0.0

(m)

Depth

1000.0
-1000.0 0.0

Distance (m)

1000.0

Figure 2.6 Detail of the finite difference grid in Figure 2.5.

(m)

Depth

1000.0
-1000.0 0.0

Distance {(m)

1000.0

Figure 2.7 Quarterspace model used to test the results of the finite difference algorithm. The resistivities of the

left and right quarterspaces are 10 2m and 1000 Qm respectively and the contact is at z = 67m. A
current of 10 A was injected into the ground at ¥, = (—67.0,0,0) m.
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Figure 2.8 Forward modeled results for the quarterspace model in Figure 2.7. (a) Transformed total potentials for
#o = (0,100, 0) m. (b) Transformed secondary potentials for Z, = (0, 100, 0) m. (c) Transformed total
potentials for #, = (167,100, 0) m. (d) Transformed secondary potentials for Z, = (167, 100,0) m. (e) Total
potentials computed by numerically evaluating the inverse Fourier cosine transform. (f) Secondary potentials.
The numerically computed quantities are shown as triangles, the analytic solutions as solid lines.
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As a second test, transformed potentials were modeled for the vertical dike problem shown in
Figure 2.9. The transformed total and secondary potentials at Z, = (0,100,0) m are compared to the
corresponding analytic solutions in Figures 2.10a and 2.10b. The numerically computed transformed

potentials are again in good agreement with the analytic solutions.

(m)

Depth

1000.0
-1000.0 0.0 1000.0
Distance (m)

Figure 2.9 Vertical dike model used to test the results of the finite difference algorithm. The resistivities of the left and
right quarterspaces are 10 m and 100 Qm respectively. The resistivity of the dike is 1000 Qm.
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Figure 2.10 Forward modeled results for the vertical dike model in Figure 2.9. (a) Transformed total potentials for
£, = (0,100, 0) m. (b) Transformed secondary potentials for £, = (0, 100, 0) m. (c) Total potentials
computed by numerically evaluating the inverse Fourier cosine transform. (d) Secondary potentials. The
numerically computed quantities are shown as triangles, the analytic solutions as solid lines.

40



Transformed potentials were next modeled for the layered earth problem shown in Figure 2.11.
A current of 10 A was injected into the ground at Z, = (—67.0,0,0) m. The transformed total and
secondary potentials modeled for a potential electrode at Z, = (0,100, 0) m are shown as solid lines
in Figures 2.12a and 2.12b respectively. The numerically computed solutions agree well with the
analytic solution except for low wavenumbers, where the accuracy of the transformed total potential
becomes poorer. In spite of this loss of accuracy for small wavenumbers, the spatial domain results,

shown in Figures 2.12¢ and 2.12d, are in good agreement with the analytic solutions.

(m)

Depth

1000.0
-1000.0 0.0 1000.0
Distance (m)

Figure 2.11 Layered earth model used to test the results of the finite difference algorithm. The resistivity of
the layer is 10 Qm and the resistivity of lower halfspace is 0.1 2m.
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Figure 2.12 Forward modeled results for the layered earth model in Figure 2.11. (a) Transformed total potentials for
£o = (0,100, 0) m. (b) Transformed secondary potentials for £, = (0,100, 0) m. (c¢) Total potentials
computed by numerically evaluating the inverse Fourier cosine transform. (d) Secondary potentials. The
numerically computed quantities are shown as triangles, the analytic solutions as solid lines.
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Depth (m)

1000.0
-1000.0 0.0 1000.0

Distance {(m)

Figure 2.13 Conductive prism model used to test the accuracy of the inverse Fourier cosine transform.
The resistivities of the prism is 0.1 Qm and the background is 1000 Qm.

In the vertical dike and layered earth examples, both total and secondary transformed potentials
were found to be monotonically decreasing functions of wavenumber. This is generally the case
with the transformed total potentials. As Pelton et al. (1978) point out, however, the transformed
secondary potentials are usually not monotonically decreasing functions of wavenumber and can be
much more difficult to integrate accurately. To assess the accuracy of the inverse Fourier transform
for such a situation, secondary potentials were computed for the rectangular prism problem shown
in Figure 2.13. In this example, a 0.1 m conductive prism was buried in a 10 Qm halfspace. The
transformed potentials computed for the standard suite of wavenumbers are indicated by the triangles
in Figure 2.14a and 2.14b. The transformed secondary potential for this particular problem is clearly
not monotonic. In addition to the standard set of wavenumbers, transformed secondary potentials
were also computed for a much denser set of 40 wavenumbers. These are shown as solid lines in
Figure 2.14a and 2.14b. The spatial domain potentials computed using this denser set of wavenumbers
were then compared to those computed using the much sparser standard set in order to assess the

accuracy of the integration scheme. The results are shown in Figures 2.14c and 2.14d. Very little
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difference is seen between the results computed with the different sets of wavenumbers, indicating

an accurate integration.
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Figure 2.14 Forward modeled results for the conductive prism model in Figure 2.13. (a) Transformed total potentials for
£, = (0,100,0) m. The triangles indicate the coarsely sampled spectrum (16 wavenumbers),
the solid line indicates the more finely sampled spectrum (40 wavenumbers). (b) Transformed
secondary potentials for £, = (0,100,0) m. (c) Total potentials computed by numerically
evaluating the inverse Fourier cosine transform using 16 and 40 wavenumbers, shown as triangles
and solid lines respectively. (d) Secondary potentials computed by numerically evaluating
the inverse Fourier cosine transform using the two sets of wavenumbers.
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2.8 Modeling of topographic responses

Because electrical surveys are seldom carried out over flat terrain it is important to be able
to include topography into any forward modeling problem. Modeling the effects of topography is
relatively straightforward with the boundary element and finite element methods, where irregular
boundaries can be easily generated. The nature of the finite difference*method makes it more
difficult to represent irregular boundaries. A simple solution is to approximate regions of air around
topographic highs by elements having small but non-zero conductivities. In this way a rectangular
grid can still be used to represent the domain.

To verify this approximation is accurate, the finite difference algorithm was used to model the

terrain effect due to the “cliff”” shown in Figure 2.15. For the numerical computations a resistivity

Depth (m)

1006.0
-1000.0 0.0 1000.0

Distance (m)

Figure 2.15 CIliff model used to illustrate the calculation of terrain effects using the finite difference
algorithm. The resistivity of the left quarter space prism is 10 @m. To simulate a region of
air, the right quarterspace was assigned a resistivity of 1.0 x 10° Qm.
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of 1.0 x 10 Qm was assigned to elements corresponding to the air region. The total and secondary
potentials computed using this approximation (triangles) are compared to the true analytic solution

for a vertical cliff (solid lines) in Figure 2.16. The approach is found to be successful in simulating

the effects due to abrupt terrain features.
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Figure 2.16 Forward modeled results for the cliff model in Figure 2.15. (a) Transformed total potentials for
£o = (0,100, 0) m. (b) Transformed secondary potentials for £, = (0, 100,0) m. (c) Total potentials
computed by numerically evaluating the inverse Fourier cosine transform. (d) Secondary potentials. The
numerically computed quantities are shown as triangles, the analytic solutions as solid lines.
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2.9 Calculation of MMR responses

Once the transformed potentials have been computed for a particular 2D problem throughout the
domain, the subsurface current density can easily be approximated. This allows the corresponding
magnetic field response to be computed through an application of the Biot-Savart law, given in (1.5).
To simplify calculations of the magnetic field responses the modified Biot-Savart law

b x Vio

dz'dy'ds 2.53
47(' _/\/(a:—:c’)’+(y—y V4 (z—2')? y’ ( )

E(z k] y, Z)

is used instead (Edwards et al. 1978). To apply this to the 2D problem, equivalent expressions
for each magnetic field component in the wavenumber domain are needed. Consider first the B

component

3¢ o 1
Belo,, 97 dz'dy' d’ 2.54
(z,y,2) = / / / FIVIR PIY s ey vl v dz (2.54)

Note that 5—¢(:v,y, z) and

are odd and even functions of y respectively.

V(=- x’)’+(y —v' ) +(z—2')?

Taking the Fourier sine transform of B
[e o]
Fs[B:] = / B.(z,y,2)sin (kyy)dy (2.55)
0
and making use of the convolution theorem for Fourier sine transforms

Fs[f *g] = Fs[f] ) Fc[g] (2.56)

where f and ¢ are odd and even functions of y respectively, and the relationships

9
P[] = —kEdr) @.57)
F [ - ] = Ko(k,') (2.58)
U=V + vV +-2) : '

the Fourier sine transform of (2.54) becomes

F[B.] = —£2 / / ky@(2kys') 50 (212') - Ko (kyr') da'd (2.59)
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Similarly, for the other components

FiB,] = L2 // 6, xky,z)aa o(al?)
¢( ky,z/) 0 (212)) - Ko(kyr') do'd? (2.60)

Fs[B:] = / / k ¢(a:, ky,z' ( ﬁz') - Ko(kyt') dz'd?’

Since these expressions involve integrals of modeled potentials or their gradients, they are
relatively inexpensive to evaluate once the forward problem has been solved. It is then a simple
matter to invert the Fourier sine and cosine transforms (using the same algorithm described earlier)
to obtain the magnetic field components in the spatial d'omain.

In calculating the transformed magnetic field components, care must be taken in performing the
required integrations because of the singular nature of the Bessel functions near each observation
location. It was found that accurate results could be obtained using a 5 point Gaussian quadrature
formula for each boundary segment. Values for the transformed potential at any desired point
were obtained by linearly interpolating between nodes, while potential gradients (computed using a
simple difference scheme) were assumed constant along segment boundaries. For secondary potential
calculations the analytic primary potentials were added to the computed secondary potentials before
integration. Although more accurate results could be obtained by computing transformed secondary
magnetic field components and adding the primary to it after inverting the transform, this would

restrict calculations to flat earth models.
2.10 Examples

To verify the accuracy of the magnetic field calculations, the integrated finite difference algorithm
was used to compute the B, and B, components for the layered earth problem in Figure 2.11, and
B, for the quarterspace problem in Figure 2.7. The numerical results are compared to the respective
analytic solutions (Edwards et al. 1978) in Figure 2.17. The results are in excellent agreecment with

the analytic solutions in all cases.
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Figure 2.17 Numerically modeled MMR responses (triangles) compared to analytic solutions (solid lines) for
y = 100 m. (a) B; field for the layered earth problem in Figure 2.11. (b) B, field for the layered earth
problem in Figure 2.11. (c) B, field for the quarterspace problem in Figure 2.7.

2.11 Conclusions

An integrated finite difference algorithm for the forward modeling of DC resistivity and MMR
responses has been developed. The algorithm allows for the modeling of total or secondary potentials
for a variety of electrode configurations including pole-pole, pole-dipole and dipole-dipole arrays. The
ability to place sources at depth also allows cross-borehole and borehole-to-surface configurations to

be modeled. MMR responses for a variety of electrode configurations can also be modeled. The
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ability to represent complex conductivity structures and topography makes the algorithm particularly
useful.

Comparisons of forward modeled results with analytic solutions for a variety of models indicated
that the algorithm was accurate, even when used to model pole-pole responses. High accuracy was
achieved through the use of appropriate boundary conditions, a careful integration of the transformed
potentials to effect the inverse Fourier transform, and a reformulation of the problem to remove
the source singularity. Problems that have been encountered in the past with the removal of the
singularity and the inverse Fourier transform have been addressed.

The use of a direct Cholesky decomposition to solve the discrete problem allowed for the efficient
calculation of solutions corresponding to different source distributions. Not only did this result in an
efficient forward modeling code, but it also makes the calculation of the large number of sensitivities
needed for the solution of the inverse problem practical. The efficiency afforded by using a direct
solver is also used to advantage in the development of the multi-grid and multi-level algorithms in

Chapter 3, and in the development of an adaptive multi-grid algorithm in Chapter 4.

50



Chapter 3

Multi-grid and Multi-Level Solution of the DC Resistivity Forward Problem

3.1 Introduction

In obtaining a solution to the forward problem in Chapter 2, a direct approach utilizing a
banded Cholesky decomposition was used. Although the banded Choleski decomposition requires
considerably less computational effort and storage than would be needed if the matrix were simply
inverted, it is still relatively inefficient. Other direct solvers that make better use of the structure of
the coefficient matrix are available, including the cyclic reduction and nested dissection algorithms.
Even after taking maximum advantage of the structure of the coefficient matrix, however, direct

methods may still be impractical when many unknowns must be solved for.

Iterative methods, because they require the storage of only the solution itself, can sometimes
be better suited to large-scale problems. A disadvantage of most iterative schemes, however, is
that they are local processes. This invariably results in a poor rate of convergence for the low
frequency components of the solution, particularly when a large number of unknowns are involved.
The convergence rate is also problem dependent, and can degrade considerably when discontinuities

in the material properties and unusual boundary conditions are imposed.

In addition to the computational problems associated with the direct solution of large-scale
forward problems, there is also the problem of how to obtain a sufficiently accurate discretization.

In designing a numerical grid, the region of the domain below the survey must be finely discretized
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if the rapid changes in the solution near the current electrodes are to be accurately represented. At
the same time, the grid must be extensive enough so that the infinity boundary conditions imposed in
the numerical problem are reasonably accurate. These two requirements can lead to an excessively
expensive calculation unless the nature of the solution is taken into account in designing a suitable
grid. Because the solution is usually computed on a single grid, there is no opportunity to uncover

problems in the discretization and to optimize the grid design.

To address these difficulties, the use of the multi-grid technique (Brandt 1977, Stuben and
Trottenberg 1982, Hackbusch 1985) was examined as a fast iterative solver for large-scale DC
resistivity problems. Rather than solving the forward problem on a single grid, as is done with
traditional forward solvers, a sequence of grids of increasing fineness is used to obtain a solution.
This provides an opportunity to assess the accuracy of the solution and decide on regions of the
numerical grid that need further refinement. Since the multi-grid technique is an iterative method, the
storage requirements are also relatively small. In spite of the advantages of the multi-grid technique,
it appears that no attempt has been made to apply the method to the solution of the DC resistivity
problem. The goal of the research presented in this chapter was to develop a multi-grid procedure
for the DC resistivity problem and to demonstrate that multi-grid methods can be used as fast and

accurate solvers for the solution of the DC resistivity forward problem.

3.2 Multi-grid solution of the forward problem

The rate of convergence of iterative relaxation schemes will in general be good for high frequency
components of the solution, and poorer for low frequency components (e.g. Hackbusch 1985). This
is due to the ability of the relaxation operator to easily resolve only local features of the error in the
solution. For problems involving a large number of unknowns, the convergence of the low frequency

componcnts becomes even poorer.
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Recognizing that the low frequency components o’f the solution are responsible for the poor
convergence of iterative solvers, one can consider how the convergence rate for these components
might be accelerated. One possibility is to construct a grid with twice the grid spacing and to resolve
the low frequency part of the solution on this coarser grid. If an iterative solver is used, the low
frequency part of the solution will converge more quickly on the coarser grid. As well, because
the coarse grid has fewer unknowns, relaxations can be carried out more economically than on the
fine grid. The high frequency part of the solution, which is resolved on the fine grid, can then be
improved by adding the low frequency component as a correction. Low frequencies that cannot be
resolved easily on the coarse grid can be resolved on an even coarser grid, resulting in a procedure
that uses a sequence of grids of increasing coarseness to obtain a solution.

For this multi-grid approach to be effective, it is important that the relaxation operator used on
a particular grid be an effective smoother. This results in rapid convergence of the high frequencies
and allows for a proper separation of low and high frequency components between grids. Since low
frequency corrections are computed on the coarser grids, the overall convergence rate of the relaxation
scheme is less important. The use of this coarse grid correction strategy to accelerate convergence

of an iterative scheme is fundamental to the multi-grid algorithm.

3.2.1 Basic two-level multi-grid iteration

In formulating a multi-grid solution, it is first necessary to develop a multi-grid procedure
involving only a pair of grids. This two-level procedure can then be used to recursively define

a more general N-level multi-grid procedure.

Consider the numerical solution of the continuous boundary value problem
Lu=f inD

(3.1
Mu=gqg ondD

where D is the domain of the problem and D is its boundary. In the basic two-level multi-grid

iteration the boundary value problem is discretized using both a fine grid €2, and a coarse grid Qg
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(Figure 3.1), where h and H = 2h denote the grid spacing for the respective grids. The number of

clements in either direction are assumed to equal 2% for some possibly large integer k.

>
=g

H=2h

Q, Q,

Figure 3.1 Examples of a coarse grid Qy and fine grid 2, for use in the two-level multi-grid algorithm.

The solutions on the fine and coarse grid, #; and ¥y, will satisfy the discrete problems
Latn=fa (3.2)
and
Lty = fu (3.3)

respectively, where the operators L and Ly are the corresponding finite difference or finite element

coefficient matrices derived from the goveming equation and boundary conditions.

Let 4, be some initial approximation to . In order to improve this initial approximation, ¥,
iterations of a suitable relaxation scheme are used to reduce the high frequency components of the

error. This procedure is written symbolically as

5h — (Sh)u' z:t.h 3.4)
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where S, is the operator corresponding to a single relaxation sweep. Rather than performing
more relaxation sweeps in an attempt to further reduce the error (which is now dominated by low
frequencies), a correction to the fine grid solution is computed on the coarse grid. To accomplish this,

the residual 7, = ﬁ - Lht_ih is first computed. Note that the residual acts as a source to the problem
Lyv, =74 (3.5)

where ¥, = U}, — ﬁh is the correction that must be added to 5}; to obtain the fine grid solution. The
residual is transferred to the coarse grid and the correction to the fine grid solution is computed there.

The residual on the coarse grid is given by
Ty =IE7m, (3.6)

where [ ,f{ is the fine-to-coarse grid transfer (or restriction) operator. Possible choices for the restriction

operator include the injection operator, represented by the stencil

000
IF=10 10 3.7
000

and the full-weighting operator, represented by the stencil

Lt 21
1§,‘=1—6242 (3.8)
1 21

The stencils I{I in (3.7) and (3.8) represent the 2-dimensional operators corresponding to a row of

the matrix operator I}

After transferring the residuals to {2, the correction ¥y is computed. This can be done using
either a direct or iterative solver. The next step is to transfer the correction to 2, where it is used
to correct @y. This operation is denoted by

wp, — U, + IOy (3.9)
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where [ }} is the coarse-to-fine grid transfer (or interpolation) operator. For most applications, the

bilinear interpolation operator, denoted by the stencil

Jr 21
I};:Z 2 4 2 (3.10)
1 21

is used.

Once the fine grid solution has been corrected, a final v, relaxation sweeps are then used to

remove any high frequency errors that result from the interpolation. This operation is denoted by
1:1,.}1 — (Sh)u”;ih (3.11)

The solution after this second smoothing phase then becomes the starting approximation for the next
multi-grid iteration. The sequence of operations involved in a single two-level multi-grid iteration

is depicted in (3.12).

- - -
S:l ‘a},, ﬁ.;.+ﬁ;. S:’uh
e 2 = 2
‘(.i;,, — rh=fa—Liy 17;.:[?,17” — Up — Uy (3 12)
?H=I:’1-")., — LHaH=FH

3.2.2 General N-level multi-grid iteration

The use of the two-level multi-grid iteration in (3.12) still requires the solution of the coarse

grid problem
Lty =7y (3.13)

in order to obtain the coarse grid correction. Although solving this problem is computationally more
feasible than solving the original problem on the fine grid, a direct solution may still be impractical.
The usual way of solving the coarse grid comrection problem is to introduce another, even coarser
grid, with grid spacing 4A, and to perform a two-level multi-grid iteration between it and the second

coarsest grid. The coarse grid correction for this problem is in turn computed through the application
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of yet another two-level multi-grid iteration. The multi-grid procedure then becomes recursive, with
the solution at the finest level and corrections on each of the coarser levels being computed using a
sequence of relaxations, a coarse grid correction, and a final sequence of relaxations. The addition

of coarser grids is continued until the direct solution of the coarse grid correction becomes trivial.

Denoting the level number by &, where levels are numbered from coarse to fine, the problem to

be solved on the kt* level is given by
L5, = 7, (3.14)

where Uy = Uy and 7y = fN. For k < N, 7} is a correction for the quantity being computed on
the (k 4 1) level, and 7 is the residual for the problem on the (k + 1)** level restricted to the k*

level. The N-level multi-grid algorithm, in its simplest form, is then given by
1. For all levels, initialize 5k, to zero

2. Beginning with the finest grid and working down to the second coarsest grid ...

a. carry out vy smoothing iterations on the k** grid level

b — SV (3.15)

b. compute the residual and transfer it to the next coarsest grid

Fror = IF! (7"'1: = Lkgk) (3.16)

3. Solve L;7; = 77 for the correction on the coarsest grid

4. Beginning with the second coarsest grid and proceding up to the finest grid ...

a. interpolate the correction from the (k — 1)t* grid and apply the correction to 5k
B — Ok + 15 By (3.17)
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b. carry out v, relaxations on the k** grid level

Bk — 5Ly (3.18)

A single iteration of this process, illustrated for N = 4 in Figure 3.2a, is referred to as a “V-cycle”.
It results when only a single multi-grid iteration is used to compute a coarse grid correction on any
given level. In general, v iterations are used to compute the coarse grid correction. If two iterations

are used, the result is the “W-cycle” iteration shown in Figure 3.2b.

Figure 3.2 Examples of a four-level multi-grid iteration using (a) the “V-cycle” scheme and (b) the “W-cycle”
scheme. Each level in the multi-grid sequence is indicated by a thin horizontal line. Downward
pointing arrows indicate restriction of a residual to a coarser level and upward pointing
arrows indicate interpolation of an interpolation to a finer grid.
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3.2.3 Convergence rate of the N-level multi-grid iteration

Bounds on convergence rates for the multi-grid algorithm can be obtained by studying the
multi-grid process for a problems involving simple models and boundary conditions. For Poisson’s
equation on a uniform grid a bound on the asymptotic convergence rate can be derived (e.g. Stuben
and Trottenberg 1982). Not only is the convergence rate for the two-level multi-grid scheme found
to be excellent for a proper choice of multi-grid operators, but it is also seen to be independent of
the grid spacing h (or equivalently the number of unknowns in the problem). This h-independency
is a common goal in the design of all multi-grid algorithms. An h-independent convergence rate for

the N-level multi-grid iteration can also be derived (Stuben and Trottenberg 1982, Hackbusch 1985).

The analysis of the multi-grid algorithm based on simple models provides understanding of
the multi-grid process and presents one with a tool for debugging computer programs. It should
be realized, however, that bounds on convergence rates are problem specific, and may not be
meaningful when applied to more difficult problems. When solving problems with discontinuities
in the material properties or singularities in the source distribution, for example, these estimates can
be very optimistic. The challenge of developing a multi-grid algorithm to solve a specific problem
is how to best design the multi-grid operators so as to maintain the h-independent convergence rate

while still keeping the computational work to a minimum.

3.2.4 Computation work for the N-level multi-grid solution

Having defined the operators for the entire multi-grid process, it is a simple matter to quantify
the computational work required for a single two-level multi-grid iteration. The number of floating
point operations for relaxations, residual calculations and grid transfers are all found to O(n?). The
calculation of the coarse grid correction using a Cholesky decomposition, however, requires O(n?)

operations for the initial decomposition and O(n®) operations to solve for each correction.
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Hackbusch (1985) derives the upper bound for the number of operations involved in an N-layer
multi-grid iteration. Assuming vy < 3, he shows that the bound on the number of operations will be
O(n?). If the choice of operators also yields an h-independent convergence rate is obtained, then
the N-level multi-grid algorithm will yield a solution in O(n2) operations. For large problems this
is considerably more efficient than other iterative techniques, including the preconditioned conjugate

gradient technique which at best yields a solution in O(n?-) operations (Kettler 1981).

3.2.5 Variations on the basic multi-grid iteration

Two variations on the basic N-level multi-grid algorithm must be considered if the method is to
be used to it’s fullest advantage in solving the DC resistivity problem. The first variation, known as
the Full Approximation Storage (FAS) multi-grid technique (Brandt 1977) represents a reformulation
of the basic technique so that the coarse grid corrections are solved for implicitly on all grid levels.
This has importance when solving non-linear problems and when the grids in the sequence are not
coextensive. The second variation is the Full Multi-Grid (FMG) technique (Brandt 1977, Stuben and
Trottenberg 1982, Hackbusch 1985). This approach builds up the solution to an N-level multi-grid
problem by solving a sequence of multi-grid sub-problems involving 2,3,..., N — 1 levels, with the
final result of each sub-problem being used to initialize the solution for the next in the sequence.
This approach is found to be more efficient than the basic N-level multi-grid algorithm, and also
allows for the design of non-coextensive grids based on the nature of the evolving solution. Each

of these variations will be described below.

Full Approximation Storage (FAS) scheme

The basic N-level multi-grid scheme described in (3.15-3.18) is known as a Correction Storage
(CS) multi-grid technique since at each level except the N**, a correction for the next finest level
is computed and stored. In the FAS scheme proposed by Brandt (1977) coarse grid corrections are

solved for implicitly at each level. The procedure is most easily described for the two-grid multi-grid
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iteration. Let ﬁh be an initial approximation to the fine grid solution 4),. As before, v iterations of a
relaxation scheme are used to smooth the initial error, and the residual 7, = ﬂ — Ly T is computed
and transferred to the coarse grid. As well, the approximation to the fine grid solution, @, is also
transferred to the coarse grid. This is denoted by

Gy = I, (3.19)
where I; ,f’ is another restriction operator, possibly different from the one used to transfer the residual.

After transferring the residuals to Qg, the correction is computed implicitly by solving
L@y = Lyig + 7 (3.20)

The correction ¥y = Wy — 4 is then transferred to {2, where it is used to correct %,. This is

denoted by
p = o+ Il ('u")'H . 6;,) (321)
It is not appropriate to simply transfer G to the fine grid since only corrections can be interpolated

accurately without introducing aliased energy back into the fine grid solution. The sequence of

operations involved in a single two-level FAS iteration is shown in (3.22).

- - -
S;’luh Un+Tp S:’u;.
- = - - - -
Up — Up Ta=fo—Lin Tn =I;}(U7H"‘UH) g iy — in (3.22)
= = - >
uH=I,f’uh 17}1:1:17';‘ - LHU7H=LHHH+1'H

Generalization of the two-level FAS iteration to an N-level FAS iteration is straightforward.

From (3.22) it is clear that the correction computed using FAS will be identical to that computed
using the CS approach. The advantage of using FAS is that the approach can be used even if the
problem is non-lincar. As well, if I ,f’ is chosen to be the injection operator, then the solutions 4y
and iy both converge to u,. This is important if the coarse and fine grids are not coextensive, since
the coarse grid can then be used to solve for corrections to the fine grid solution and a coarse grid
solution simultaneously. This is not possible in the CS formulation where only corrections can be

solved for on the coarse grid.
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Full Multi-grid (FMG) iteration

In both the CS and FAS schemes discussed above, an initial estimate of the solution on the
finest grid was assumed. The multi-grid procedure was then used to improve the estimate through
a sequence of relaxations and coarse grid corrections. A more effective approach is to initialize the
solution to an N level multi-grid problem using the final solution from an N — 1 level problem. If
the solution %3 has been obtained on Qy_;, a reasonable initial approximation @n to the solution

on Qu is given by
an =I_ @n_y (3.23)

where I 1]\‘,’_1 is an interpolation operator. For most applications the bilinear operator in (3.10) can
be used, although it is sometimes advantageous to use a higher order interpolation scheme. The
initial estimate can then be refined using an N-level multi-grid iteration to yield uy. If the initial
approximations to solutions for the N — 1, N — 2,...,2 level problems are obtained in a similar
manner, one obtains the sequence of multi-grid iterations shown in Figure 3.3. This sequence of
multi-grid iterations results is referred to as the Full Multi-Grid (FMG) iteration. It can be used with

either the CS algorithm in an FMG-CS iteration or with the FAS algorithm in an FMG-FAS iteration.

/

NV

Figure 3.3 Example of a four-level FMG multi-grid iteration. Each level in the multi-grid sequence is
indicated by a thin horizontal line. Downward pointing arrows indicate restriction of a residual
to a coarser level and upward pointing solid arrows indicate interpolation of a correction to
a finer grid. Dashed arrows indicate interpolation of the solution to a finer grid.
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3.2.6 Applications of multi-grid methods to DC resistivity modeling

Because of its small memory requirements and h-independent convergence rate, the multi-grid
technique is well suited to the solution of large-scale pole-pole DC resistivity problems. Since it
is a technique that has never been applied to this geophysical problem, it was unclear how well it
would perform. The goal of this research was to apply the multi-grid algorithm to the modeling
of pole-pole DC resistivity data, and to examine the convergence properties of the algorithm for
different conductivities and source-receiver geometries. To this end, a flexible N-level multi-grid
code was developed to model the transformed potential responses. The development and testing of

the multi-grid algorithm is detailed below.

Several aspects of the pole-pole DC resistivity problem must be considered when developing
an appropriate multi-grid algorithm.. Discontinuities and comers in the material properties, source
singularities associated with the current electrode and/or distributed secondary sources, and the use
of non-Dirichlet boundary conditions could potentially degrade the convergence rate of an iterative
solution. The design of the various multi-grid operators must take these aspects of the problem into
account if an acceptable convergence rate is to be maintained. The design of the multi-grid operators

that were used in the solution of the pole-pole DC resistivity problem is detailed below.

Relaxation

For a relaxation scheme to work well in a multi-grid algorithm it must act as an effective smoother
of the error. Since the low frequency components of the error are computed on the coarser grids in

the sequence, the convergence of these components is less critital.

To assess the smoothing properties of a particular relaxation scheme, Fourier methods can be
used (e.g. Brandt 1977, Stuben and Trottenberg 1982). Since only changes in local features of the

solution are of interest, details of the domain and the model can be ignored for the analysis. The
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material properties of the medium can be “frozen” (i.e. assumed equal to some constant) and the

action of the relaxation operator on a Fourier component of the error can be examined.

Although local Fourier analysis is not valid for problems with rapid variations in the material
properties or non-uniform grid spacing, it can still serve as a guide for selecting an appropriate
relaxation scheme. It is well known from local Fourier analysis, for example, that point relaxation
schemes display very poor smoothing rates for strongly anisotropic problems. In these cases there
is a decoupling of the solution in the two directions corresponding to the major and minor axis of
anisotropy. To obtain a good smoothing rate, the solution along lines parallel to the major axis
must be relaxed simultaneously. This suggests the use of a line relaxation scheme as a smoother for
strongly anisotropic problems. For problems with strong discontinuities in the material properties,
a similar decoupling of the solution also occurs between different blocks in the model. The need
to use block or altemating direction line relaxation as a smoother for these type of problems has
been discussed by several authors (e.g. Alcouffe et al 1981, Rude and Zenger 1985). Kettler (1981)
compares the use of various relaxation schemes and shows that line relaxation schemes are superior
to point relaxation when discontinuities are present. Thus, to allow for the possibility of strong
discontinuities in the conductivity, alternating direction Gauss-Seidel line relaxation (e.g. Lapidus

and Pinder 1982) was selected as the smoothing operator for the DC resistivity problem.

Besides the basic line relaxation smoother, several variations were also examined. Because of
the localized nature of the source terms for both the total and secondary potentiél problems it was
felt that partial relaxations, as suggested by Brandt (1977) and Bai and Brandt (1987), could be used
to improve the overall multi-grid convergence rate. At each iteration this involved using additional
point Gauss-Seidel relaxation sweeps around source locations. This was also used in the vicinity of
comers in the model, where large, high frequency residuals often remained after the basic smoothing
cycle was complete. The use of the partial relaxation strategy was found to yield a somewhat

improved convergence rate. Another variation on the basic smoother was to make usc of a simple
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over-relaxation strategy. It was found that the use of either line or point over-relaxation could also

lead to an improved convergence rate over the basic scheme.

Coarse grid operator

Much discussion has taken place in the multi-grid literature concemning the design of the coarse
grid operator Ly once L, has been specified. Of particular interest has been the design of Ly
when strong discontinuities are present, since coarse grid lines may no longer coincide with the
discontinuities. In order to achieve rapid convergence it is necessary to ensure that the coarse grid
problem is an accurate representation of the true problem. This may be difficult if discontinuities in

the model are smeared out through the coarsening process.

A frequently used scheme for forming Ly is given by
Ly = I,fILhI;"I (3.24)

This scheme arises naturally when the multi-grid method is applied to the solution of finite element
problems (e.g. Hackbusch 1985). The use of (3.24) to generate the coarse grid operator when
discontinuities are present is examined by Scott (1985) and Alcouffe et al (1981). An alternate
method for obtaining a coarse grid problem using effective material properties have been described
in Alcouffe et al (1981). Rude and Zenger (1985) and Alcouffe et al (1981) discuss modifications
to the coarse grid operator in order to obtain a better discretization in the vicinity of junctures in

the model.

For the purposes of this work, it is assumed that discontinuities in the conductivity are restricted
to lie along grid lines of the coarsest grid. The coarse grid operator is then defined with the same
discretization scheme used on the fine grid. This makes it unnecessary to deal with problems resulting
from the smearing out of contacts between zones of different conductivity. It does, however, limit

the degree of coarsening that can be realized between the finest and coarsest grid in the sequence.

65



Solver on coarsest grid

Since the coarsest grid is visited frequently during a single multi-grid iteration, a direct solver
based on the Cholesky decomposition was selected as the solver for the coarsest grid. This takes full
advantage of work done in factorizing the coarse grid coefficient matrix since the same factors can

be used to solve for all coarse grid corrections for each current electrode location.

Restriction of residuals

Because of the presence of discontinuities in the conductivity and singular source terms, the
residuals that are calculated after the first smoothing phase will still contain considerable high
frequency energy (Alcouffe et al 1981). To prevent aliasing, it is necessary to smooth the residuals
before transferring them to the coarse grid. This suggests the use of the full weighting restriction
operator (3.8). Using this operator, a weighted average of the residuals in the vicinity of the
injection point are computed prior to injection. The weighting scheme is illustrated in Figure 3.4.
Since weighted averages of the residuals are transferred, components of the residual that cannot be

represented on the coarser grid are effectively eliminated.

Figure 3.4 Full weighting restriction from fine grid to coarse grid. The coarse grid solution is a
weighted average of the solutions on the fine grid.
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Another consideration in deciding on an appropriate restriction operator is the relative weighting
of residuals in different regions of the model. From the form of the truncation error for the DC
resistivity problem it is clear that residuals will be scaled by the conductivity on either side of a
discontinuity. Rude and Zenger (1985) suggest scaling the residuals by the reciprocal of the local
conductivity before using a full weighting restriction. The residuals on the coarse grid can then be
re-scaled by the conductivity. This modified full weighting operator and the usual full weighting
operator were both incorporated into the CS and FAS multi-grid codes. For restriction of the solution

in the FAS code, the injection operator (3.7) was selected. The operator is illustrated in Figure 3.5.

Figure 3.5 Injection from fine grid to coarse grid. For fine grid nodes corresponding to coarse grid nodes
the fine grid solution is simply transferred to the coarse grid.

Interpolation of corrections

Previous work by Alcouffe et al (1981) and Rude and Zenger (1985) describe problems that
can be encountered when simple interpolation schemes are used for the coarse to fine correction
transfers across a discontinuity. Since it has been assumed in this case that all discontinuities in the
conductivity lie along grid lines of the coarsest grid, this problem cannot arise. Thus the bilinear
interpolation operator given in (3.10) was used to interpolate corrections in both the FAS and CS

codes. The interpolation scheme is illustrated in Figure 3.6.
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Figure 3.6 Bilinear interpolation from the coarse grid to the fine grid. For fine grid nodes corresponding to coarse grid
nodes (case 1) the coarse grid solution is simply transferred to the fine grid. For fine grid nodes at the center
of coarse grid elements (case 2), the coarse grid solution at the four comers of the element are averaged and
transferred to the fine grid. For fine grid nodes at the center of coarse grid element edges (case 3), the
coarse grid solution at the ends of the edge are averaged and transferred to the fine grid.
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Figure 3.7 Higher order operator based interpolation from the coarse grid to the fine grid. For fine grid nodes
corresponding to coarse grid nodes (case 1) the coarse grid solution is simply transferred to the fine grid. For
fine grid nodes at the center of coarse grid elements (case 2), the rotated finite difference operator is used to
relate the coarse grid solution at the four comers of the element to the value at its center. The result is then
transferred to the fine grid. For fine grid nodes at the center of coarse grid element edges (case 3), two rotated
finite difference operators are used to relate the coarse grid solutions at the corners of the two adjacent
elements to the solution at the midpoint of the edge. The result is then transferred to the fine grid.

For the coarse to fine grid solution transfers after each FMG cycle it was found that a higher

order interpolation operator led to a somewhat improved rate of convergence. This higher order
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interpolation operator was obtained using a rotated finite difference scheme (Figure 3.7). Although
a scheme using cubic interpolation was considered, it would have required the use of less accurate

one-sided operators in the vicinity of discontinuities, and was not implemented.

3.2.7 Examples — convergence rates for various models and operators

To illustrate the convergence properties of the multi-grid algorithm, the problem illustrated in
Figure 3.8 was considered. The model consists of a pair of 1000 Qm prisms buried in a 10 Qm
halfspace. Note that the prisms meet at a juncture located at (z,z) = (250,100)m. A current

electrode at (z,z) = (0,0)m is used to inject a current of 10A.

1000 Qm

1000 Qm

IR 10 Om

|-—250m

Figure 3.8 Two prism problem used to illustrate the convergence properties of the multi-grid forward modeling
algorithm. The model consists of a pair of 1000 Qm resistive prisms in a 10 Qm halfspace.

An initial discretization of the two-prism problem is superimposed over the model in Figure 3.9.
This was used as the coarse grid in an FAS-FMG solution of the transformed secondary problem
for k, = 0.001m~1. Parameters v = 2,11 = 2,v; = 1 were selected for the multi-grid iterations

in this example.
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Figure 3.9 Coarsest grid in the multi-grid discretization of the problem in Figure 3.8. A vertical
exaggeration of 4 times was used in the display.

To determine the convergence rate of the multi-grid algorithm, the errors in the fine grid solution
and the residuals were monitored for a sequence of two-level multi-grid iterations. The maximum
absolute error and the maximum absolute residual are plotted as functions of operation number in
Figures 3.10a and 3.10b respectively. Operations include the interpolation of the coarse grid solution
to the fine grid (square), fine grid relaxations (triangles) and coarse grid corrections (stars). Each
multi-grid iteration is seen to reduce the maximum absolute error by a factor of 10 or more. A similar
reduction in residual is also observed. In particular, rapid decreases in the error occur after each coarse
grid correction, demonstrating the role of the coarse grid correction in accelerating convergence of
the relaxations. Note that in some cases the coarse grid correction actually leads to an increase in
the maximum absolute residual — a rapid decrease being observed only after the second smoothing
phase. The coarse-to-fine grid interpolation has clearly generated additional high frequency residuals.

Hence the need for the second smoothing phase prior to transfer of the solution to the next level.
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Figure 3.10 Convergence of the two-level multi-grid solution for the problem in Figure 3.8. (a) The maximum
absolute error in the fine grid solution for each multi-grid operation. (b) The maximum absolute
residual for each operation. The interpolation of the coarse grid solution is indicated by a
square, relaxations by triangles and coarse grid corrections by stars.

Profiles of the transformed secondary potentials computed using two, three and four-level multi-
grid iterations are shown in Figure 3.11a. Note that there are large changes in the solution as
more grids are added to the sequence. This indicates an underlying problem in the finite difference
discretization in the vicinity of the comers and, in particular, at the juncture where the two prisms
meet. This aspect of the problem will be discussed in detail in Chapter 4. The maximum absolute
residual for each solution is shown as a function of iteration number in Figure 3.11b. Although the
goal of h-independence has not been fully realized, the overall convergence rate for the multi-grid
algorithm is seen to be excellent. Only a single iteration on the finest grid is needed, for example,

to reduce the maximum absolute residual by a factor of about 50.
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Figure 3.11 Results of a two, three and four-level multi-grid solution for the problem in Figure
3.8. (a) Profiles of the final transformed potentials on each of the four levels. (b) The
maximum absolute residual for each multi-grid iteration.

Since the convergence rate of the multi-grid algorithm depends on the choice of operators used,
it is worth examining different variations to see if improvements in efficiency can be achieved.
Convergence rates for the four-level multi-grid scheme using different coarse grid correction operators
are compared in Figure 3.12 to the convergence rate achieved using the basic scheme (shown dashed).
In Figure 3.12a, V-cycle iterations were used instead of W-cycles, resulting in a poorer convergence
rate. Although more expensive, the W-cycle iteration was found to be more efficient in terms of
execution time needed to achieve a given reduction in the maximum absolute error. In Figure 3.12b,
the higher order interpolation scheme described earlier was used instead of bilinear interpolation,
without a significant improvement in accuracy. In Figure 3.12c¢, injection was used as the restriction
operator for the residuals, resulting in a dramatic deterioration in the convergence rate. The transfer
of residuals in the DC resistivity problem clearly results in significant aliasing unless the residuals are
filtered prior to injection. In Figure 3.12d, the conductivity scaled full-weighting scheme proposed by

Rude and Zenger (1985) led to no significant improvement over the standard full-weighting scheme.
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Figure 3.12 Convergence rates of the four-level multi-grid algorithm for the problem in Figure 3.8. Results
obtained using different multi-grid operators (solid lines) are compared to that obtained using
the basic algorithm (dashed). (a) V-cycle iterations used instead of W-cycle iterations. (b) Higher
order interpolation of solution used in FMG iteration. (c) Injection instead of full-weighting restriction.
(d) Conductivity scaled full-weighting used instead of full-weighting restriction.

In addition to studying different transfer operators and cycling strategies, various relaxation
schemes were also examined to determine the optimum procedure. Point Gauss-Seidel relaxation
iterations were used instead of line relaxations to yield the results in Figure 3.13a. The convergence
rate for the multi-grid iteration using point relaxation is clearly infcrior to that using the line

relaxation scheme. If 8 point relaxation sweeps were performed for every line relaxation sweep,

then the convergence rate approaches that of the basic multi-grid scheme (Figure 3.13b). The cost
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of performing such a large number of point relaxations, however, makes this a less efficient strategy.
The use of over-relaxation, with a relaxation parameter of 0.5, leads to a marked improvement in
the convergence rate of the single point Gauss-Seidel iteration (Figure 3.13c). Results with other
models and wavenumbers, however, indicate that the optimum relaxation parameter is very problem

dependent and may in practice be difficult to determine a priori. The use of partial relaxation in the
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Figure 3.13 Convergence rates of the four-level multi-grid algorithm for the problem in Figure 3.8. Results obtained
using different relaxation schemes (solid lines) are compared to that obtained using the basic algorithm
(dashed). (a) One point Gauss-Seidel relaxation used instead of each line relaxation. (b) Eight point
relaxations used instead of each line relaxation. (c) One point Gauss-Seidel over-relaxation used instead of
each line relaxation. A value of 0.5 was used for the over-relaxation parameter. (d) Basic line relaxation
scheme supplemented with partial relaxations in the vicinity of the juncture in the model.
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the vicinity of the juncture leads to an improved convergence rate (Figure 3.13d) without adding

significantly to the cost of the solution.

The performance of the multi-grid algorithm was also studied for a wide variety of models and
source configurations. The convergence rates observed were very similar to those described above.
One factor that was found to influence the convergence rate of the algorithm was the wavenumber
being modeled. The multi-grid algorithm was found to converge more quickly for larger wavenumbers
(Figure 3.14a). The nature of the model was also found to influence the convergence rate. In Figure
3.14b, results for a more resistive and less resistive set of prisms were compared to those from the
previous model. The lower resistivity contrast yielded much better convergence rates, while the
higher resistivity prisms resulted in a somewhat poorer rate. In general it was found that resistive
targets, as in the example, yielded the slowest convergence. The proximity of the current electrode

to resistive comers in the model seemed to be the primary cause of the poorer convergence rate.
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Figure 3.14 Convergence rates of the four-level multi-grid algorithm for variations on the problem in Figure 3.8. Results
obtained using different wavenumbers and conductivity contrasts (solid lines) are compared to that
obtained for the problem in Figure 3.8. (a) Results for wavenumbers of 0.01 m~" and 0.0001 m™’

(solid lines) are compared to those for 0.001 m™! (dashed). (b) Results for prism resistivities of
100 Qm and 10, 000 Qm (solid lines) are compared to those for 1000 m (dashed).
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It was found that the convergence rates depicted in Figures 3.12-3.14 were typical, and that the
algorithm was well suited to the solution of the DC resistivity problem. The multi-grid algorithm was
used to model transformed potentials for a range of wavenumbers, and the solution on each level was
inverse Fourier transformed. The results are shown in Figure 3.15a. The solution is seen to change
considerably between each grid level, indicating a problem with the underlying discretization. This
problem will be discussed in Chapter 4, and a method of extrapolating the solution will be presented.

The same model was used to study the solution of total potentials using the multi-grid algorithm.
Similar convergence rates were observed as with the modeling of secondary potentials. The apparent
resistivities computed for the total potential problem using the four-level multi-grid solution is shown

in Figure 3.15b. As before, the solution changes considerably between each grid level.
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Figure 3.15 Four-level multi-grid solution for the problem in Figure 3.8. (a) Profiles of the secondary
potentials on each of the four levels. (b) Profiles of the apparent resistivites computed
from the total potentials on each of the four levels.

A comparison of the multi-grid results (triangles) on the fourth level to those obtained using
a direct solver (solid line) was used to verifiy the multi-grid procedure (Figure 3.16). Only two
iterations for the smaller wavenumbers, and a single iteration for the larger wavenumbers were

needed to achieve a fit of less than 0.5% over the cntire profile. The execution time required to solve
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the fine grid problem directly was 1059.2 cpu seconds on a Sun 4/330. The time required to obtain

each multi-grid solution was 41.6 cpu seconds.
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Figure 3.16 Comparison of the solutions computed using a direct solver (solid line) and the four-level multi-grid
solver (triangles) for the problem in Figure 3.8. (a) Profile of the secondary potentials computed on the
finest level. (b) Profile of the apparent resistivities computed on the finest level.

3.3 The multi-level adaptive technique

A variation of the multi-grid procedure, originally proposed by Brandt (1977), is the Multi-Level
Adaptive Technique (MLAT). In this strategy, a sequence of non-coextensive grids is constructed as
the solution is being calculated — the spatial extent of the grids in the sequence being based on the
nature of the evolving solution. This allows both the grid design and solution processes to be carried
out simultaneously, resulting in considerable computational savings. Although the algorithmic details
of the MLAT strategy have been described in the literature, it’s application to practical problems has
been somewhat limited. This is primarily due to the general complexity of the algorithm and the need
for a suitable grid refinement criterion. The purpose of this research was to apply the multi-level
algorithm to the solution of the pole-pole resistivity problem. A new criterion for grid refinement

based on an analysis of the relative truncation error will be described in Chapter 4.
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3.3.1 Multi-level adaptive technique

Consider first the solution of the general problem (3.1) using the standard multi-grid approach.
The sequence of grids ;,,...,8%, ... is used to obtain a solution on the finest grid Qy, where
the coarser grids in the sequence are used to accelerate convergence of the relaxation scheme on
Qx5 by providing a low frequency correction to the fine grid solution. One of the basic assumptions
in the standard multi-grid algorithm is that the N grids in the sequence completely overlap, or are
coextensive (Figure 3.17). In most cases, however, the use of coextensive grids is very inefficient.
With the DC resistivity problem, for example, only portions of the domain adjacent to sources and
discontinuities in the conductivity require a fine discretization. The remainder of the domain can be
discretized quite coarsely without affecting accuracy. Although a non-uniform grid spacing can be
used at each grid level to achieve different degrees of resolution in different parts of the domain,
this is still not optimal. The use of non-uniform grid spacing with the finite difference technique
invariably leads to a large number of long, thin elements towards the edge of the grid. As well, a

non-uniform discretization is considerably less accurate than a uniform one.
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Figure 3.17 A sequence of three coextensive grids used in the standard multi-grid iteration. Each grid
completely overlaps the previous grids in the sequence.
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A more efficient approach is to make use of a sequénce of non-coextensive grids, as shown in
Figure 3.18. By allowing the size of each successive grid in the sequence to become smaller, the
extent of the fine grids can be restricted to only those regions where a fine discretization is needed to
achieve the desired accuracy. The coarser, more extensive grids are used only to satisfy the boundary
conditions and to accelerate convergence of the solution on the finer grids. Using this strategy, the
fine grids can be made considerably less extensive than in a standard multi-grid solution. Thus the

total computational work expended in obtaining a solution can be dramatically reduced.

Figure 3.18 A sequence of three non-coextensive grids. The finer grids extend over only a
sub-region of the coarser grids in the sequence.

If all grids in the multi-grid sequence are coextensive, then the solution can be obtained using
either the CS or FAS schemes. If the grids are not co-extensive, then the CS scheme cannot be used.

Recall that in the CS scheme the problem that must be solved on the k** grid, Qy, is given by

Lii = 7% = If,, (Lk+15k+1 . ml) (3.25)

This yields the correction ¥}, that is then interpolated to €2 and used to correct 5k+1. If 4, does

not completely overlap 2, then the CS formulation breaks down since one cannot simultaneously
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solve for both 4 outside the region of overlap and #; within the region of overlap. For this reason
the FAS scheme must be used for problems involving non-coextensive grids.
Let Q; be the portion of Q that Q,, overlaps. An FAS scheme suitable for use with non-

coextensive grids can be obtained by considering the problem

Lyt = [ (3.26)
where " —
U = Ik+1ﬁk+1 + U} on Qi
3.27)
= ’l_ik on Qk - ﬁk
and _ . . _
Fi = LIy Teys + IEpy (Frgr — D1 Tetn) on (X
(3.28)

= f;c on Q) — ﬁk
Since the boundaries of §4; may not correspond to those of §}x, new boundary conditions must be

specified before Ly, can be formed. One way of doing this is to apply Dirichlet boundary conditions
along 941, where the values of T4 at boundary nodes are obtained by interpolating %, from .
To examine how the fine and coarse grids interact in this scheme, note that for a two-level

iteration, the coarse grid problem can be written as
— 7 =H H =
Lyt = fu + 7, + 17 (3.29)

where only the portion of the grid in the region of overlap is considered. The quantity :f'h =
LI, — fg is clearly an estimate of the relative truncation error 7} based on the approximate
solution to the fine grid problem. At convergence, 7, = 0, so that the coarse grid problem will be
corrected by the addition of ?hH to its right hand side in the region of overlap. In this way, fine grid
accuracy is transmitted to the coarse grid even if the grids do not fully overlap.

The MLAT algorithm proposed by Brandt (1977) makes use of the FAS scheme described
above to adaptively design a sequence of non-coextensive grids around the solution as it is being

calculated. Assume that a solution has been obtained using the sequence of non-coextensive grids
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0:1,,...,0x_1. Based on some grid refinement criterion, a subregion of Q5 _1, denoted by Qn-1,
is identified as being too coarse. This subregion of Qy_; is refined, yielding the next grid in the
sequence, . The solution on Q_, is then interpolated to 2, and it becomes the initial estimate
for the fine grid solution. The non-coextensive FAS algorithm is then used to correct this initial
estimate, yielding uy. The algorithm is terminated when the change in the solution due to the

addition of the next finest grid is less than some tolerance.
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Figure 3.19 A sequence of composite grids where hanging nodes (indicated by dots) have been tied
in to the rest of the grid using rotated finite difference operators.

In the development of an MLAT solution to the pole-pole DC resistivity problem, an approach
similar to that of McCormick and Thomas (1986) was adopted. To form a fine grid in this scheme,
rotated finite difference operators are used to relate fine grid boundary nodes to coarse grid nodes
(Figure 3.19). Relaxations are carried out only over the square portion of the fine sub-grids. In
calculating the residuals for transfer to the next coarser grid, Dirichlet boundary conditions are not
assumed along the boundaries of the sub-grid, as they are in the original MLAT formulation. Instead,

the rotated operator is used to compute the residual as if the entire composite grid had been relaxed.
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Residuals are not calculated for nodes away from the fine sub-grid since these can be generated on
the next coarsest level. In this way, the residuals are computed as if the grids were coextensive, even
though only the fincst portion of the composite grid is actually used. This avoids accuracy problems
that have been encountered with the original formulation (Bai and Brandt 1987, McCormick and

Thomas 1986).

3.3.2 Example

To demonstrate the advantages of the MLAT approach, the two-prism problem shown in Figure
3.8 was again used. The final composite grid, shown in Figure 3.20, was generated using a sequence
of three grid refinements. The solutions on each of the four composite grids generated in the FMG
iterations are shown in Figure 3.21a. As before, the solution is seen to change substantially as new
grids are added into the sequence. The final MLAT solution is compared to the solution obtained

using coextensive grids in Figure 3.21b.
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Figure 3.20 Composite grid generated using the MLAT algorithm for the problem in Figure 3.8.

The accuracy of the MLAT solution is seen to be comparable to that obtained using the standard

multi-grid approach. Fine grid accuracy is clearly transmitted throughout the domain, ecven where
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the fine grid is not present. Because of the limited extent of the finest grids, however, the MLAT
algorithm is considerably more efficient than the standard multi-grid algorithm. In this case, the cpu
time required for the four-level multi-grid solution using coextensive grids was about 6 times that
required to generate the MLAT solution. A further extension of this approach that would allow for

the evolution of more than one fine grid sequence would result in even better efficiency.
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Figure 3.21 Transformed secondary potentials computed using the MLAT algorithm for the problem in Figure 3.8. (a)
The transformed secondary potentials computed at each stage of the FMG sequence. (b) The final MLAT
solution (triangles) compared to the multi-grid solution obtained using coextensive grids (solid line).

3.4 Conclusions

The use of the multi-grid approach to the solution of the DC resistivity forward problem was
found to yield accurate results for both total and secondary potential problems. The convergence rate
for a proper choice of multi-grid operators was found to be excellent. Because of the small memory
requirements of the algorithm much larger problems could be solved than would be possible with the
direct Cholesky solver. The speed of the algorithm, even when a large number of current electrodes

was being modeled, was considerably better than could be achieved with the direct solver.

In addition to the efficiency of the algorithm, the full multi-grid algorithm also yiclded solutions

on a sequence of grids of increasing finencss, allowing the accuracy of the solution on the finest
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grid to be assessed. For many problems that have been examined the solution was found to change
little between grid levels once a reasonable degree of refinement had been achieved. In other cases,
including the problem illustrated here, large changes were observed even between relatively fine
grids, indicating an underlying problem with the discretization and the need for further refinement.
The development of a multi-level approach, where finer grids in the sequence were permitted
to become spatially less extensive, also led to an efficient forward modeling algorithm. The use of
non-coextensive grids permitted the region around singularities and rapid changes in the material
properties to be detailed, without the need for refining the entire grid. A strategy that was found
useful was to design a 2 or 3 level sequence of coextensive grids around the model, and to use an
additional 2 or 3 levels of non-coextensive grids to refine the area around the current electrode. The
refinement grids are then moved with the current electrode, while the coextensive grids remain fixed.
This provided a systematic approach to the grid refinement process, and allowed for an accurate
discretization for all current electrode positions. The additional flexibility of allowing for multiple

refinement sequences would have made the multi-level solver even more efficient.
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Chapter 4

Adaptive Grid-design Using the Multi-grid Approach

4.1 Introduction

Because of the difficulty of estimating the accuracy of a numerical solution a priori, it is important
that a direct verification of accuracy be made before the solution can be considered reliable. The usual
approach for verifying the overall accuracy of a numerical algorithm is to compare the numerical
results to analytic solutions for simple model geometries. Although this is useful for debugging
purposes, it is impossible to assess the accuracy of an algorithm for more general models based on
this kind of comparison. A way of verifying the accuracy of a numerical solution for a specific model
and electrode configuration is needed. A simple way of doing this is by re-solving the numerical
problem using a more accurate discretization, and observing how much the solution changes. This

approach can be extremely expensive, however, if standard methods are used.

If the numerical solution for a particular model is found to be inaccurate, steps must then be
taken to improve the discretization. Because there is a trade-off between accuracy and computational
expense, this improvement cannot be based solely on the desire to compute a highly accurate solution.
A procedure is needed for designing a discretization that achieves a specified error level while
minimizing the computational work required. The design of such an “optimum” discretization
is particularly desirable in two and three dimensional problems where the number of operations

involved in a forward solution can become quite large. Although a truly optimum discretization
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is never attainable, a near-optimum solution can be found through partial refinements of an initial
discretization. Because the numerical error is problem dependent, an “adaptive” approach to the
design of discretization is needed. Ultimately, an algorithm is desired that monitors the accuracy
of a numerical solution and, if necessary, adapts the discretization to the solution itself, providing

a fine discretization only where required.

4.2 Numerical error and grid design considerations

In order to assess the accuracy of a given discretization, and to help in the design of an accurate
numerical grid, one needs to consider the factors that control the error distribution in the solution.

Let u be the solution to the problem

Lu=f 4.1
and let

Li=f 4.2)

be the discrete approximation to (4.1). If we let #.,,; be the solution to the continuous problem

sampled at each grid point, then %,,,; satisfies the problem
Lioone = f+ 7 4.3)
where 7 is the truncation error. Subtracting (4.2) from (4.3) yields the new problem
Le=T 4.4)

where € = t,,n: — % is the error in the numerical solution. The truncation error, 7, acts as the source
of numerical error in exactly the same way that the current electrode acts as the source in the original
problem. The magnitude of the error at a particular node in the grid will depend on the strength

of these sources as well as their proximity. Since the sources can be either positive or negative, a
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certain amount of error cancellation will always occur. In some cases, particularly when the model
displays a high degree of symmetry, this cancellation can result in an error that is small even though
the discretization is quite poor. This has serious implications as far as the testing of numerical codes

with simple analytic solutions is concerned.

4.2.1 Factors controlling truncation error strengths

As can be seen from (2.20), the strength of the truncation error sources will depend not only on
the local grid spacing, but also on local features of the model and the solution. Factors that control

the truncation error in the DC resistivity problem are described below.

Large gradients in the potential

These are particularly important in the DC resistivity problem where localized source distributions
and discontinuities in the conductivity lead to rapid changes in the potential and its derivatives. When
solving for total potentials, the large gradients associated with the logarithmic singularity at the current
electrode lead to large truncation errors at the current electrode node and at the three adjacent nodes
(four adjacent nodes in the case of a buried current electrode). These truncation errors are found to
nearly cancel however, so that the finite difference approximation in the vicinity of the electrode is
still found to be O(h?) (Bai and Brandt 1987). The resulting error in the numerical solution for a

uniform grid is also found to be O(h?) (Bai and Brandt 1987, Rude 1988).

When secondary potentials are computed, the point current electrode is replaced by surface
sources distributed along discontinuities in the model. Although the solution remains finite, rapid
changes in the solution near the discontinuities still lead to large truncation errors.

Another major contribution to the error arises from a singularity that occurs at comers in the
model (Alcouffe et al 1981, Rude and Zenger 1985, Liggett and Liu 1983). At these singular points

the gradients in the potential do not approach a limiting value, so that the expression for the truncation
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error (2.20) is no longer valid. Rude and Zenger (1985) show that the solution error in the vicinity of
a corner is O(h*) where o depends on the angle of the comer and the conductivity contrast. In some
cases « can be quite small, resulting in a large error in the numerical solution which only gradually
decreases as the grid is refined. This slow convergence to the true solution is particularly severe for
highly resistive, small angled wedges and four-comer junctures. Although comer singularities will
be present in both total and secondary potential problems, they are most prominent in the secondary

problem, where sources are placed directly on the comers.

Grid spacing

The truncation error also depends on the local coarseness of the grid, as well as its uniformity. For
a constant conductivity model and uniform grid spacing the O(h®) terms cancel in (2.20), leaving
only terms of order 4 and higher. For non-uniform grids, if the grid spacing changes quickly so
that one of the O(A3) terms in (2.20) dominates, a large truncation error may result. Care must
therefore be taken when partially refining an existing grid since the resulting non-uniformity can lead

to significant errors in the solution.

Approximate boundary conditions

Since the boundary condition (2.21) used in the numerical problem is only approximate, an error
in the discretization along the right, left and lower boundaries will occur. The resulting distribution of
truncation error will act as a source of error that will decay away from the boundaries, contaminating
the solution towards the center of the grid. By placing the b_o_u‘ndan'es farther from the source region,

the strength of these truncation errors can be reduced.

Since the truncation error distribution depends on both the model and the current electrode

location, the design of a numerical grid to minimize the resulting error in the solution is problem
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dependent. Without knowing the solution a priori, the design of an adequate discretization must be
based on “rules of thumb” and past experience — a rather uncertain approach. A general strategy
is to use as fine a grid as possible in regions where the solution is changing rapidly (i.e. near
discontinuities in the model and around current electrodes) and to have the boundaries of the grid
well away from the source region. To prevent a reduction in the order of the discretization, large
changes in grid spacing are generally avoided. Using this approach, without taking into account the
nature of the solution, often leads to an excessively expensive calculation. Even then, the accuracy
of the solution is uncertain. A more satisfying approach is to adapt the discretization to the solution
itself. In this way, only those portions of the model which are critical to the accuracy of the solution

are finely discretized.
4.3 Adaptive solution of the numerical forward problem

Adaptive numerical techniques have been used in the solution of various problems in engineering
and applied mathematics (Babuska et al 1986), but have received little attention in geophysics. The
basic strategy is to solve the forward problem on a sequence of grids Q',Q2,...,QF, ..., where each
grid is based on an optimum refinement of the previous grid in the sequence. By optimum it is meant
that only those areas of the grid that contribute moslt to the numerical error in the solution are refined,
while those portions which contribute little are left untouched or even coarsened. By solving the
forward problem in this manner, an accurate numerical solution is obtained using a minimum number
of nodes. The process also yields a sequence of solutions on successively finer grids. These can

provide an estimate of the error in the final solution, as well as a way of extrapolating the solution
to achieve even higher accuracy.

The approach that has been used in this work makes use of a two-level approach to assess the
accuracy of a given discretization and to identify areas of the grid that are too coarse. Additional grid
lines arc then added to improve the initial discretization, and the process is repeated. This results

in the adaptive design of a final non-uniform grid that uses as coarse a discretization as possible to
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achieve the desired accuracy. The development of this algorithm, and its application to the pole-pole

DC resistivity problem, is described below.

4.3.1 Two-level multi-grid approach to adaptive grid design

As a standard procedure when computing any numerical solution, the forward problem will often
be solved on a pair of grids, the first being one’s best attempt at an accurate discretization based on
experience and rules of thumb. The second grid, being somewhat finer than the original, is used to
assess the accuracy of the numerical solution. If the solution does not change significantly between
the two grids, the numerical solution is then considered to be accurate. If the solution does change
significantly, then the grid must be redesigned to improve its accuracy. The use of an adaptive
approach to grid design based on the two-level multi-grid algorithm is an attempt to formalize this
procedure.

Consider the numerical solution of the general problem (4.1) on a pair of grids Qf and Qf.
It will be assumed that QF is obtained through a complete refinement of Q. Note that the grid
spacings can be non-uniform, even though the constants k and H are used to designate the two grids.

Let the fine and coarse grid solutions #; and ¥y satisfy the discrete problems
Lptn = fn on Q 4.5)
and
Lyiy = fg on (4.6)
respectively. The relative error, é‘hH , which is the error in the coarse grid solution relative to the fine
grid solution, is given by
el = Ha, —ay @.7
Examination of the relative error at selected nodes provides a simple way of verifying the accuracy

of the fine grid solution. A small relative error indicates that the fine grid and coarse grid solutions

have converged and that little improvement will be realized through further refinement.
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Although the relative error quantifies the improvement in the solution resulting from the refine-
ment of the grid, it provides no direct information about which areas of the grid were primarily
responsible for the improvement. To identify areas that contribute most to the relative error, and
hence determine where further refinement is needed, we introduce the relative truncation error, ?,f’ ,

defined by
7 = Lulfliy - fu “48)
Combining (4.6-4.8) yields
Lyefl =7H 4.9)

Note that the relative truncation errors at each node act as sources of relative error. To find the
contribution from each of these sources to the relative error at the [t node (called the control node),

the discrete adjoint Green’s function problem
Ly Gui = éuy 4.10)

is solved, where 3}1,1 is zero except for the [** entry which is one, and gm, is the discrete adjoint
Green’s function. Ly is the adjoint operator corresponding to Ly, and is defined such that
£ Ly — T Lun =0 (4.11)

for all ¥y and 7. Since many problems in geophysics are self-adjoint, L}, is often found to
be identical to Ly. Note that self-adjointness of the continuous problem does not guarantee self-
adjointness of the discrete problem unless the discretization is symmetric. In this case, the use of the

integral finite difference scheme leads to a discrete problem which is self-adjoint.

Multiplying (4.10) by (€77)T and (4.9) by (G )T, and then subtracting yiclds
@ Ly — GhaLréy = (@) 6w — g (4.12)
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Since (4.11) must be satisfied, the left side of (4.12) is identically zero, and hence
@ = @)™ =D (@7 (4.13)

where the summation is taken over all nodes of Q%. A map of (jH,l);(?h,H); thus yields the
contribution from each part of Q’;{ to the relative error at the control node.

In general, the accuracy of the solution at a number of control nodes (perhaps corresponding to
several field data acquisition locations) will need to be monitored. Since an adjoint Green’s function
problem must be solved for each control node, the use of (4.13) may no longer be practical. A
way of reducing the number of forward problems that must be solved is to define the new discrete

adjoint problem
G =Y wi (@ )iduy 4.14)
l

where the summation is taken over all nodes in £%,. The w;’s are weighting coefficients which are
H 4

set to zero except at the control nodes. Using this new adjoint problem, one obtains
S wiEN? = G = ()7 4.15)
1 i

Thus a map of (g );(777); yields the contribution from each part of the coarse grid to the relative
error energy Ep = }_P w2(&T)2. The use of (4.15) to compute the error contribution map is very
efficient since only a single adjoint Green’s function must be computed in this case.

Being able to identify regions of the grid that contribute the most to the relative error or relative
error energy allows a grid refinement procedure to be formulated. Assume first that a grid Q’;I
is available from the previous grid refinement. A fine grid Qﬁ is generated through a complete
refinement of Qﬁ,. This involves adding an additional grid line midway between each of the original
Q’;, grid lines. A direct solver employing a Cholesky factorization is then used to compute %y on

Q. Aninitial approximation to the fine grid solution, Ty can be obtained by interpolating @y to QF.

92



Because the same forward problem must be solved on both a coarse and fine grid, it would
be desirable if work done in calculating the coarse grid solution could be used to reduce the work
required on the fine grid. This suggests the use of the two-level multi-grid algorithm to improve
the initial approximation to the fine grid solution. Since a Cholesky decomposition is used to solve
the coarse grid problem for @y, the factors can be used again to solve for each of the coarse grid

corrections, making this a very efficient iteration.

Once a satisfactory fine grid solution #; has been obtained, it is transferred to the coarse grid

and used to compute the relative truncation error f'hH

using (4.8). The Green's function is computed
by solving either (4.10) or (4.14). Again, the factors of the coefficient matrix generated from the
solution of the coarse grid problem can be used to compute the Green’s function on Q’;,. Finally,

the appropriate error contribution map is generated using either (4.13) or (4.15).

In most cases, only isolated regions of Q’;, will contribute significantly to the relative error or
relative error energy. This suggests carrying out a partial refinement of QF,, refining only those
parts of the grid that are the major contributors. The strategy used in this work is to refine those
vertical or horizontal strips of elements that contribute more than a specified percentage to the relative
error at the control node by adding additional grid lines. Strips of elements that do not contribute
significantly to the relative error can be coarsened by removing grid lines, provided that the grid
lines do not coincide with discontinuities in the model. The result of this partial refinement is a grid
that yields the same accuracy at the control node as the fine grid. This partially refined grid can
be used as Q’;I“, the next grid in the grid sequence, and the refinement process can be continued.
The process is terminated when little change in the solution is observea between the coarse and fine

grids, indicating convergence of the numerical solution.

4.3.2 Efficiency of the adaptive multi-grid approach

A comparison of the number of operations nceded to compute a two-level multi-grid solution

93



with the number needed to solve the problem on Qf directly can be used to demonstrate the efficiency
of the adaptive multi-grid algorithm. To obtain a fine grid solution on an N by M grid, the number

of multiplications/divisions needed using a banded Cholesky direct solver are given below.

1. Decomposition

%NM:" + %M2(9N —2M) - M? - gM (4.16)

2. Solution

2NM?+ M(2N -M)-M 4.17)

For a 61 by 41 grid, a total of 2,400,000 operations must be performed using the direct solver. The
number of multiplications/divisions which are needed for each operation in the two-level multi-grid

algorithm are given below.

1. Gauss-Seidel red/black alternating direction line relaxation

ANM — 2(N 4+ M) + (v, + v,)[1I0NM ~ 4N + M) (4.18)

2. Residual calculation (assuming a black left/right pass for the last relaxation sweep)

2NM - N -1 (4.19)

3. Full-weighting restriction

1 1 1
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4. Coarse grid decomposition (banded Cholesky decomposition)

1 3 1.4 3 1 13
32NM + 96M (2TN - M) + 32M(5N M) + 96(21N 47TM) 3 4.21)
5. Coarse grid solution
1 2 3
ZNM + NM + ZN (4.22)
6. Interpolation (bilinear)
3 1 1
ZNM — Z(N + M) - 1 (4.23)

For a 61 by 41 grid the coarse grid solution requires 189,000 operations. To obtain the fine grid
solution using the multi-grid procedure requires an additional 122,000 operations. This is almost a
20 fold increase in efficiency over the direct solver. If the problem must be solved for more than one
current electrode using the same grid, the difference is not as great. If, for example, solutions are
needed for 21 current electrode locations, a total of 6,600,000 operations using the direct solver, and
2,560,000 operations using the multi-grid solver are needed. Only a 2.5 fold increase in efficiency
is then realized. However, using the same grid to solve for different current electrode locations is
not usually desirable since considerably more nodes are then needed to achieve the same overall
accuracy. Since the strategy we have adopted uses a different grid for each current source, the two-
level multi-grid algorithm is considerably more efficient — particularly when the size of the problem
is large. Another advantage of the multi-grid algorithm is that the fine grid solution from the previous
grid rcfinement can be used 1o initialize the fine grid problem. This can further reduce the number

of V-cycle iterations and relaxation sweeps which are necessary at each refinement stage.
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The multi-grid algorithm is also efficient in terms of storage requirements. Because an iterative
scheme is used to solve the fine grid problem, only the solution neced be stored. The fine grid
coefficient matrix, which accounts for most of the storage requirements with a direct solver, need

never actually be formed.

4.4 Examples

To illustrate the use of the adaptive multi-grid algorithm, the total potential problem depicted
in Figure 4.1 was examined. The model consisted of a 1000 Qm resistive slab with a 50m step
at z = 250m. The slab was buried in a 10 Qm halfspace. A current of 1A was injected into the

ground at (z,y,2) = (250,0,0) m.

150 m 1000 Qm

Figure 4.1 Conductivity model used to illustrate the use of the two-level adaptive multi-grid algorithm. The model
consisted of a 1000 2m resistive slab with a 50 m step at z = 250 m. The slab was buried in a2 10 2m halfspace.

A starting grid 2}, (Figure 4.2a) was constructed, and the adaptive multi-grid algorithm was used
to assess the accuracy of the discretization for a control node at (z,y,z) = (250,250,0) m. Total
potentials were first computed on Q}; using the direct Cholesky solver and on 2} using the two-level
mulii-grid solver. A relative error corresponding to a 15% change in the coarse grid solution was

observed at the control node, indicating a poor discretization.
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Figure 4.2 Sequence of four coarse grids generated by the adaptive multi-grid algorithm for the model in Figure 4.1, The
grey regions correspond to grid locations that contribute to 90% of the relative error at the control node.
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The error contribution map for the initial grid pair is shown in Figure 4.2a. Grey regions of the
error contribution map correspond to error contributions greater than a specified tolerance £. £ was
chosen such that the sum of the error contributions greater than { accounted for 90% of the relative
error at the control node. A partial grid refinement based on an examination of the error contribution
map was used to generate Q%I (Figure 4.2b), resulting in a new relative error of 4%. The largest error
contributions in this case are clearly associated with the current electrode and the comers in the model.
The second refinement resulted in the grid in Figure 4.2c. A relative error of 2% was observed, with
the largest error contributions associated with the coarse part of the grid between z = —500 m and
z = —125m, as well as the region around the comers in the model. A third refinement resulted in
the grid shown in Figure 4.2d. Less than a 1% change was observed between the coarse and fine
grid solutions. Examination of the error contribution map (Figure 4.2d) indicated that if a further
reduction of the relative error was desired, refinement of the entire grid would be necessary. Profiles
of the coarse grid solutions for each grid refinement are shown in Figure 4.3. The modeled potentials,

particularly over the resistive ledge, are seen to change substantially as the grid evolves.

0.012
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Total Potential (V)
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X position (m)

Figure 4.3 Profiles of the total potentials computed for the sequence of four grids generated in the first example.
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Figure 4.4 Relative error computed at the control node for each of iteration of the adaptive solution of the problem in
Figure 4.2. (a) e} plotted against iteration number. (b) e plotted against iteration number to
the power of —1.3. The dashed line shows the curve extrapolated to the origin.

Knowing how éf changes with grid spacing allows the magnitude of the numerical error on
the final grid to be estimated. Note that if the numerical error is O(h™), then u = u; + ch™ and
% = ugy + c2"h™. The relative error & = &), — iy = ch™(2" — 1) is also found to be O(h"). The

error on the fine grid solution is then given by

— eh
i — @y, = 4.24
YT T (4.24)

For this example, plots of the relative error as a function of iteration number (Figures 4.4a and 4.4b)
indicate an O(k!-3) relative error. (4.24) gives an error on the final fine grid of about 1%. Note that
if the solution on ), had been accepted as the final result, an error at the control node of about
26% would have resulted. The need to assess the error in the numerical solution, and the subsequent

need to refine the numerical grid, is apparent.
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As a second example, the secondary potential problem depicted in Figure 4.5 was examined. This
is the same problem used to illustrate the N-level multi-grid and multi-level algorithms developed
in Chapter 3. The adaptive multi-grid algorithm was used to generate the sequence of grids shown

in Figure 4.6a-d.

T 1000 Qm

| 1000 Qm

10 Qm

}__250 m—{

Figure 4.5 Two resistive prism problem. The model for this problem consists of a pair of
1000 Qm resistive prisms in a 10 Qm halfspace.

The main contribution to the relative error in this case is seen to come from the point where the
two prisms meet. This point is known to correspond to a severe singularity in the potential gradient,
as discussed earlier. The result is a solution which changes considerably as the solution is refined
(Figure 4.7). Plots of the relative error as a function of iteration number (Figure 4.8) indicate an
O(h°-55) relative error. This low order results in slow convergence of the numerical solution to the
final solution. Despite this poor convergence rate, the potentials will achieve a limiting value as
the mesh spacing approaches zero, as indicated by Figure 4.8. A limiting value of 3.45mV for the

solution at the control node was estimated using (4.24).

100



0.0
a.
E
el
Fu]
o
[
o
500.0
~1000.0 0.0 1000.0
Distance (m)
- i i b
E
el
<
a,
@
a
500.0
-1000.0 0.0 1000.0
Distance (m)
0.0 ‘!’
: c.
E 1
e
s
0,
@
o
500.0
-1000.0 0.0 1000.0
Distance (m)
0.0 [ T d
€ T
— B 18
£
Fu
Q,
()]
a
500.0 -
-1000.0 0.0 1000.0

Distance (m)

Figure 4.6 First, second, third and fifth coarse grids generated by the adaptive multi-grid
algorithm for the model in Figure 4.5.
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Figure 4.7 Profiles of the secondary potentials computed for the sequence of grids in Figure 4.5.
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Figure 4.8 Relative error computed at the control node for each of iteration of the adaptive solution of the problem in
Figure 4.5. (a) Relative error plotted against iteration number. (b) Relative error plotted against iteration
number raised to the power of —0.55. The dashed line shows the curve extrapolated to the origin.
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As a final example, the secondary potential problem depicted in Figure 4.9 was examined. The
model for this example was identical to the previous one, except that the resistivities of the prisms
were 0.1 Qm. The sequence of grids generated by the adaptive multi-grid aigorithm is shown in
Figure 4.10a-c. Profiles of the coarse grid solutions for each grid refinement are shown in Figure
4.11. A relative error of less than 0.1 % after the second grid refinement indicates that the numerical

solution is extremely accurate in this case (Figure 4.12).

T 0.1Q0m

I 0.1Qm

10 Om

Figure 4.9 Model used in the third two-level adaptive multi-grid example. The model was identical to the one in
the second example (Figure 4.5), except that the resistivities of the prisms were 0.1 Qm.

The results of these three examples illustrate how dependent on the model geometry the numerical
error is, and clearly show the importance of assessing the accuracy of the discretization for the

specific model at hand.
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Figure 4.10 Sequence of three coarse grids generated by the adaptive multi-grid algorithm for the model in Figure 4.9.
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Figure 4.11 Profiles of the secondary potentials computed for the sequence of three grids in Figure 4.10.

4.0 1.00E-04 5
35 )
8.00E-05}
L. 3.0 -
g £
5 25 S 6.00E-05 |
2.0 5
g g
Z15 5 4.00E-05 |
& &
1.0
2.00E-05|
0.5
0.0 1 1 ] I\ O. 1
1.0 1.5 2.0 2.5 3.0 0.0 0.4 0.8 1.2
lteration number (iterotion number)~20

Figure 4.12 Relative error computed at the control node for each of iteration of the adaptive solution of
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4.5 Conclusions

Little work has been done to assess the accuracy of numerical techniques that are used regularly
to solve forward modeling problems in geophysics. It is generally assumed that if a numerical
algorithm performs well on simple models, where the solution can be generated analytically, it will
achieve comparable accuracy on more general problems. This chapter clearly shows this not to be
the case. In particular, corners and junctures are known to lead to singularities in the solution, which
in turn can lead to large errors in the numerical approximation. Because of the need to model DC
resistivity data over intruded and faulted regions, the influence of these features on the numerical

results cannot be ignored.

The magnitude of numerical errors that result from a poor discretization depends on the model,
as well as on the location of any current electrode sources, and is thus highly problem dependent. For
the 2D DC resistivity problem, large errors in the solution were encountered for some of the models
examined. In other problems, with very similar model geometries, the solution was found to be quite
accurate. Although rules of thumb can be formulated for constructing accurate discretizations, it is
difficult to predict a priori what accuracy will be achieved. Hence the need for verifying the accuracy

of a discretization for the problem at hand.

The verification of a numerical solution for a general model can only be done by re-solving the
problem on a finer grid and observing how much the solution changes. This is not done on a regular
basis because of the additional expense involved. For a 2D problem, computing the fine grid solution
using a direct Cholesky solver leads to a 17-fold increase in the number of operations required, and a
9-fold increase in the memory requirements. An efficient algorithm for solving the fine grid problem
that makes use of a two-level multi-grid algorithm has been presented. Work expended in calculating
the coarse grid solution is used in the multi-grid iteration to significantly reduce the effort required
to solve the problem on the fine grid. A modest two-fold increase in the number of operations is

then realized for large problems. Since the multi-grid algorithm makes use of an iterative procedure
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on the fine grid, there is also very little additional storage requirements.

In some cases, the comparison of coarse and fine grid solutions to verify the accuracy of the
solution will indicate a large discretization error for the initial grid. In order to obtain a more accurate
solution in these cases, an adaptive grid refinement procedure was developed. This refinement
procedure is based on the contribution from the discretization error at each part of the grid to the
error at a particular control node. In most cases a sequence of two or three grid refinements was
found to be sufficient to achieve an acceptable solution. For problems involving strong singularities,
however, convergence to the final solution was found to be quite slow. In these cases, a large
number of refinements can be avoided by determining the order of the relative error. This establishes
a relationship between the relative error and the error on the fine grid solution, allowing the final

solution to be estimated.
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Chapter 5§

Numerical calculation of sensitivities

5.1 Introduction

A fundamental step in the solution of most non-linear inverse problems is to establish a
relationship between changes in a proposed model and resulting changes in the forward modeled
data. Once this relationship has been established, it becomes possible to refine an initial model to
obtain an improved fit to the observed data. In a linearized analysis the Fréchet derivative is the
connecting link between changes in the model and changes in the data. In some simple cases an
analytic expression for the Fréchet derivative may be derived. For more complicated problems where
it is not possible to obtain an expression for the Fréchet derivative, it is necessary to parameterize
the model and numerically solve for the sensitivities — i.e. the partial derivatives of the data with

respect to model parameters.

Literature in various fields illustrates how the sensitivities can be computed for specific problems.
However, there does not exist a detailed comparison of the approaches that are available for more
general problems. As such, when faced with solving an inverse problem, there is indecision about
what options exist and how best to formulate the sensitivity problem. Questions of accuracy and
computational efficiency also arise. The purpose of this work is to examine the various techniques
that are available, and to demonstrate their use in the calculation of sensitivities for the 1D DC

resistivity problem. Based on these results, an adjoint approach to the calculation of sensitivities for
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the 2D pole-pole resistivity and MMR inverse problem is formulated. The resulting algorithm is then

used in the calculation of sensitivities for the solution of the inverse problem described in Chapter 6.

5.2 Solution of the non-linear inverse problem

The solution of the forward and inverse problems both involve mappings between “model space”
and “data space”. For the work presented here, model space is a Hilbert space of functions defined
over a suitable interval and data space is an N dimensional Euclidean vector space having elements

that are real or complex numbers.

The forward mapping can be represented mathematically by
e; =Fi(m) j=12,...,N ' (5.1

where F;(m) is a functional that relates a given model m(%) to the j** predicted datum e;. If the

problem is linear then (5.1) can be expressed as
€j =/ K;(Z)m(Z)dV ji=12,...,N 5.2)
D

where K;(Z) is the kernel function associated with the j** datum and D is the domain of the problem.

In many cases the physics of the experiment leads to a description of the forward problem in
terms of a differential equation and a set of boundary conditions, that together define a mathematical
boundary value problem. The steady state diffusion problem, for example, is described by the

differential equation
Lu=—-V-(p(&)Vu) + ¢(Z)u = f() (5.3)
over the domain D, and the boundary condition
- ~ Ou -
Mu = a(@u+ B(2) 5 = 9(@) 54

on the boundary 9D of D. In (5.3,5.4), u(Z) is the response function to be solved for, p(Z) and ¢(Z)

jointly specify the model, and f(Z) and ¢(Z) describe the source distribution (or system excitation).
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Although for simple geometries it may be possible to find a closed form solution to (5.3,5.4), it is
generally necessary to solve these numerically.

In the inverse problem, a model m*(Z) is sought such that
e =F(m*) j=12,...,N (5.5)

where €2 is the j'* observed datum. If the forward problem is linear then a variety of standard
techniques can be used to solve the set of equations in (5.5) for m*(Z) (e.g. Parker 1977b, Menke
1984, Oldenburg 1984); the particular technique used defines the inverse mapping. Although non-
iterative inverse mappings can be found for non-linear problems (e.g. Gel’fand-Levitan approaches
for inverse scattering problems), the techniques are often unstable in the presence of noise. Also,
for many non-linear problems encountered in geophysics, no direct inverse mapping has been found.
The usual strategy in these cases is to start with an estimated solution, m.(Z), and to solve the
forward problem to obtain the predicted data. A perturbation §m(Z) is then sought which, when
added to m.s: (&), yields a model that better reproduces the observed data. The procedure is repeated
until an acceptable fit to the data is achieved.

To derive equations that accomplish this, the j** observation can be written in terms of the
expansion

1
e‘;b’ = -Fj(mest) + Fj“’(mm )5m + EF;”(mest)ém2 +... (56)

where the operator Fi”(m) is the n* order Fréchet derivative of F;(m) (Griffel 1981, Zeidler 1985).

The first order derivative F]f"(m) is referred to simply as the Fréchet derivative.

Letting de; = equs — Fj(mes:) be the misfit for the jth observation, then (5.6) can be written as
bej = F{*(meqe)6m + O(||6m]|*) (5.7
If the higher order terms represented by O(||6m||?) are neglected, then (5.7) can be written as

nt / (%, Mest)6m(2)dV (5.8)
D
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where K;(Z, m) is the Fréchet kernel associated with the j** observation. It is this kemnel that estab-
lishes the relationship between a small (first order) perturbation in the model and the corresponding
change in the datum. Since (5.8) is linear, the perturbation §m(Z) can be readily computed using stan-
dard techniques once an analytic expression for the Fréchet kemel has been derived. General methods
for obtaining closed form expressions for the Fréchet derivative, with applications to the solution of
the 1D DC resistivity problem, are presented by McGillivray and Oldenburg (1990). Unfortunately,
with most problems of interest it is not possible to implement these techniques and one is forced to
appeal to numerical procedures. In these cases the inverse problem must be re-formulated and solved

using non-linear iterative methods for a set of unknowns that describe the model parametrically.

5.3 Solution of the non-linear parametric inverse problem

In a parametric formulation of the inverse problem, the model is written as
M
m(&) = > miti(%) (5.9)
k=1

where {¢x(Z)} is a set of basis functions. The choice of basis functions determines the form of
parameterization to be used. For example, the domain D can be divided into subdomains Dy with
the k'* basis function defined to be unity over the k** subdomain and zero elsewhere. The kt*
parameter my is then the value of the model over the corresponding subdomain. Another approach
is to define a grid of nodes over D and to let the k** parameter be the value of m(Z) at the location
of the k** node. {4} is determined by the interpolation method used to define the model between
nodes. A third possibility is to choose {1} as a set of regional basis functions (e.g. sinusoidal

functions used in a Fourier expansion).

Regardless of the parameterization selected, the model is completely specified in terms of the

vector m = (my, ma,...,mpr). The forward mapping is then represcnted by

ej=Fy(m) j=1,2,...,N (5.10)
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and the solution to the inverse problem is now the vector of parameters 77t such that
e =F;(m*) j=12,...,N (5.11)

is satisfied.

As before, the relationship between the data and the model parameters is generally non-linear, and
an iterative approach must be used to solve (5.11) for 7:*. Numerous procedures for solving the non-
linear parametric inverse problem are available, including the steepest descent, conjugate gradient and
quasi-Newton methods (Gill et al. 1981). These approaches make use of steepest descent directions
associated with a misfit objective function to iteratively improve some initial model estimate. The
perturbations are thus based on the sensitivity of an objective function to changes in the model
parameters. A standard procedure for solving non-linear parametric inverse problems that makes use
of sensitivities of each individual datum is the Gauss-Newton method (Gill et al. 1981). In this

formulation, the Taylor series expansion

OF; (e 1 L& 52 F; (e,
€9 = Fj(ifiest) + E (m OF;j(Mest) et Zza—n;ng:)amk&m, +... (5.12)

is considered, where 0" F;(7)/dmdm; - - - is the nt® order sensitivity of F; () with respect to the

kth,ith,... parameters. Equation (5.12) can also be written as

aF ('mest)6

€ = Fj(hest) + Z % + O(J|67]|%) (5.13)

Neglecting the higher order terms encompassed by O(]|677]|?) yields the linearized equations
b€ = Jém (5.14)

where J is the N X M Jacobian matrix whose elements J;;, = 0F; /0my are the first order sensitivities.
It is clear therefore that the calculation of sensitivities is of fundamental importance to the solution

of the non-linear inverse problem.
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5.4 Calculation of Differential Sensitivities

Given that a parametric solution to the inverse problem is required, and that the forward problem
can be expressed as a boundary value problem, there are three ways to obtain the sensitivities. In
the first method the sensitivities are computed from their finite difference approximations. For each
sensitivity the corresponding parameter is slightly perturbed and the forward problem is re-solved.
In the second method, a new boundary value problem is derived for each of the sensitivities, and
the sensitivities are solved for directly. In the third, the sensitivities are computed using the solution
to an adjoint Green’s function problem. All three approaches will be investigated here. Particular

attention is paid to the comparison of accuracy and numerical requirements of the algorithms.

5.4.1 Perturbation approach
The most straightforward way to calculate the differential sensitivities is to approximate them
using the one sided finite difference formula

OF;() _ Fi( + Ariig) — F(ih)
0mk N Amk

(5.15)

The perturbed forward response F; (7 + Ay ) is obtained by re-solving the forward problem after the
kt* parameter has been perturbed by an amount Amy. Since the model must be altered to compute
the perturbed responses, each sensitivity requires the solution of a completely new problem. As such,
this ‘brute force’ method is inefficient, but it can nevertheless yield useful results (e.g. Edwards et al.
1984). The technique is also useful in providing numerical checks for the more efficient approaches

that are presented below.

5.4.2 Sensitivity equation approach

In the sensitivity equation method a new forward problem is derived whose solution is the

desired sensitivity function ¢ (Z). Problems that have been addressed using this approach include
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the 2D magnetotelluric problem (Rodi 1976, Jupp and Vozoff 1975, Cerv and Pek 1981, Hohmann
and Raiche 1988), the 2D electromagnetic problem (Oristaglio and Worthington 1980) and computer
aided design problems (Brayton and Spence 1980). Vemuri et al. (1969), McElwee (1982) and
Townley and Wilson (1985) use the approach to address problems in groundwater flow.

To illustrate the technique we consider the steady state diffusion problem given in (5.3,54).

Taking p(Z) to be the model, and assuming the parameterization

M
p(&) = pti(E) (5.16)
1=1
yields
- M -
tu= -V (¥ p(®)Ve) +g@u=1(Z) n D (5.17)
1=1
— . Ou
a(Z)u + ,6(:1:)% =0 on oD (5.18)

Differentiating (5.17,5.18) with respect to py, and writing ¢ (%) = du(Z)/0px, yields the sensitivity
problem

Lop = =V -(0(E)Ver) + a(@)pr = V- ((F)Ve) in D (5.19)
o(Z)er + ﬂ(i‘)% =0 on 8D (5.20)

To compute the sensitivities for a model p(Z), the forward problem (5.3,5.4) is first solved to
obtain u(&) at all points Z in D. For each parameter py, the corresponding sensitivity problem must
then be solved to obtain ¢ (Z) which is then evaluated at each of the observation locations. Note
that the source term V - (4, (Z)Vu) differs for each k, so that a total of M + 1 forward problems
must be solved to obtain all of the sensitivities.

Since the M sensitivity problems and the original forward problem differ only in terms of their

right hand sides, they can all be solved using the same numerical forward algorithm. Note that if
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the same scheme is used to discretize both the left and right sides of the sensitivity problem, then
the computed sensitivities will be exact in the sense that they will exactly predict how the numerical
solution will change as the model is perturbed by some small amount. In this way the calculation of
the predicted data and the sensitivities is consistent. When inverting real field data, the applicability
of the sensitivities will depend only on the ability of the forward modeling algorithm to represent
the true earth structure.

Since the sensitivity problem and the forward problem are identical except for their respective
source terms, their numerical solution can be done very efficiently if a direct solver (e.g. Cholesky
factorization) is used in the forward code. In that case only a single coefficient matrix factorization
is required to solve all M + 1 forward problems. This represents a considerable saving over the
perturbation method which would require forming and factoring the coefficient matrix once for each

parameter in the problem.

The sensitivity equation method is easily extended to the calculation of other sensitivities. For

example, the directional sensitivity, ¢q(Z), given by

M
¢a(@) = Y arpi(E) (5.21)
k=1

where « is a unit vector in parameter space, can be computed by first multiplying (5.19,5.20) by o4

and then summing over & to obtain the new problem

Loa= =V - ((E)Vea) + ¢(F)pa = V- (Lertp(F)Vu) in D (5-22)

0

o(&)pa + BE)H2

=0 on 9D (5.23)

The directional sensitivity may then be solved for directly. Directional sensitivities are useful for
determining an optimum model perturbation once a direction for the perturbation has been selected

(e.g. Townley and Wilson 1985).
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The sensitivity equation method can also be extended to the calculation of higher order sensi-
tivities. For example, differentiating (5.19) and (5.20) with respect to the new parameter p; yields

the problem

Low = =V - (p(&)Veor) + ¢(B)pr = V- (Ye(®V) + V- (9(E)Vpr) in D (524)

a(Z)on + (T % =90 on 9D (5.25)

whose solution is the second order sensitivity function ¢ (%) = 8%u(%)/0pr0p;. Since the right side
of (5.24) is a function of ¢ and ¢, a total of M2+ M + 1 forward problems must be solved to obtain
all of the second order sensitivities. Several parameter estimation schemes that make use of these
higher order sensitivities to achieve rapid convergence are available (e.g. Brayton and Spence 1980,
Gill et al. 1981). The use of second order sensitivities in the estimation of parameter uncertainty

has also been described (Townley and Wilson 1985).

Another possibility is to consider the finite model perturbation given by
m=m+ Am (5.26)

where Am = sa& and @ is a unit vector in parameter space. The resulting change in the response

is given by the Taylor series expansion
u(®) + Au(#) = u(Z) + a(Z) s + 5002(2) 8" + £Rax(T) 8" + ... (5.27)

where the j** order directional sensitivity ¢,; is found to satisfy

Loai = =V - (0(&)Veoi) + ¢F)Pas = IV - (o x¥r(&)Vpain1) in D (5.28)
a(Z)pai + ﬂ(f)ag;‘j =0 on 8D (5.29)
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The tracking sensitivity, given by

Au(ZT)

U | o 1 -
Pa,s(E,8) = = pa(T) + §¢a=(w) s+ g%s(w) 4. (5.30)

can be computed by solving (5.28,5.29) recursively for the required directional sensitivities.

Note that once a sufficient number of derivatives in the direction & has been computed, (5.30)
can be used to predict how u(Z) will vary as the length of the model perturbation is increased. This
radial exploration strategy forms the basis of an optimization algorithm proposed by Tahim (1979). In
a more general optimization procedure it could be used to replace direct line searches, thus avoiding

the need to solve the forward problem repeatedly for models corresponding to different values of s.

5.4.3 Adjoint equation approach

The third method for calculating sensitivities is based on the adjoint Green’s function concept
discussed earlier. Some problems to which the adjoint equation approach has been applied include the
seismic problem (Tarantola 1984, Chen 1985), the DC resistivity problem (Smith and Vozoff 1984),
the magnetotelluric problem (Weidelt 1975, Park 1987), the groundwater flow problem (Neuman
1980, Carrera and Neuman 1984, Sykes and Wilson 1984, Sykes et al. 1985, Townley and Wilson
1985), the reservoir evaluation problem (Carter et al. 1974), and various problems in computer aided
design (Director and Rohrer 1969, Branin 1973, Brayton and Spence 1980). An equivalent approach,
based on a reciprocity relationship for transmission networks, has also been described (Madden 1972,

Tripp et al. 1984).

As an illustration, consider again the steady state diffusion problem given in (5.3,5.4). Having

obtained the sensitivity problem in (5.19,5.20), we consider the problem
LG = 6% - T;) (5.31)

where £* is an adjoint operator and G*(Z, Z;) is an adjoint Green’s function.

117



Multiplying (5.19) by G* and (5.31) by ¢, and subtracting yields the expression
G*Lop — prL*G* = G*V - (V) — o1 §(Z — F;) (5.32)

Integrating both sides of (5.32) over the domain D, and making use of the properties of the Dirac

delta function, yields
/D [G*L o1 — prL*G*|AV = /D G*V - (¥ Vu) dV — op(%;) (5.33)
If the operator £* and the adjoint boundary conditions are chosen such that
/D [G*L ok — o L*G*)dV =0 (5.3
for all G* and ¢, then the sensitivity for an observation location Z; is given by
ox(F;) = /D G*V - (Y Vu)dV (5.35)

In this case the adjoint problem that satisfies (5.34) is found to be

LG = -V - (p(Z)VG*) +¢(£)G* =§(F-%;) in D (5.36)
o(F)G" +ﬂ(5)3ai* -0 on 4D (537)

To compute the sensitivities, (5.36) and (5.37) must be solved for each observation location T;.
The integration in (5.35) is then carried out for each parameter. Since the source term in (5.36)
differs for each observation location, a total of N + 1 forward problems must be solved, although
this can be done efficiently if a Cholesky or other factorization is used.

In some cases the sensitivity of an objective function is desired. For example, if a steepest

descent method is to be used to minimize the objective function

N
o(R) =) [ —¢;)? (5.38)
j=1
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where e; = Fj(7it), then sensitivities of the form

0%

N
v ) ]};(e;bs — €;)or(F;) (5.39)

must be calculated. Although this could be done by solving for each ¢k (Z;), a more practical method

can be arrived at by considering the modified adjoint problem

LI'G = -V -(@@E)VG)+¢(@)C = —2f;(egb’ -¢)8(Z-%) in D (5.40)

i=1

o(Z)G + ,3(5:’)%% =0 on 9D (5.41)

The objective function sensitivities can then be computed from

0%

(?mk

E / TV - (e Tw)av (5.42)
D

When working with second order diffusion-type equations like those describing the DC resistivity
problem, obtaining the appropriate adjoint problem is relatively straightforward and can usually be
done by inspection. For problems described by more complicated governing equations, the adjoint
problem can sometimes be more easily derived from the coupled first order equations upon which
the governing second order equation is based. An example of this approach is presented for the

frequency domain EM induction problem in Appendix A.

5.4.4 Example — Calculation of sensitivities for the 1D resistivity problem

To illustrate the numerical computation of sensitivities, consider the DC resistivity problem for

a 1D earth. The governing equations are

Lp=-V-(oV§) = I§Z - 7,) (5.43)

3]
%‘ﬁ(zy Y, 0) =0 (544)
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and

¢($, Y, z)lR——voo =0

(5.45)

where ¢(z,y, z) is the potential due to a single current electrode located at Z, = (0,0, 2,), o(z, ¥, 2)

is the subsurface conductivity and R = /2% + y2 + (2 — 25)%. When the conductivity varies only

with depth, (5.43-5.45) can be written as

o d [ 0¢ do 6¢ 62¢ I
Lo=—Tor (T-é?) 4z 9z C02 wré(r) 6(z - =) S
2 4r0)=0 (s47)
az I ‘N [ ] .
¢(T, z)‘z—»oo =0 (548)
where 1 = /22 + y2.
Symmetry suggests taking the Hankel transform of ¢
(N, 2) = / ré(r, 2)Jo(Ar)dr (5.49)
0

where Jo(Ar) is a Bessel function of the first kind of order 0. The transformed response h(A,z) =

AJ)(A, z) can then be shown to satisfy the forward problem

&h \ Al
~ S+ (z)d N = s b - 2) (5.50)
9 hr,0)= 0 551
az ’ )_ ( . )
h(A, z)lz—ooo = 0 (5.52)
1d 1d
where 'LU("') —;d—(::;d—z
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To parameterize the problem, let m(2z) = In p(z) be the model and represent the earth by a

sequence of laycrs of constant conductivity. Then

M
d
w(z) = ) mi——i(2) (5.53)
k=1
where
_ 1 forzr < z< zgt1
¥ilz) = { 0 otherwise -39

and z is the depth to the top of the kt* layer.

Before the problem of computing the sensitivities can be addressed, an efficient solution to the
forward problem must be available. To meet this need, a forward modeling algorithm based on a

propagator matrix formulation was developed.

Let the earth be represented by a sequence of My, layers of constant conductivity overlying a
halfspace. Within any of the layers or the halfspace the governing differential equation for the 1D

resistivity problem reduces to

d*h
) + AR =0 (5.55)

The general solution to (5.55) for the kt* layer can be written as
h(A, 2) = Upe™Mex-172) | Dy elan-r=2) (5.56)
and for the half space as
h(), 2) = Dag, 41*(Z:2) (5.57)

The U and D coefficients for the k** layer are then solved for in terms of those for the & + 1t layer.

This requires the continuity of the electric potential

h(A,zt) —h(X2;) =0 (5.58)
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and the conservation of charge relationship

ak-}-li + —ﬂihA — ={'2L1r f()rk—_‘kéI 5
A dz ) z ( 7% ) 0 otherwise -39

where k, denotes the source index for the case of a buried electrode.

Substituting (5.56) into (5.58) and (5.59) leads to the propagator matrix expression

Uk ) ( Uk+1 ) o
=A + 3§ 5.60
( D, *\ Doy k (5.60)
where
e—Ade 0 111 rn
Ak = [ 0 eAdk a T 1 (561)
and
t = 20k rp = Tk Tkl (5.62)
Ok + Ok41 Ok + Ok41
The source vector 3 is given by
. e—/\dk
5 = { Tror (_em) fork =k, (5.63)
0 otherwise

Combining the propagator matrix expressions for each layer yields

(3) =titetaa, (50 )+ st (5.64)
1 Mp+1

Ur and D, can be related using the boundary condition at z = 0 which requires that i(}, z) satisfy

oy d L for surface electrode
—= —h(\,0") = —0y(U; - D ={21r 5.65
A dz (2, 0%) o1(th 1) 0 otherwise (5.6

The solution h(A,0) = U; + D, is then obtained from (5.64) and (5.65).

For the calculation of the sensitivities, the model shown in Figure 5.1a was used. The model
consists of a 100 2m conductive zone buried within a more resistive 1000 Qm half-space. The
interval between z = 0 m and z = 400 m was divided into 20 m thick layers and the log resistivities

of all but the first layer were taken to be parameters. The transformed potentials for different values
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of A were computed using the propagator matrix algorithm. Those results are shown in Figure 5.1b.
The presence of the conductive zone is indicated by the anomalously low values of the transformed

potential.
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Figure 5.1 (a) Conductivty model used in the 1D resistivity example. (b) Transformed surface
potential k(X,0) computed for the model shown in (a)

The transformed potential for A = 0.005, corresponding to the maximum anomaly in Figure
5.1b, was selected as the single datum. The differential sensitivities ¢k(A,0) = Oh(A,0)/0my, for

this wavenumber were then computed using each of the three basic methods.
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Figure 5.2 Sensitivity as a function of depth for A == 0.005 computed using (a) the perturbation method, (b)
the sensitivity equation method, and (c) the adjoint equation method.

First, making use of the perturbation approach and the approximation given in (5.15), the sensitiv-
ities for each layer were computed using perturbations corresponding to increases in the conductivity
of 1.0%, 10.0% and 100.0%. The sensitivities were computed using different perturbations so that
the effect of perturbation size on the accuracy of the approximation could be examined. The results,
plotted as functions of depth, are shown in Figure 5.2a. As expected, the transformed potential is
found to be most sensitive to changes in the near surface conductivity, and a rapid decrease in sen-

sitivity is observed at the top of the conductive zone. The shielding effect of the conductive layer is
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also apparent, resulting in the transformed potential being insensitive to changes in the conductivity
below the layer. A comparison of the sensitivities obtained for the three different perturbation steps
indicates that this approach is reasonably accurate except when large perturbations are used. The
computational work involved, however, is great for problems that involve a large number of param-
eters relative to the number of data available. For this example a total of 20 forward problems had
to be solved to obtain the sensitivities for only one datum.

The sensitivity equation formulation is obtained by substituting the model expansion (5.53) into
(5.50-5.52) and differentiating with respect to mg. This yields

d2(pk d(pk 2 . d’(/)k dh
=—ww—%1)6@—a»@

d
—o(1,0) = 0 (5.67)

©E(Ay 2} zm00 = 0 (5.68)
The current source in the original problem must be replaced by two buried sources — one on either
side of the kt* layer. Although dh/dz is discontinuous at each of the layer boundaries, the right

hand side of (5.66) can still be evaluated by noting that
zte dh z1te dh
Ll_c 6(2—21)5(12 = LI_C 6(z—zl)[d—z

, Hz—z)+

% _ [1—H(z—21)]]dz
_dh K s dh o 1)
=%l /. 8z — z) Ft . zrcé(z—z;)dz
1[dh dh
B 5 [dZ zl +dZ z"]

where H(z) is the Heaviside step function. Thus the source term on the right side of (5.66) can be

replaced by the equivalent source

i dh
dz

] (5.70)

6(z—zl)d =6(z—2)= [

z
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which is easily evaluated. The sensitivity function (A, 2) is obtained by using the propagator
matrix algorithm to solve (5.66-5.68) for each layer. The sensitivity vs depth relationship is shown
in Figure 5.2b. A total of 20 forward problems again had to be solved to compute the sensitivities
for the one value of \. Comparing Figures 5.2a and 5.2b it is found that the sensitivities computed
using this method correspond to those found by the perturbation approach for Aofo — 0.

To solve for the sensitivities using the adjoint equation approach, an adjoint operator and boundary
conditions satisfying (5.34) must be found. Multiplying the first term in (5.66) by G* and integrating

by parts yields

® W Bop Aok dG*\ |* , [~ d&G*
/0 G --d-szZ— (—&-;-G — @k dz . +A (Pk—d—éz—dz 6.71)
Similarly, for the second term
< . dep , o0 /°° dwG
/0 Gwa—dz— prGw Io A Pk P dz (5.72)
The appropriate adjoint problem is found to be
G d . 2
d g
d_zG (A,0) + w(0)G*(A,0)= 0 (574
G* (A, 2)|z—00 =0 (5.75)
The sensitivity ¢x(A,0) is then given by
ee(A,0) = —/ G*(\,2)[6(z — zk—y) — 6(z - zk)]%h(z\,z)dz (5.76)
0

The integrand in (5.76) can be evaluated using expressions similar to (5.70).

The adjoint problem in (5.73-5.75) can also be solved (after some manipulation) using the

propagator matrix algorithm, although a simple relationship can be found that allows G*(), z) to be
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calculated directly from h(},z). Note that if a new function G* = G*p is defined, then G*(\, 2)
is found to satisfy the same forward problem as h(A, z) except that the current source is scaled by
—~AI/2x. Since the original governing differential equation is linear, the Green’s function G*(A, z)

required in (5.76) can be related to h(A, z) by

27 h(A, 2)

Vi o) 677

G*(\,z) =

Once the forward problem has been solved for (A, ), then (5.77) is used to obtain G*(A, z) and the
integrations in (5.76) are carried out to compute the sensitivities. The results, shown in Figure 5.2c,
are identical to those found using the sensitivity equation method. Only a single forward solution is
required to generate all of the sensitivities using this approach.

Although the perturbation, sensitivity equation and adjoint equation methods form a powerful
arsenal for solving parametric inverse problems, variations on these basic techniques are also useful.
In particular, tracking sensitivities allow one to explore model space along a particular direction
without having to solve a large number of forward problems. To compute the tracking sensitivities

for the transformed response h(),0), the directional sensitivity problems

M
d dh -
Ppyn e —E<Eak¢k) & n=1
— 2P b w(2) 2L 4 N2pan = Lt (5.78)
dz? dz d d
T kZ_ZI Yk | s Pan-1 n=23,...
—-d- ()\ 0) =0 (5.79
dz(lpa" ’ - ! )
Par (A, 2)|z00 = 0 (5.80)
are solved recursively for n = 1,..., N. The tracking sensitivity expansion
Ah(X,0 =4 n & 1
Pa,s(A,0,8) = Ah(X,0) o) + =0a2(A,0) s + =@a3(A,0) 8% + ..
s i i (5.81)

1 N
...+m(,9aN ()\,O)SN b
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can then be used to predict changes in the transformed potential as the parameter s is increased. To
demonstrate the nature of these sensitivities, tracking sensitivities were computed for perturbations
in the model in Figure 5.1a. The perturbed model for s = 1.0 and s = 2.0 is shown in Figure
5.3. The transformed potentials computed using 1, 2, 3 and 6 terms in the expansion are compared
to the true solution in Figure 54. Even using only a small number of terms in the expansion,
the tracking sensitivity is able to predict with reasonable accuracy the non-linear variations in the
potential. Unfortunately, the addition of more than 6 terms in the expansion did not improve the fit
to the true solution significantly. The reason for this is unknown, but likely lies in accuracy problems
in the computing algorithm. Nevertheless, these results demonstrate the potential usefullness of the

tracking sensitivities for predicting large changes in the solution.
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Figure 5.3 Perturbed model for step length parameter s = 1.0 and s = 2.0.
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Figure 5.4 Transformed potential as a function of the step length parameter s computed using the tracking sensitivity
approach. The exact transformed potentials, calculated directly, are shown as a solid line.

5.5 Adjoint sensitivities for the 2D resistivity and MMR problem

The methods developed in the previous section can all be applied to the calculation of sensitivities
for the 2D resistivity and MMR inverse problems. Because of the size of the problems that are to
be solved, it is critical that the sensitivity calculations be done as efficiently as possible. For most of
the inverse problems that will be addressed, there will be considerably more parameters than data.
This avoids problems with convergence that often result from an overly restrictive parameterization.
For such underdetermined problems, the sensitivities are most efficiently calculated using an adjoint
equation approach. The use of a direct solver and an efficient inverse Fourier transform algorithm to
compute the various sensitivities can also be used to improve efficiency. The development of suitable

adjoint problems for the calculation of 2D resistivity and MMR sensitivities is presented below.

5.5.1 Choice of model and model parameterization

In formulating a solution to the inverse problem it is first necessary to define the model to be
recovered in the inversion. For most problems the conductivity o(Z) is expected to vary over several

orders of magnitude. It will also be strictly positive. A natural choice is to consider the log resistivity
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m(Z) = —log (o(Z)) = log (p(Z)) as the quantity to be recovered. This imposes a natural positivity
constraint, and allows regions of high and low resistivity to be weighted equally in the inversion.
For the work been done here, the model is assumed to be two-dimensional, with variations
in material properties permitted only in the = and z directions. The model is parameterized by
representing the continuous 2D structure o(z,z) by a set of M rectangular prisms of constant
conductivity extending to infinity in the y direction. The continuous conductivity model is then

given by
M
o(z,2) = Y oxe(z,2) (5.82)
k=1

where ¥ (z, z), the k* basis function, is unity across the k** prism and zero elsewhere. o} and m;
are the conductivity and log resistivity of the k** prism. This parameterization scheme is consistent

with the assumptions made in the forward modeling algorithm developed in Chapter 2.

5.5.2 Calculation of 2D pole-pole sensitivities

Making use of the adjoint equation approach, the expansion of the model in terms of the basis
functions (5.82) is substituted into the governing equation and boundary conditions for the transformed
pole-pole potential problem, givenin (2.7-2.9). Differentiating with respect to o, yields the sensitivity

problem

O[O 2. O(0@\_ 0 88\ .. ., 0(, 04

%(UE{) + k o Pk 5;(0 5% ) = 5{;(%@) ky¢k¢+-a;<¢k$> (5.83)
9 ou(2,k,,0) = 0 5.84
—O_E(Pk(z’ y V) = (5.84)

d . -
%gak(x,ky,z) + a@r(z,ky,2) =0 on 8Dy (5.85)

where @D, corresponds to the left, right and bottom boundaries of the grid, and @(z,k,,2) =

% x(x,ky,2) is the desired sensitivity in the transform domain.
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To compute the sensitivity at (Zobs, Yobs, 20bs) an adjoint operator and boundary conditions that

satisfy (5.34) must be obtained. For the sensitivity problem in (5.83-5.85), the appropriate adjoint

problem is
* g ( 0G*
*.66_3; (0’%%—) + kz"G* . 5;(0_5;> = 6(2" — Tobsy® Zob_,) (5.86)
0
—a—;l_’l,_G (27, ky,o) = 0 (5.87)
d .. -
%G (x, ky, Z) + aG (x, ky’z) = 0 on aDm (5.88)

Since the form of (5.86-5.88) is identical to that of the original tranformed forward problem, the same
finite difference algorithm can be used to solve both problems. Full advantage can then be taken of
the computational savings associated with decomposing the original coefficient matrix.

Note that for the resistivity problem it will often be the case that an electrode used to make one
or more potential measurements will have also been used at some point in the survey as a current
electrode. If this occurs, then (5.86-5.88) need not be solved since G™(x, ky, 2, Tobs, Zobs) Can always
be computed directly from the forward modeled response q?(a:,ky, z) due to the current electrode
at (Tobss Zobs)- |

Once the adjoint Green’s function has been obtained, the sensitivity of the corresponding

transformed potential can be computed from

N ] (o[, 88\ .5, 2
(fok(xobsal‘y’zobs)—/DI:ax (@bk%) l"ylr/)ké'{"

. (5.89)
9 09\ |
¢k G (:C, ky’z’ Tobsy zobs) dz dz

9z \ 0z
The same procedure for discretizing the original forward problem must be used to evaluate the

integral in (5.89). This ensures that the sensitivities are exact for the given forward modeled solution.
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Assuming the ijt* element in the forward problem corresponds to the kP parameter, the discrete

form for (5.89) is given by

k2 - -
‘Pk(xobs, kya zobs) = _%(G:,jqbi,j + G:+1,j¢i+1,j+

G:,j+1¢i,j+1 + G:+1,j+1 ¢i+1,j+1)A$.'AZj

e e
" 'Az,' (‘Z’i,j = $i+1,j) Az; ($i+1,j+1 - <f>.~+1,,-)- (5.90)
it Az 5%
FGL Az (43:+12:A+; i— J’i,j+1) N Az; (J’:;A ;j(z’i,j+1)-
FGiin | ("3"’21;;."3‘“”'*” -~ (&Hz'l—z,-aﬁhﬂl)}

Once the transformed sensitivities have been computed, an inverse Fourier cosine transform is

required to obtain the sensitivies in the spatial domain. This is given by

2 [ .
‘Pk(xob.n Yobs» zobs) = ; / (Pk(zobsy ky) Zobs) Ccos (kyyobs) dky (591)
0

Taking the model to be the logarithm of the resistivity, the sensitivity of the kt* model parameter

is then computed from

7]
'am¢(xabs s Yobss zobs) = —0rPk (xobs s Yobss zobs) ' (592)
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Figure 5.5 Parameterization of the 1000 2m uniform halfspace model that was used to demonstrate the
accuracy of sensitivities calculated using the adjoint equation approach.

To demonstrate the accuracy of the adjoint equation approach, sensitivities of the pole-pole
potential with respect to changes in log resistivity were calculated for the parameterization of a
uniform halfspace problem shown in Figure 5.5. These are compared to sensitivites obtained using
the perturbation approach in Figures 5.6a and 5.6b. The sensitivities calculated using the two different

approaches are seen to agree well over the entire region.
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Figure 5.6
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Pole-pole sensitivities computed for the 1000 Qm uvniform halfspace problem shown in Figure 5.5. a)
Sensitivities computed using the adjoint equation approach for a current electrode at ', = (~100,0,0) m and
a potential electrode at £, = (100, 0,0) m. b) Sensitivities computed using the perturbation

approach. A perturbation of 1% in the conductivity was used in the calculation.
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5.5.3 Calculation of 2D MMR sensitivities

Since the transformed magnetic field components are linear functions of the modeled potentials,
an adjoint approach can be formulated for the calculation of the magnetic field sensitivities. Consider,

for example, the transformed z component of the magnetic field, given by

B (z,ky,2) = / / kyd(z’ ky,z’) -0 (2',2') Ko(kyr') da'd? (5.93)

where ' = \/ (z - :z:')2 +(z - z')2. Substituting the model expansion (5.82) into (5.93) and

differentiating with respect to oy yields

0 =
T%Bz(w’ky,z) / / (Pk a’ ky’z’)a ] ((L‘ Z)
+(z', by, z’)—é;;zpk (2", )| Ko (kyr') do' a2’

(5.94)

Evaluation of the term
= -0 / / by b (s by )2t (2, ) Ko () de'd (5.95)
27 Jo Jooo 0z

is straightforward since ¢ will be known throughout the domain once the forward problem has been
solved. Exactly the same algorithm that is used to carry out the integration in (5.93) can be used to

evaluate f3. Less straightforward is the evaluation of the term

/ / oy P (7', Ky, 2) aa o(z',# ") Ko (kyr ) dz'd2 (5.96)

To evaluate ¢, directly, ¢, must be computed throughout the domain, requiring the solution of a
forward problem for each parameter. For the underdetermined inverse problem, it would be better
to formulate an adjoint problem whose solution allows ¢, to be computed without having to solve a

large number of additional forward problems.

Assuming a linear variation of ¢, along each cell edge, ¢, is given by
N.-1 N,

lto/» E 3 (045 — 014 1)[(%),, /xi (2341 — ')

i=1 j=1

(5.97)

.Ko(kyr",bs,j)dx’ + -(EEAL;-I—’-/ i (x - x,)Ixo(k robsj)d:c']
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where 7/, = \/ (Tobs — ) + (Zobs — ) Now consider the adjoint problem

_2< 8G*)+k2 G*——(?—( E)

Jz \ 0 0 0z
p,oky Ned X 0z — ziyz — z5)
Z Z (0ij = 0ij-1) Az;
i=1 j=1 (5.98)
[ (s = ) Kol + o=z 5)
zi Zi
./ * (.’vl —_ xi)Ko(kyTstyj)dxl]
subject to
2 6, k,,0) = 0 (5.99)
0z AR '
0 .
—G"(z,ky,2) + aG*(2,ky,2) =0 on JD (5.100)

on

Multiplying (5.98) by ¢, and (5.83) by G*, subtracting the results and integrating over the domain

i = /oo/ [ (¢k ¢> — B2 rdt+
5;(1,) gd))]G*(x kyy 2y Tobsy Zobs ) AT d2

Note that this is identical to the integral in (5.89) that must be evaluated when computing @, by the

yields

(5.101)

adjoint Green’s function approach — only the Green’s function has changed. The same scheme used
to numerically evaluate (5.89) is also used to evaluate (5.101). The calculation of the sensitivities
for the y and z components of the transformed magnetic fields are carried out in a similar manner.
To illustrate the accuracy of the magnetic field sensitivity calculations, sensitivities of the y
component of the magnetic field were computed using the adjoint approach for the uniform halfspace
problem in Figure 5.5. These are compared to those obtained using the perturbation approach in
Figures 5.7a and 5.7b. Again, the sensitivities calculated using the two approaches agree well over

the entire region.
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Figure 5.7
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Sensitivities computed for the By response from an MMR experiment for the 1000 Qm uniform

halfspace problem shown in Figure 5.5. a) Sensitivities of the MMR response computed using
the adjoint equation approach for a current electrode at Zo, = (—100,0,0) m and a magnetic
ficld measurement at Zo5, = (100, 0,0) m. b) Sensitivities computed using the perturbation

approach. A perturbation of 1% in the conductivity was used in the calculation.
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5.6 Conclusions

Although numerous procedures are available for the solution of the parametric inverse problem,
the choice of procedure is often limited by the size of the problem at hand. Clearly, the size of the
problem will restrict the number of forward solutions that can reasonably be carried out through the
course of an inversion. This will in tumn limit the types of sensitivities that can be computed. The
calculation of higher order data sensitivities, for example, will generally be impractical because of the
number of forward problems that must be solved. This usually rules out the use of the second-order
Newton optimization procedure for all but the simplest of problems. For 2D problems, and smaller
3D problems it may be feasible to compute the first order data sensitivities required for Gauss-Newton
optimization. In these cases, the use of a sensitivity equation approach for overdetermined problems
and the adjoint equation approach for underdetermined problems will minimize the number of forward
solutions that are required. The use of a perturbation approach is almost always impractical because
of the need to form and decompose a new finite difference coefficient matrix for each forward
solution. For truely large-scale inverse problems it may be computationally practical to solve only
a few forward problems. In these cases it may be necessary to solve for the sensitivities of a data
misfit objective function, in which case a modified adjoint approach can often be used to minimize
the number of forward solutions. For problems where only objective function sensitivities can be

computed, a steepest descent or conjugate gradient approach can be used in the inversion.

For the 2D inversion of DC resistivity and MMR data it was found feasible to solve for
sensitivities of each datum, thus permitting the use of an optimization procedure based on the Gauss-
Newton approach. Since in most cases considerably more parameters than data will be used in the
solution of the inverse problem, an adjoint equation approach was employed. The use of a direct solver
for the forward modeling algorithm, and the use of an efficient inverse Fourier transform scheme
permitted the rapid calculation of the sensitivities. The computed sensitivities were found to be exact

in the sense that they exactly predicted the changes in the numerical solution for small changes in
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the model parameters. A comparison of the numerically computed sensitivities to those computed
using the perturbation approach was used to verify this accuracy. Further examples illustrating
the calculation of the 2D sensitivities and a comparison to analytic solutions for a halfspace are
presented in McGillivray and Oldenburg (1990). The successful use of these numerically calculated
sensitivities in the inversion of DC resistivity and MMR data, presented in Chapter 6, further verified

their accuracy.
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Chapter 6

Subspace Inversion of DC Resistivity and MMR Data

6.1 Introduction

Early work on the inversion of DC resistivity data was devoted almost exclusively to the 1D
problem (eg. Pekeris 1940, Zohdy 1965, Koefoed 1966, Inman et al. 1973, Inman 1975, Oldenburg
1978). In recent years, however, the focus has shifted towards the solution of the multi-dimensional
inverse problem (Vozoff 1960, Pelton et al. 1978, Petrick et al. 1981, Smith and Vozoff 1984,
Tripp et al. 1984, Sasaki 1989, Sasaki 1990, Sezenger 1990, Park and Van 1991). Because of
the complexity of these higher dimensional problems, parametric inverse techniques have been used

almost exclusively.

Many recent attempts to solve the parametric inverse problem have relied on a coarse param-
eterization of the model to help stabilize the inversion. The form of this parameterization (i.e. the
number and geometry of the parameter elements) is based ideally on available geological information
that might be available, but often is chosen as a matter of convenience to simplify the numerical
computations in the inversion. In many cases the regional model is specified before hand, and only
a small sub-region of the model is solved for in the inversion. In the absence of detailed geological
information either of these strategies involves considerable risk since the outcome of the inversion

will likely be influenced by the regional model and parameterization scheme used. As well, the lack
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of flexibility in the solution that results from a coarse parameterization can lead to poor convergence

(or even divergence) of the model iterates.

These problems can be avoided by using a large number of parameters to represent the model.
This gives the inversion algorithm more flexibility, and makes the outcome of the inversion less
sensitive to the form of the parameterization. Unfortunately, the use of a large number of parameters

in an inversion can also lead to serious problems with non-uniqueness.

An approach for inverting DC resistivity and MMR data that avoids these problems was the
focus of the work presented in this chapter. A strategy of solving for a large number of parameters
relative to the number of data was adopted. The minimization of a global norm of the model was used
to address problems with non-uniqueness and to drive the inversion towards an acceptable solution.
Procedures for making the inversion computationally feasible were also developed. The resulting
inversion algorithm was then tested by inverting a variety of synthetic DC resistivity and MMR data

sets. A set of E-SCAN field data for a prospect in Nevada was also inverted.

6.2 Generalized subspace inversion

In order to achieve a reliable result when detailed geological information is not available, the
parameterization must be fine enough to yield a solution that is independent of the parameterization.
At the same time, solution space must be restricted enough so that the inversion is both stable and
computationally practical. The strategy that has been adopted in this work is to make use of as fine
a parameterization of the model as possible. Parameterizations that result in a thousand unknowns
for the 2D problem are typical. In order to deal with problems of non-uniqueness that arise from the
use of such a large number of parameters, a global model objective function is also minimized. A
reformulation of the least-squares procedure based on a generalized subspace approach has also been
developed to deal with the computational problems associated with inverting for a large number of

unknowns. This involves a re-parameterization of the model perturbation in terms of a set of basis
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vectors that are chosen in some responsible manner. The development of the generalized subspace

approach, and its application to the DC resistivity problem, is described below.

6.2.1 Non-linear least-squares approach

The generalized subspace approach is based on a reformulation of the non-linear least-squares
solution of the parametric inverse problem. The more familiar least-squares approach is obtained

through a minimization of the data misfit objective function, given by
B() = 1€~ Eopoll* = (€= Eota)” (€= Euns) 6.1y

where €,;, and € are the observed and predicted data respectively. In this work it will be assumed
that the data have been normalized by their estimated standard deviations. Given an estimate of
the model "1, a perturbed model ™ = Mm"! 4+ A7 is sought that minimizes ®(M"~1 + Am).

Using the expansion
e(mm ! + AR) = e(m™ 1) + JA® 6.2)
yields the linearized approximation
B (M1 4+ AR = (JAT — AE)T (JAT — A) (6.3)

where A€ = &, — &(A"1). Minimizing (6.3) with respect to each Am,; yields the model
perturbation

Am = (JTH)JTAE (6.4)
The least-squares update to the previous model estimate is then given by

mt = w4 (JTI) T Ae (6.5)
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A single iteration of the least-squares procedure involves computing the data misfits and sen-
sitivities for the model from the previous iteration. The model is then updated using (6.5) and
the procedure is repeated until either an adequate fit to the data is achieved, or until no further

improvement is observed.

6.2.2 Minimization of a global model norm

Since there is usually insufficient information to uniquely resolve the entire parameter set, the
solution of the non-linear inverse problem using (6.5) is often unstable. This is characterized by the
singular, or nearly singular, nature of the matrix J7 J that must be inverted to compute the perturbation
in (6.5). To control this instability, further constraints on the nature of the recovered solution must
be imposed. This can be accomplished by requiring that the model perturbation minimize the model

norm objective function
¥(Am) = [|[WAR|]? = AmTWIWAR (6.6)

where W is a weighting matrix used to define the norm. Note that W must be invertible for ||W ||
to be considered a true nomm. In practice this will always be ensured. The perturbation is required

to satisfy the linearized data misfit constraint
Biin(AR) = (JAT — AD)T(JAT — A&) = ¢ 6.7)

where £ is the final target misfit that is selected on the basis of the assumed observation errors.

Minimizing (6.6) subject to (6.7) yields the damped least-squares or Gauss-Newton update
mt = m" 4 (JTT 4+ pWITW) T Ae (6.8)

The ridge regression parameter u is selected so that the updated model computed from (6.8) satisfies

cither the linearized misfit constraint (6.7) or the non-linear constraint
B(AR) = (A" + ArR) — &e)” (E(A™ + AfR) — &) = £ (6.9)
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Although computing the linearized data misfit does not involve any additional forward modeling, it
is not valid for large perturbations and must therefore be used with some care.

The use of (6.6) to control the nature of solution recovered in the inversion leads to a “creeping”
strategy, where only the norm of the model perturbation is minimized. In a “leaping” strategy, the
global norm of the model relative to a reference model 77i,.y is minimized. This is achieved by

minimizing the global model norm objective function
Y(AR) = WA + A~ fes)||? (6.10)
The correspénding Gauss-Newton update is then found to be
@ = m L + (JTT + pWIW) L IT (A + WIW (™! — fiyey)) 6.11)

Minimizing a global model norm allows for the specification of a reference model in the model
objective function. Since the distance from this reference model will be minimized in the inversion,
it can be used to incorporate a priori information about the true earth. The use of a global model
nom also allows for unnecessary structure to be removed from the solution once the inversion has

achieved the desired level of misfit.

6.2.3 Computational aspects of the Gauss-Newton approach

The use of the traditional Gauss-Newton approach to solve for a large number of parameters
in an inversion can result in an excessively costly calculation, both in terms of execution time and
memory. To examine where the majority of the computer resources are actually used, consider the
parameterization shown in Figure 6.2. Let M, and M, be the number of cells in the z and 2
directions respectively, and assume that the same mesh is used to discretize the forward problem and
parameterize the model for the inverse problem. The number of floating point operations and the

memory requirements for each of the basic steps in a Gauss-Newton iteration are given below.
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Solution of the forward problem

The finite difference algorithm developed in Chapter 2 makes use of a Cholesky decomposition
to solve the DC resistivity forward problem. Since M, > M, for most problems, the nodes in the
numerical grid are assumed to be numbered by columns to minimize the bandwidth of the coefficient
matrix. For a large problem, with n, unique source locations, the computer resources required to

perform the Cholesky decomposition and to solve for the n, right hand sides are given by

Ny = lM,,Mf’ +n, - 2M,M? flops
2 (6.12)

Ng = Msz entries
(Golub and Van Loan 1983, p. 96), where Ny is the number of floating point operations (flops)

required to obtain a solution and Ng is the number of non-zero entries that must be stored. For
large problems, a significant amount of work is clearly required to initially decompose the matrix.

Solutions for different source locations can then be computed relatively cheaply.

Calculation of the sensitivities

Once the coefficient matrix has been factored and stored, the forward modeling of the sensitivities
using the adjoint equation approach can be computed relatively cheaply. For a large problem, with

n.ps Unique observation locations, the computer resources required are

Nw = 1o, - 2M, M2 flops (6.13)

Inversion of the matrix (JTJ + pWTW)

The inversion of the matrix (J7J + uWTW) is carried out using the Golub-Reinsch singular
value decomposition routine (Golub and Van Loan 1983). ie., (J7J +uWTW)™' = RA-1RT.

The resources required to store the matrix and factor it are
JVW = 6M§’Mz3 ﬂOpS
(6.14)
Ns = M2ZM? entries
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(Golub and Van Loan 1983, p. 175).

From the above it is clear that the cost of inverting the matrix (J7J + uW7T W) will account for
most of the computational expense in solving large-scale inverse problems. To quantify this in terms
of actual computer time, an M X M matrix was decomposed using a singular value decomposition
routine on a SUN 4/330. The cpu time required to decompose the matrix as a function of the
number of parameters M = M, X M, is shown in Figure 6.1. For problems involving more than
a few hundred parameters, the inversion of the (JTJ + uWTW) matrix is not practical. Since
the problems that are solved here typically involve 500 to 1500 parameters, a reformulation of the

Gauss-Newton approach is needed.
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Figure 6.1 Cpu time required to perform a Golub-Reinsch singular value decomposition of an M x M matrix as a
function of the number of parameters M. The calculations were done on a SUN 4/330 workstation.
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6.2.4 Subspace formulation

For problems involving more than a few hundred parameters one finds that the direct use of
(6.11) becomes impractical because of the size of the matrix JTJ + uWTW that must be inverted
repeatedly at each iteration. To reduce the effective size of this matrix, an approach similar to
the subspace technique described by Kennett and Williamson (1987) and Kennett et al. (1988)
was developed. Note that although the dimension of the perturbation Am is often quite large, the
amount of independent information provided by the data can be relatively small. It is thus reasonable
to re-parameterize the problem by restricting A to lie within a smaller dimensional subspace of

perturbation space. The model perturbation can then be written as the linear combination

M,
A=) oty = Ga (6.15)
k=1
where
[ |
G=1|8 ¥ T - oy (6.16)
N I
is the matrix whose columns are the M, basis vectors ¥x, & = 1,..., M, that span the subspace.

Assuming (6.15) for the form of A and minimizing (6.10) with respect to each oy yields the

subspace Gauss-Newton update

At = @l 4+ G(GT (JTT + pWIW)G) T GT[JT (e(™ 1) — &s) —
6.17)
WWTW (01 — i)
The dimension of the matrix GT (JTJ + uWTW)G that must now be inverted to compute A is
only M,. Since the number of basis vectors can be kept small, considerable computational savings

are realized by using (6.17) instead of (6.11). Also, because of its small dimension, the new matrix

is generally well conditioned.

Having expanded the model perturbation using (6.15), the basis vectors used in the expansion

must next be selected. One possiblity is to use the steepest descent directions for the data misfit
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and global model objective functions as basis vectors. For the data misfit term, a perturbation in the

steepest descent direction, A, satisfies the problem

minimize {{iwAaRm|| = ARTWTW AR}
. (6.18)
subject to & (™! + A) = $(A"1) + VT (A1) Am =€
(e.g. Gill et al. 1981, p. 102). The solution to (6.18),
Q —_n-1Y) _ -
Adie - |2l ) =€ |y g (6.19)
VeT(WITW)-1Vd

defines the direction for the first basis vector. Substituting for ¢ in (6.19) and ignoring scale factors,

yields the basis vector
7= —-(WIW) Ve = —2WITW) 1JT (&~ &) (6.20)

Note that the steepest descent direction used to obtain (6.20) has been defined with respect to the
same norm used in the global model objective function. Since the perturbation corresponding to
(6.20) will minimize this norm, the global model objective function will remain small through the
course of the inversion.

Similarly, the steepest descent direction for the global model objective function yields the second

basis vector

B = —(WIW)IV¥ = — (" — ffiep) (6.21)

The basis vectors in (6.20) and (6.21) are equivalent to those used by Kennett and Williamson

(1987) in their initial subspace formulation.

6.2.5 Use of additional basis vectors — the generalized subspace approach

In formulating a solution to the DC resistivity inverse problem it was necessary to develop a

more general subspace algorithm that makes use of an expanded set of basis vectors (McGillivray
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and Oldenburg 1991). Since the DC resistivity inverse problem is often very non-linear, serious
convergence problems can result from the use of an overly restrictive basis set. In the generalized
formulation, steepest descent directions corresponding to different subsets of the data are used to
define the basis set. Basis vectors that lead to accelerated convergence are also used to supplement
the basis set. Additional basis vectors are also selected so that unnecessary character can be removed
from the solution as the inversion progresses. This is particularly important in the solution of the DC
resistivity problem, where the localized nature of the pole-pole sensitivities often leads to artifacts

in the solution that are not required to fit the data.

The use of a large number of basis vectors in this generalized subspace approach can significantly
increase the cost of the inversion. Since the number of basis vectors included in the set must be kept
to a minimum, it is important that they be chosen with some care. The most important considerations
in selecting the basis vectors are that they be reasonably independent, and that they provide a rapid
decrease in either the data misfit or global model norm. Although there are many basis vectors that

meet these requirements, several were found to be particularly useful. These are described below.

Directions corresponding to sub-objective functions

In most cases a geophysical survey will consist of a set of distinct experiments, each involving
measurements made around a particular source location. In the pole-pole DC resistivity experiment,
for example, measuring the voltages due to a single current electrode would constitute a distinct
experiment. A common source gather is thus a natural way of grouping the data. This grouping leads
to a collection of sub-data sets that are spatially independent. It is also computationally convenient
to group the data in this manner since with forward modeling techniques like the finite difference

and finite element method, the responses due to each source excitation are modeled scparately.

Using a common source grouping, a separate data misfit can be defined for each sub-data set.
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i.e.
Nk

Pr(m) = Z (€obs ik — €ik)° 6.22)

i=1
where ny is the number of measurements made using the k** source, and e, ;1 and e; are the

corresponding observed and predicted data respectively. The total misfit is given by
B(m) =Y () (6.23)
k=1

where n, is the number of sources used in the survey.
Having defined the data misfit functions {¢, k = 1,...,n,} , a set of basis vectors can be
constructed from the corresponding gradient vectors {V® (), k¥ = 1,...,n,} . Thus the k** basis

vector is given by
B= —(WIW) 7198 = —2(WTW) 7 JT (& — Eps) (6.24)

Since each 7 is a descent direction for a ¢, the total data misfit ¢ = > ¢ will be sensitive to
model changes in any of the ¥ directions. As well, since each ¢, corresponds to a new source
location, the basis vectors will be reasonably independent.

If more basis vectors are desired, other data groupings are also possible. For example, the data
set can be further subdivided into near, middle and far offset measurements. These new basis vectors
should also be reasonably independent. The subdivision of the data set can be carried to its extreme,
with a basis vector being associated with each individual datum. However, since the data in the
complete data set display a certain amount of dependence, only a relatively small number of subsets

should be required.

Constant and linear basis vectors

Throughout the course of an inversion the Gauss-Newton algorithm will be attempting not only

to fit the data, but also to minimize a norm of the model. Once a fit to the data has been achieved,
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the algorithm will then attempt to reduce the model norm by removing unnecessary structure from
the solution. Note, however, that since none of the basis vectors have energy where the data has low
sensitivity, the model cannot change in these regions even if it would lead to a significant reduction
in the global model norm. To allow the inversion to change the model in this region, it may be
necessary to supplement the set of basis vectors with additional vectors that have energy where the
data is insensitive. Possibilities include vectors corresponding to linear functions of depth, layers,
and rectangular rectangular cells. The form of these basis vectors can be based on a prior knowledge

of the true earth structure.

Basis vectors corresponding to the high frequency component of the model

Another way of allowing the algorithm to remove structure that has been built up in the model

is to include in the basis set the vector
T = (M — Mes) — S(M — ﬁ’z,ef) (6.25)

where S is some smoothing operator. This new basis vector will be dominated by the high frequency
structures associated with the global model perturbation. By including this vector in the basis set,
the algorithm can be given the flexibility to remove high frequency components of the model that
are not required by the data. For a 2D problem with constant mesh spacing, a possible choice for

the matrix § is denoted by the stencil

(Jo 1o
S=z|1 41 (6.26)
- %lo 1 0

where the stencil represents the two-dimensional operator that is applied to the grid of model values.

Basis vectors corresponding to perturbations from previous iterations

In some cases the recovered model is found to oscillate between two different models as the

inversion approaches a fit to the data. The misfit is found to decrease for each pair of iterations, but
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only slowly. This problem usually occurs when the weighting matrix used to smooth the sub-gradient
vectors results in basis vectors that are nearly parallel to the level lines of the misfit objective function.
A way of avoiding these oscillations, and to generally improve the convergence rate of the subspace

method, is to include perturbations from previous iterations in the basis set. Thus the vectors

-.k = mn-—l _ mn—2

77k+1 . mn—Z . mn——S
6.27)

77k+2 = mn-—S . mn—-4

are included. These provide directions in model space that are closer to the general direction the
recovered model is moving towards, thus avoiding oscillations along level lines of the misfit.

The use of perturbations from previous iterations as basis vectors arises in the conjugate gradient
method, defined by the iteration

mn+1 = m" + anﬁn

7= —VE(@) + Py (A" — W"2) (6.28)
. Ve (mr) Ve ()
T ve(mn) T Ve(mn)

where ¢,, minimizes the misfit along the search direction p,, (Gill et al. 1981, p. 146). Note that the
conjugate gradient search direction lies in the subspace spanned by the gradient of the total misfit,
6@(7?1") and the perturbation from the previous iteration. Thus the subspace approach using the

basis vectors in (6.27) constitutes a generalization of the conjugate gradient method.

6.3 Regularization of the inverse problem

Because of the non-uniqueness associated with the inverse problem, some form of regularization
is required. This is particularly important in large-scale problems where the number of unknowns
can sometimes greatly exceed the number of independent data. Although the need for regularization

is well known, little work has been done in formalizing a comprehensive strategy for problems like
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the DC resistivity problem. The regularization strategy that has been used here is based on the
minimization of the global model norm objective function, given in (6.10). At each iteration in the
inversion, a new model is sought that achieves a target decrease in the data misfit and also leads
to the smallest increase in the global model norm. Deviations from the reference model that are
not demanded by the data are thus suppressed, leading to improved stability in the inversion. This
formulation also allows one to take advantage of a priori information about the true solution that
might be available. For example, the model norm can be chosen to emphasize certain features that
are anticipated in the solution. As well, the reference model can be specified as a smoothed version
of one’s best estimate of the true earth. In the absence of any reliable information, a half-space can
be used as the reference model and a norm that emphasizes general smoothness can be used.

Since the regularization is controlled by the choice of weighting matrix W and the value for
the ridge regression parameter p, their selection is of considerable importance to the solution of
the inverse problem. Criteria for selecting an appropriate weighting scheme, and procedures for

determining an optimum value for u are discussed below.

6.3.1 Choice of weighting matrix

Because of the emphasis placed on minimizing a global model norm, it is clear that the outcome
of the inversion will be influenced by the choice of weighting scheme used in the definition of the
weighting matrix W. Several different possibilities have been examined. These include weighting
schemes that minimize the energy of the model, energy of the Laplacian of the model and energy of
the first or second derivatives of the model. These are described below for the parameterization of

a two-dimensional model using constant mesh spacing.

Smallest energy model
Minimization of the energy of the model, given by
E(m) = |jm||” (6.29)
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is the most frequently used strategy for regularizing the inverse problem. A minimum energy result
is obtained by using the identity matrix as the weighting matrix. The model objective function is

then given by
U(AR) = (7 + AT — 1ipes) (T + AT — Thyey) (6.30)

This choice of objective function yields a final solution that has the smallest energy relative to the
reference model m,.¢. Although this weighting scheme is often encountered, it can lead to highly
oscillatory solutions, particularly when the problem is underdetermined. This is especially true when

dealing with the DC resistivity problem, where the sensitivity functions are singular at the electrodes.

Smallest Laplacian model

A scheme for regularizing the inverse problem that has recently become quite popular is based on

a minimization of the energy of the Laplacian of the model. The quantity to be minimized is given by
Evi(m) = |V?m|f? (6.31)

To minimize Fy. in the discrete problem, the rows of the weighting matrix are taken to be the
finite difference approximations to the Laplacian operator. For a 2D problem the smallest Laplacian

weighting matrix Wy is represented by the stencil

0 1 O
Wy2=1|1 -4 1 (6.32)
0 1 0

The discrete model objective function is then given by
Y(AM) = (M + A — ’ﬁ.’lref)TWgz Wya (M + AM — Tipes) (6.33)

The use of (6.33) in an inversion will yield smoother solutions than would be obtained using (6.30).
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Smallest n'* order derivative model

Another possible regularization scheme for 2D problems is to minimize the energies in the nth
order derivatives of the model. This can be achieved by minimizing

2
ta;

n 2

=m

Ozn

an

where o, and a, are coefficients that control the trade-off between smoothness in the z and 2
directions. For this particular objective function, two weighting matrices W, and W, are required —
one corresponding to the finite difference approximation to the derivative in each of the directions.
For n = 1, possible choices for W, and W, are represented by the stencils
0 0 0 0 0 0
W, = {0 -1 1} W, = {0 -1 0] (6.35)
0 0 0O 0 1 0
The global model norm objective function is then given by
U(AT) = (7 + A — 1pes)T [aa W Wt

(6.36)
a, WIW,) (M + A — i)

6.3.2 Weighting schemes for cells along grid boundaries

An important consideration when forming the weighting matrices for norms involving derivatives
(i.e. the smallest Laplacian and the smallest nth order derivative norms) is how to modify the
weighting scheme for cells along the boundaries of the problem. This problem will be addressed for
smallest Laplacian weighting, although the results are easily applied to other weighting schemes.

One way of obtaining a weighting operator for cells along the boundary of the domain is to
consider a row of imaginary cells around the outside of the domain. The standard five-point Laplacian
operator can then be used for all of the cclls within the domain. The nature of the weighting scheme

will depend on the model values that are assigned to the imaginary cells. One possible scheme,
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obtained by fixing the model parameters associated with the imaginary cells, is described for cells
below the upper boundary by the stencil

woef} 3

0 1 0 6.37)
Although the model directly below the boundary can still change through the course of the inversion,
large changes from the starting model are discouraged.

In most cases it would be preferable to allow the model more flexibility to change along the
boundaries of the problem. This is particularly true along the upper boundary, where the solution is
well represented in the data. This can be accomplished by assuming the model parameters are the
same on either side of the domain boundary. The resulting weighting scheme for the upper boundary
is described by the stencil

1 -3 1] (6.38)

WV’=[0 1 0

6.3.3 Non-uniform mesh spacing

In order to maintain accuracy, it is usually necessary to use a non-uniform mesh spacing when
solving the forward problem numerically. The mesh must be fine in the vicinity of the sources and
measurement sites, but can be coarser towards the boundaries. Because of the decrease of resolution
with distance from the source, it is also reasonable to parameterize the model for the inverse problem
using a similar non-uniform mesh. In many cases, the same non-uniform mesh is used to discretize the
forward problem and parameterize the model for the inverse problem. It is therefore necessary that the
weighting matrix used to regularize the inversion be able to deal with non-uniform cell dimensions.

For the smallest model norm, this is relatively straightforward. For a 2D problem, the energy

of the model is given by

Im(z, 2)| = / / m(z, z) dz dz (6.39)
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Expanding the model in terms of the basis functions yields

m(z,2) = Y _ mijij(z,2) (6.40)

"Yj

The energy of the model can then be written as
lIm(z, 2| =" m% Ay (6:41)
ij

where A;; is the area of the ij* cell. If the ij** row of the smallest model weighting matrix W

is given by the stencil

0 0 0
Wi; =410 1 0 (6.42)
0 0 0
then
(W2 = T wTwm = Zm,?jA,-j = ||m(z, 2)||? (6.43)
ij

and the model norm for the continuous and discrete solutions are consistent.

For norms involving derivatives of the model, the finite difference approximations to the
derivatives can be used in the construction of the weighting matrix. For the smallest Laplacian

model norm, for example, the norm is given by

||V2m(:1:,z:)||2 =//[V2m(a:,z)]2d:cdz (6.44)

For the ijt* cell in the parameterization shown in Figure 6.2, the Laplacian of the model is

approximated using the finite difference formula

V2 = 4 <mi,j+1 - Mij  Mij = mi,j—1>+
AZ]'.H + 2AZJ' + Az, AZJ‘+1 + AZJ' Azj + Azj (6.45)
4 Mit1,; — Mij  Mij — Mi-1j '
ATy +2A7; + Ay \ATipq + Az; Azi+ Az
The weighting matrix is then represented by the stencil
0 b.‘j 0
WV’i,j = \/A,"J' a,-j Ci; €5 (646)
0 dj O
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where
4

%5 = (Dzigs + 287 + Dziy)(Az; + Azicg)
4
bij =
J (AZJ'.H +2Az; + AZj_l)(AZj + Azj_l)
di; = 4 (647)
I 7 (B + 2082 + Bzi-1)(Dzj + A%5)
4
% = (Bzigs + 28%; + Azi)(Aziv + Az:)

cij = —(aij + bij + dij + €i5)

e AX, . —le— AX. —la—AX, —>
i-1 i i+l

m;i Az,

K m; j

i+l l

Figure 6.2 Parameterization of 2 2D model.

6.3.4 Determining the optimum ridge regression parameter

The usual approach for carrying out a parametric inversion is to include the model norm in the
problem only to stabilize the solution. No effort is made to find a model that actually minimizes the
norm. The usual strategy is to set the ridge regression parameter 4 to some large value (e.g. Lines and
Treitel 1984) and to keep it fixed until the data misfit no longer decreases. At this point g is reduced

until a decrease in the data misfit is realized. If this is not possible, then the inversion is terminated.
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The philosophy that has been adopted here is to use the model norm to overcome the non-
uniqueness that is inherent in the inverse problem. This is achieved by solving for a model that
not only fits the data, but also minimizes the selected global model norm. In this way, the model
norm not only leads to improved stability, but also provides an additional constraint that drives the
inversion towards an acceptable solution. In order to effect this minimization, ¢ must be made a

variable that is to be solved for at each iteration in the inversion.

The most straightforward way of obtaining an optimum value of y is to carry out a direct line
search. For each subspace Gauss-Newton iteration, perturbed models are generated for a suite of u
values using (6.17). The forward problem is then solved for each model perturbation to obtain data
misfits as a function of y. A typical line search leads to a data misfit curve similar to the one shown
in Figure 6.3a. In this case, since the line search has not found a misfit below the target (indicated
as dashed), the . that leads to the largest decrease in misfit is selected. If the line search for a given
iteration achieves a better fit to the data than desired, p is increased until the resulting model satisfies
the target misfit (Figure 6.3b). Since p is maximized for the given target misfit, the model norm will
be at a local minimum. Once the final target misfit has been achieved, several more least-squares

iterations are performed until no further change in the value of y is observed.

Using a direct line search to obtain an optimum value for p can be computationally expensive
since each line search requires the solution of a dozen or more complete forward problems. A more
computationally efficient approach is to monitor the linearized data misfit (6.3) as p is vared. By
monitoring the linearized misfit, a line search can be carried out without having to solve any additional
forward problems. Care must be taken, however, in using this approximation since it is valid only
for relatively small reductions in the data misfit. In Figure 6.4, a non-linear data misfit curve (solid)
is compared to the linear approximation (dashed) for a range of u values. The linearized misfit is
scen to be a reasonable approximation for large p. For smaller values of y, corresponding to larger

changes in the model, the linearized misfit continues to decrease monotonically while the non-linear
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misfit reaches a minimum and then increases very rapidly. Clearly the linear misfit will be a very

poor approximation in this region.
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Figure 6.3 Data misfit plotted against the ridge regression parameter p generated through the course of a non-linear line
search. a) Since the target misfit (dashed line) is not achieved, the u value corresponding to the minimum
chi-squared misfit is selected for the final perturbation. b) In this case the target misfit was achieved.

The largest u value corresponding to the target misfit is selected for the final perturbation.
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Figure 6.4 Non-linear data misfit (solid line) and linearized approximation to the data misfit (dashed
line) plotted against the ridge regression parameter u.

160



6.3.5 Problems related to regularization

Two difficulties were encountered when regularizing the DC resistivity inverse problem. The
first arises because of the minimization of the norm of the model relative to a reference model. When

minimizing only the nomm of the perturbation, the Gauss-Newton iteration is given by
A = (JTT + pWTW) 1T (E(@™1) — E,) (6.48)
Assuming W is non-singular

lim A = %(WT W) LT (e() — &) = -i(WT W)~V e(iit) (6.49)

p—+00
Since —(WTW)~1 6@(1?1) is a descent direction, the Gauss-Newton iteration is guaranteed to reduce
the misfit on each successive iteration. When minimizing a norm of the model relative to a reference

model, however, the Gauss-Newton iteration is given by

A= (JTT + pWTW) 7 [T (E(7™Y) = &) —
(6.50)
pWIW (™! = fiyey)]

and, assuming W is non-singular

lim A = — (MW" — fiyey) (6.51)

p—o0
Increasing the ridge regression parameter retums the solution back to the reference model. Thus
there is no guarantee that the iteration will reduce the misfit, regardless of what ridge regression
parameter is used. Any inversion algorithm that makes use of a global model norm should therefore
be safeguarded against increases in misfit. This can be done by temporarily setting 17, to m"!
and recomputing the perturbation if an increase in misfit is observed.

The second problem results from the use of a model norm only involving derivatives of the
model. Note that for the smallest energy model, where W = I, the matrix JTJ + uI must be
inverted to compute the model perturbation in (6.11). The stability of the matrix inversion results

from adding the well conditioned matrix w1 to the possibly singular matrix JT J.

161



For model nomms involving only derivatives, the weighting matrix itself may not be well
conditioned. Consider, for example, the smallest Laplacian weighting matrix Wya. The eigenvalues

of the matrix are found by solving the problem
Wya¥ = AT (6.52)

For each interior node, (6.52) can be written as
vic1,j + Vij-1 — (4 + A)ij + vij1 + vig1,; =0 (6.53)

where ¢ = 1,...,M, and j = 1,..., M,. Using a discrete form of separation of variables (Goldberg

1986), let v; ; = X;Z;. (6.53) then becomes
1 1
Y[Xi-—l + Xyl + 7[Zj-—1 + Zjnl- (4 + A(k")) =0 (6.54)
i i)

so that for some constant 8

Xi1+ Xiy1 = 0X;

(6.55)
Zi1+t Zip = (4+ 2 - 0)Z;
The general solution to (6.53), assuming the homogeneous Dirichlet boundary conditions
Xo=Xm41=0
(6.56)
Zo =Zpm,41 =10
yields the eigenvectors and eigenvalues
oy =i (375 s (575)
6.57)
km Im
Ak — s 2 ( ) 1n2
2|sin 20, + 1) + sin 20, +1)
where k = 1,...,M, and | = 1,..., M,. The condition number of W&, Wya, given by
sin? M, + sin2 M,
nga _ (2(M,+1)) (2(M,+15) (6.58)

e () + i’ (o)
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will be large. Thus there will be components of the solution that the model norm will not be very
sensitive to. From (6.57) these are seen to correspond to low frequency components of the solution.
If the data are also not sensitive to these low frequency components, then inversion of the matrix
JTJ + pW, Wy will be unstable. Increasing the ridge regression parameter in an attempt to

stabilize the iteration will be largely unsuccessful.

To successfully regularize a problem it may be necessary to add a smallest model contribution

to the model objective function. For the smallest Laplacian model this yields
U(AR) = ||Wes (1 + At — Wpes)|? 4 ao|| + A~ e (6.59)

The constant a, controls the trade-off between smallest Laplacian and smallest model contributions

in the model objective function. Similarly, for the smallest first derivative model

U(AM) = o |[|Wy(m + A — T—ﬁref)”2 + o, [|W (7 + A ~ mwf)”z
(6.60)
+a3”m + Am - mrefllz

6.3.6 Subspace steepest descent algorithm

Although the generalized subspace Gauss-Newton algorithm is quite efficient in terms of the
size of matrices that must be inverted, it still requires the calculation of a large number of data
sensitivities. Since forming the complete sensitivity matrix requires the solution of as many forward
problems as there are measurement locations, this can result in a rather expensive calculation. The
subspace steepest descent algorithm, an algorithm that make use of only gradient information, was

developed in an effort to address this problem.

The subspace steepest descent algorithm is a generalization of the steepest descent optimization

procedure that allows for the minimization of a global model norm. Following the procedure used
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to develop the subspace Gauss-Newton iteration, a solution to the problem
minimize {HW(ﬁi"'l + A — o) |? =
(At A fibeg ) WTW (71 4 A = iye) ) (66D)
subjectto @ (" + Am) = &(m) + VOT (") Am = ¢
is sought, where the perturbation is of the form Am = Ga. Minimizing
O(@,A) = (A" + G& — fiiges) WIW (™! + G& — fiyes)+

. (6.62)
22(8 (1) + Vo (n1) G — )
with respect to @ and A and solving for A7 yields the subspace steepest descent iteration
it = i — G(GTWIWG) " GT [WIW (in™ = it,es) + AV (6.63)
where A is given by
& - ¢ - VTG (GTWIWG) " GTWTW (=1 — it

VeTG(GTWIWG) 'GTV®
Although these expressions appear complicated, they are easy to form because of the small dimension
of the matrices involved. A single iteration of the subspace steepest descent procedure involves
computing the data misfits and objective function sensitivities for the model from the previous
iteration. Since only objective function sensitivities are required in (6.63) and (6.64), the number of
forward solutions is kept to a minimum. As well, the optimum value of A can be computed without

a line search, further reducing the number of forward modeling evaluations.

Inversions that were carried out using the subspace steepest descent algorithm showed that
the linear approximation used to derive (6.63) and (6.64) was adequate for early iterations of the
inversion. For later iterations, however, the use of higher order information was needed to maintain
a good rate of convergence. A full invérsion was thus carried out by using the subspace steepest
descent iteration until convergence became poor. The subspace Gauss-Newton algorithm was then
used for the remainder of the inversion. The use of this hybrid algorithm saves considerable forward
modeling evaluations, while still maintaining a good convergence rate. The use of this approach in

the solution of three-dimensional problems would be particularly advantageous.
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6.4 Inversion of DC resistivity and MMR data

The generalized subspace approach was applied to the inversion of various DC resistivity data
sets, including data sets generated for the pole-pole, pole-dipole and dipole-dipole electrode config-
urations. The use of cross-borehole pole-pole measurements to supplement surface measurements
was also examined. The objective of this work was to demonstrate the usefulness of the generalized
subspace approach in the solution of a wide variety of problems, and to examine aspects of the algo-
rithm that have been discussed. The relative merits of the various data sets in resolving subsurface
structures was also of interest.

The subspace approach was also applied to the inversion of surface MMR data in an effort
to determine the usefulness of magnetic field information in resolving subsurface structures. From
comparisons of the sensitivities computed for both the MMR and DC resistivity experiments (Chapter
5) it was clear that the information contained in the two surveys is quite different. It was hoped that
the use of MMR data in a joint MMR/DC resistivity inversion might provide additional information

that might help to better resolve subsurface structures.

6.4.1 Choice of data for the inversion

In formulating a solution to a specific inverse problem it is first necessary to select an appropriate
response to use as data in the inversion. For the pole-pole potential problems, it was assumed that
the measurements ¢, ; , J = 1,..., N were contaminated with Gaussian uncorrelated errors having
a standard deviation s; = o;Poss,j. The misfit function that was used to monitor the fit to the data

was the Chi-squared misfit

e(m) =y (———¢°b“'J ¢J(m)> (6.65)

=1 aj¢obs,j
For a sufficiently large data set the expected value of the chi-squared distribution will equal the
number of data in the problem. This provides a good criterion for selecting the target misfit in an

actual inversion.
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Data for pole-dipole and dipole-dipole inversions were taken to be the corresponding potential
differences normalized by their assumed standard deviations. Similarly, the magnetic field compo-

nents normalized by their assumed standard deviations were used as data in the MMR inversions.

6.4.2 Development of the 2D inversion algorithm

Having decided on a suitable choice for the data, errors, and misfit criterion, an inversion
algorithm based on the generalized subspace approach was developed to invert various DC resistivity
and MMR data sets. To compute the predicted data required in the inversion, the 2D finite difference
program described in Chapter 2 was used. The code is accurate for a wide range of problems, and
is quite flexible in terms of the kinds of models and survey geometries that can be accommodated.
It is also quite efficient, particularly if the problem must be solved for many different right hand
sides. The sensitivities for the DC resistivity and MMR responses were also computed using the

finite difference code, making use of the adjoint equation formulation developed in Chapter 5.

In defining a basis set for the subspace approach, separate data misfit sub-objective functions
were associated with each current electrode or current dipole in the survey. The steepest descent
directions associated with each sub-objective function were then used to form the basis set. The
algorithm also allowed for the possibility of further subdividing the data set into near and far offset
data, down well and cross-well data, and other groupings. For problems where joint inversions were
to be carried out, separate sub-objective functions were defined for each of the different responses.
In addition to the basis vectors derived from the data misfits, the algorithm also allowed for the
use of other basis vectors to accelerate convergence and facilitate minimization of the model norm.
These include the steepest descent direction of the global model nomm, linear functions of depth and
other linear trends, layers, rectangular cells, high and low frequency components of the solution, and

perturbations from previous iterations.
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Regularization of the inversion was effected by minimizing a global model norm at each iteration
of the inversion. The algorithm allowed for the use of various weighting matrices to define the
appmpriate.model norm. In most cases the norm corresponding to the weighted sum of the energy in
the first derivatives of the model (6.36) was used. This particular norm has considerable flexibility
since it allows for a trade-off between smoothness in each of the two directions. The reference model
that was used in most cases was a uniform halfspace, although an arbitrary conductivity structure

could be specified.

To obtain a minimum in the model norm at each iteration, a line search making use of either the
linear or non-linear data misfit was used to determine the appropriate value for the ridge regression
parameter. In most cases the line search based on the linear approximation was only useful for the
first few iterations. For later iterations, it was usually necessary to switch to a line search based on
the non-lincar misfit to further improve the fit to the data. At each iteration, the line search attempted
to reduce the data misfit by 50% until the target fell below the expected chi-squared misfit, at which
point the target was set to the expected misfit. Once the inversion had achieved the expected chi-
squared misfit, further iterations were carried out in an effort to further reduce the global model norm.
The inversion was terminated after a fixed number of iterations, or once changes in the solution were

no longer observed.

The resulting algorithm was quite flexible in terms of the models that could be recovered and the
types of data that could be inverted. Data for almost any electrode configuration for either the MMR
or DC resistivity problem can be used in the inversion. Source and measurement locations can be
located on the surface or placed at depth to simulate a cross-borehole configuration. A fixed regional
conductivity structure can be specified, or it can be left as an unknown in the inversion. Topography
can also be represented in the problem. Extensive testing of the algorithm was carried out for various
models and synthetic data sets. The results of this testing were, on the whole, quite successful and

demonstrated the power of the generalized subspace approach. Applications of the algorithm to the
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inversion of several DC resistivity and MMR data sets are described below.

6.5 Examples

To illustrate the application of the inversion algorithm to the DC resistivity problem, synthetic
data sets generated for the test model shown in cross-section form in Figure 6.5a were inverted. The
model consists of a 100 m thick overburden layer having a resistivity of 10,000 Qm and 300 Qm

for negative and positive z respectively. A 30 Qm, 300 m thick conductive prism and a 10,000 Qm
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Figure 6.5 a) Model used to generate synthetic data for the inversion examples. b) Parameterization of the region in a)
for the solution of the inverse problem. The model was parameterized using a rectangular grid extending from
—4000 m to 4000 m in the z direction and 0 m to 1000 m in the z direction, yielding a total of 630
parameters. Only the portion of the grid from —2000 m to 2000 m in the z direction is shown. Current
and potential electrode locations above the region of interest are indicated by small circles.
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resistive ledge are buried below the layer in a 1,000 Qm uniform background. The model was
parameterized using a rectangular grid extending from —4000m to 4000 m in the z direction and
0m to 1000 m in the z direction, yielding a total of 680 parameters. The region of interest, in this
case the portion of the grid from ~2000m to 2000 m in the z direction, is shown in Figure 6.5b
and subsequent cross-sections.

To image the region of interest, 21 current electrodes were placed along the surface every 200 m
from —2000 m to 2000 m. On either side of each current electrode, 5 potential electrodes were placed
200 m apart, yielding a total of 10 pole-pole potential readings for each current gather. The integrated
finite difference algorithm described in Chapter 2 was then used to model the 210 pole-pole potentials

to be used in the first set of inversions.

6.5.1 Inversion of pole-pole responses

For the first set of examples, 5% Gaussian noise was added to the modeled pole-pole potentials,
and the data were then inverted using the generalized subspace algorithm. A 500 Qm uniform
halfspace was used as both the starting model and reference model. Note that this is not the same as
the true background resistivity of 1000 m. A total of 22 basis vectors (one corresponding to each
current electrode sub-data misfit function and an additional one corresponding to the global model
norm) were used to form the subspace in this set of examples. To regularize the inversion, the model
objective function given in (6.60) was minimized. Values of (a;, 0z, 0;) = (1 x 1075,10,1) were
selected for the coefficients controlling the trade-off between energy and energy in the derivatives in
the z and z directions. This choice of coefficients was based on experimentation, and was found to
be suitable for a wide variety of models and survey geometries. The results of the inversion after
3, 5, 15 and 40 iterations are shown in cross-section form in Figure 6.6. Because of the difficulty

in generating adequate greyscale displays for comparing the different results, contour displays were
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Figure 6.6 Cross-sections showing the log resistivities (log,,(p)) obtained by inverting pole-pole resistivity
data for the model in Figure 6.5. Results are shown for 3, 5, 15 and 40 iterations of the
generalized subspace algorithm. A contour interval of 0.2 was used.
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used. The inversion was successful in recovering all features in the true model. Both the conductive
and resistive sections of the surface layer and the resistive bench were well resolved. The buried
conductive prism was also recovered, although its boundaries are somewhat less certain. To examine
the convergence of the inversion algorithm, the model norm and chi-squared misfit are shown for each
iteration in Figure 6.7. The algorithm is seen to have converged quickly for the first S iterations, after
which a somewhat poorer rate of convergence was observed. This is due to the difficulty in removing
the conductive surface layer that has appeared on the left of the model in Figure 6.6b. In spite of
this problem, the algorithm was able to achieve a solution that fit the data to the target chi-squared
misfit after 25 iterations. No further change in the solution was observed for subsequent iterations.
The use of the linearized misfit to carry out the line search for the first 8 iterations yielded essentially

the same results as shown in Figure 6.6, although the cost of the inversion was about 15% less.
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Figure 6.7 Convergence of the generalized subspace algorithm for the results in Figure 6.6. a) Chi-squared misfit for each
iteration. The target misfit of 210 is indicated by the dashed line. b) Global model norm for each iteration.

To illustrate how the convergence rate of the solution can be influenced by the choice of basis
vectors, the same inversion was carried out using the two basis vector formulation proposed initially
by Kennett and Williamson (1987). In this formulation only the steepest descent directions of the

data misfit and global model norm objective functions are used in the inversion. The result after 40
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iterations and the convergence rate are shown in Figure 6.8 and 6.9. The results are clearly inferior

to those

obtained using the 22 basis vector formulation. Even after 40 iterations the chi-squared

misfit was still large, and decreasing only gradually with each iteration. The oscillatory nature of

the global model norm is similar to what would be expected using only low order information in

a steepest descent algorithm.
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Since reducing the dimension of the subspace leads to poorer result, adding additional vectors
to the original basis set should lead to an improvement. To show that this is the case, an inversion
was carried out using the 22 basis vector set and an additional set of 95 “blocky” basis vectors. The
new basis vectors were generated by subdividing the model into a set of 95 rectangular cells, with
cells being made finer in region below the electrodes. The subdivisions used to generate the basis

vectors are shown for the region of interest in Figure 6.10a.

0.0

)

(x10!

50.0

OEPTH M)
|

100.0

T T T T
-200.0 -150.0 -100.0 -50.0

T T T
0. -0.0 50.0 10r .0 150 0 200 N
Y POSITION (M} (x10' )

0.0

)

(x10!

(M)
S

DEPTH
100.0

3

T

T T
100.0 150.0 200.0

!

-200.0 ~150.0 “l00.0 50 0 -0 s'q.o
X POSITION (M} (X10' )

Figure 6.10 Results of the generalized subspace inversion of pole-pole data using additional “blocky™ basis
vectors. a) Cross-section showing the sub-regions used to define the “blocky” basis vectors in
the region of interest. b) Cross-section showing the log resistivities obtained after 40 iterations
Pole-pole resistivity data for the model in Figure 6.5 were used in the inversion.
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Each additional basis vector was taken to be unity over one of the cells and zero elsewhere. The
result of this inversion after 40 iterations and the convergence rate are shown in Figure 6.10b and
Figure 6.11. As seen in Figure 6.11, the use of the additional basis vectors increases the convergence
rate of the algorithm considerably, although each iteration requires about 3 times as much execution
time as a 22 basis vector iteration. The use of this larger basis set does not significantly improve
the final solution, as can be seen by comparing Figure 6.6d to Figure 6.10b. It does, however,
demonstrate that the final inversion result has not been degraded by the use of only 22 basis vectors

in the original formulation.
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Figure 6.11 Convergence of the generalized subspace algorithm for the results in Figure 6.10. a) Chi-squared misfit for
each iteration. The target misfit of 210 is indicated by the dashed line. b) Global model norm for each iteration.

The convergence rate of the inversion clearly depends on the choice of basis vectors used in the
subspace formulation. As well, the convergence rate will also depend on the degree of smoothness
that is imposed on the solution by the choice of model norm. To illustrate this, inversions were carried
out for the 22 basis vector problem using both larger and smaller values of «,, the parameter that
controls the relative contribution of the smallest energy component in the global model norm. The
inversion results after 40 iterations are shown in Figure 6.12, and the data misfits and global model

norms for each iteration are shown in Figure 6.13. In both cases, the inversion has not yet converged
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to a model that fits the data. For the choice of the larger value of a,, the inversion is permitted to
build up excessive amounts of structure near the surface that is not easily removed at later iterations.
For the smaller value of «,, the basis vectors become excessively smooth, and cannot duplicate the
rapid changes in resistivity that are needed to satisfy the data. The oscillatory nature of the global
model norm (Figure 6.13c) for this result is typical of an inversion that is too strongly regularized.
The descent vectors that are used to construct the perturbation at each iteration become almost parallel

to the level lines of the misfit objective function, leading to an oscillation between two different points
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Figure 6.12 Cross-sections showing the log resistivities obtained by inverting pole-pole resistivity data for the model in
Figure 6.5. a) Result obtained using oy = 1 x 10~%. b) Result obtained using o, = 1 x 1076.
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in model space. These oscillations can be reduced and faster convergence achieved by supplementing
the basis set with vectors corresponding to perturbations from the previous two iterations. The result
obtained after 40 iterations, shown in Figure 6.14, was a considerable improvement over that obtained
without the two additional vectors (Figure 6.12b). In particular, the region on the left side of the

model is much better resolved. The overall convergence rate, shown in Figure 6.135, is also improved.
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Figure 6.13 Convergence of the generalized subspace algorithm for two choices of a, a) Chi-squared misfit for
each iteration for &, = 1 x 10™*. The target misfit of 210 is indicated by the dashed line. b) Global
model norm for each iteration for &y = 1 X 107%. ¢) Chi-squared misfit for each iteration for
as = 1 x 1078, d) Global model norm for each iteration for oy = 1 % 1078,

176



)

0.0

(x10!

50.0
1

DEPTH (M)

100.0

T T
-200.9 -150.0 -100.0 . 100.0 150.0

Figure 6.14 Cross-sections showing the log resistivities obtained by inverting pole-pole resistivity data for the model in
Figure 6.5. The result after 40 iterations is shown for a, = 1 x 1078, At each iteration the 22 vector basis
set has been supplemented with vectors corresponding to the perturbations from the previous two iterations.

500
- a b.
104 | 400}
€ £
A7 o )
; - < 300}
30 3
S £
a 5 200
z OE 3
3] - ]
C 100}
1 O | SO S S
L 1 1 1 A 1 1 1 1 o I}
0 10 20 30 40 0 10 20 30 40
iteration number lteration number
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6.5.2 Inversion of pole-dipole and dipole-dipole responses

To examine the inversion of DC resistivity data sets for other electrode configurations, synthetic
pole-dipole and dipole-dipole data were inverted using the subspace algorithm. The modeled pole-
pole potentials generated for the problem in Figure 6.5 were used to compute 168 pole-dipole data
and 160 dipole-dipole data, to which 5% Gaussian noise was added. Each data set was then inverted
using the same 22 basis vectors and regularization parameters used to obtain the pole-pole results

shown in Figure 6.6. The results of the pole-dipole and dipole-dipole inversions after 40 iterations
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Figure 6.16 Cross-sections showing the log resistivities obtained by inverting different resistivity data
sets for the model in Figure 6.5. a) Result after 40 iterations for a pole-dipole data set.
b) Result after 40 iterations for a dipole-dipole data set.
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are shown in Figure 6.16. In both cases the target chi-squared misfit was achieved, although the
convergence was slower than in the pole-pole case. The final results are quite similar to the pole-pole
result, (Figure 6.6d), although somewhat better resolution appears to have been achieved using the

pole-dipole and dipole-dipole data sets.

6.5.3 Inversion of cross-borehole pole-pole responses

A further investigation was carried out to examine the use of cross-borehole data to further
constrain the inversion of surface pole-pole data. For the purposes of the cross-borehole examples
the model used in the previous examples was retained. The location of the borehole and surface
electrode positions is shown in Figure 6.17a. Because of the denser data set that was to be inverted,
the model was parameterized using a finer discretization over a smaller region than in the previous
examples. In this case a rectangular grid extending from —2000 m to 2000 m in the = direction and
0m to 2000 m in the z direction was used, yielding a total of 1024 parameters. The portion of the
grid from —1000m to 1000 m in the z direction and O m to 1000 m in the z direction is shown in

Figure 6.17b and subsequent cross-sections.

To image the region of interest, 5 electrodes were placed every 200 m in each of the two wells.
An additional 11 electrodes were placed on the surface every 200 m from —1000m to 1000 m. For
current injected at a particular electrode, potentials at each of the remaining electrodes were modeled,
resulting in a total of 420 synthetic pole-pole data. 5% Gaussian noise was again added to the modeled
pole-pole potentials, and the data were inverted using the generalized subspace algorithm. In this
inversion, three basis vectors were associated with each current electrode gather — one corresponding
to potential electrodes in each of the two wells, and one corresponding to surface potential electrodes.
All other parameters for the inversion were identical to those used to obtain the pole-pole results
shown in Figure 6.6. The result after 40 iterations is shown in Figure 6.18. Resolution of all features

of the model was found to be excellent. The resistivitics of the various features were very close
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Figure 6.17 a) Model used to generate the synthetic data for the cross-borehole resistivity examples. The model was
identical to the one used in the previous examples (Figure 6.5). b) Parameterization of the region in a) for
the solution of the inverse problem. The boreholes, located at —800 m and 800 m are indicated by
solid vertical lines. The current and potential electrode positions are indicated by circles.
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to their true values, and the boundaries of the buried conductor were extremely well defined. The
convergence rate observed for this inversion, shown in Figure 6.19, was also excellent. The inversion

was able to achieve the target misfit of 420 after only 12 iterations.
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Figure 6.18 Cross-section showing the log resistivities obtained by inverting cross-borehole pole-pole resistivity
data for the model in Figure 6.17. The result after 40 iterations is shown.
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Figure 6.19 Convergence of the generalized subspace algorithm for the result in Figure 6.18. a) Chi-squared misfit for each
iteration. The target misfit of 420 is indicated by the dashed line. b) Global model norm for each iteration.

To demonstrate the insensitivity of the result to the form of parameterization, the model in Figure
6.17a was altered so that all vertical contacts were shifted to the right by 50 m and down by 25 m.
This resulted in the model shown in Figure 6.20a. The grid shown in Figure 6.20b was then used to
generate a new set of synthetic pole-pole data. In the solution of the inverse problem, the original
grid, shown in Figure 6.17b, was used to parameterize the problem and compute the sensitivities
and predicted data. This represents the worst possible representation of the shifted model using the
parameterization in 6.17b. As well, the predicted data is no longer computed using the same grid
that was used to generate the synthetic observed data. The result of inverting the pole-pole responses
for the shifted model is shown in Figure 6.21. The algorithm, because of the fine discretization
used, is still able to recover an excellent representation of the true model. Even the inability of
the parameterization to represent the vertical contact between the two surface layers does not cause
problems. The algorithm is clearly robust in the sense that the parameterization does not have to

be consistent with the true model.
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Figure 6.20
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a) Model used to generate the synthetic data for the cross-borehole resistivity example for

a parameterization inconsistent with the true model. The model was identical to the one in Figure
6.17a, except that all vertical contacts were shifted to the right by 50 m and down by 25 m. b)
Numerical grid used to generate the synthetic pole-pole data used in the inversion.
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Figure 6.21 Cross-section showing the log resistivities obtained by inverting cross-borehole pole-pole resistivity
data for a shifted version of the model in Figure 6.17. The result after 40 iterations is shown. The
parameterization used in the solution of the inverse problem is shown in Figure 6.17b.

To illustrate the importance of borehole data, an inversion using only the surface data for the
problem in Figufc 6.17 was attempted. The result after 40 iterations is shown in Figure 6.22. The
ability of this particular data set to image the subsurface is clearly quite poor. The image of the
buried conductor is extremely diffuse, and its center has been shifted to the left by about 100 m. The

presence of the resistive ledge is also not detected.
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Figure 6.22 Cross-section showing the log resistivities obtained by inverting only surface pole-pole resistivity
data for the model in Figure 6.17. The result after 40 iterations is shown.

The use of borehole data to help resolve problems of this nature is clearly important. The ability
to place current and potential electrodes in the same well allows the conductivity in the vicinity of
the boreholes to be well constrained. The long-offset surface data and cross-borehole data can then
more easily resolve features between the wells. Cross-borehole configurations that placed all current
electrodes in one well and all potential electrodes in the second yieldéd poorer results because of the

lack of near-offset information in each well.
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6.5.4 Inversion of MMR responses

To assess the ability of magnetic field information to resolve the subsurface, MMR data sets
were inverted using the generalized subspace algorithm. Synthetic B;, B, and B, magnetic field
components for the problem in Figure 6.5 were computed for each station used in the first pole-pole
example. The stations in this case were offset 500 m in the y direction from the current electrodes.
As before, 5% Gaussian noise was added to the modeled data. Each data set was then inverted
separately using the same 22 basis vectors and regularization parameters used to obtain the pole-pole
results shown in Figure 6.6. The results of the MMR inversions after 20 iterations are shown in

Figure 6.23 and the respective convergence rates are shown in Figure 6.24.

Inversions using the B, and B, data sets fit the target misfit after 12 iterations and yielded
similar results. In both cases the top of the buried conductor and the conductive section of the layer
on the right were well resolved, although the resistive features on the left were undetected. The
recovered resistivities were also biased towards lower resistivities. This is not surprising considering
the MMR responses are sensitive only to the relative resistivity — absolute values of resistivity cannot
be obtained using only magnetic field information. Because of this, the inversion algorithm is free

to add a constant to the resistivity model without changing the misfit to the observed data.

The inversion of the B, data set was also able to resolve the buried conductive target. Although
the inversion was unable to fit the data after 20 iterations, the conductive structure was still visible
in the recovered model. An examination of the sensitivities for the B, component suggested that
this component is more sensitive to near surface variations in the conductivity. This high sensitivity
may have resulted in the slow convergence observed for this inversion. To obtain a better rate of
convergence, it may be necessary to augment the standard basis set, or to make use of a different

regularization scheme.
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Figure 6.23 Cross-sections showing the log resistivities obtained by inverting MMR data sets for the model
in Figure 6.6. a) Result of inverting B, components. b) Result of inverting B, components.
c) Result of inverting B, components. The results after 20 iterations is shown.
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6.5.5 Joint inversion of MMR and pole-pole resistivity responses

The inversion of various synthetic MMR data sets was generally found to be successful in
recovering highly resolved images of conductive targets. The use of magnetic field information
alone, however, was unable to completely resolve other features of the model. In particular, resistive
targets and layered structures were often poorly resolved, and only relative resistivities could be
obtained from the data. In contrast, the use of only potential field information generally led to a

more complete image of the subsurface, although resolution was often poor. It was hoped that a joint
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Figure 6.25 Cross-section showing the log resistivities obtained by inverting pole-pole potential and
B, MMR data sets for the model in Figure 6.6. a) The result of jointly inverting the two
data sets. b) The result of inverting only the pole-pole potential data.
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inversion of magnetic field and potential measurements could exploit the desirable characteristics of
both data sets.

To investigate the advantages of a joint inversion, the MMR data from the previous example
was supplemented with an additional 210 pole-pole data to form a combined data set. The inversion
result after 40 iterations of inverting both data sets simultaneously is shown in Figure 6.25a. The
buried conductor and conductive portion of the surface layer are well resolved, as is the resistive
ledge. As well, the conductivity of the different targets are close to their true values. This can be
compared to the result obtained by inverting only the pole-pole data, shown in Figure 6.25b. The

joint inversion result is better resolved, particularly with respect to the buried conductor.

6.5.6 Inversion of E-SCAN field data

As a final demonstration of the generalized subspace algorithm, an E-SCAN data set from Nevada
was inverted. The complete data set consisted of a large number of pole-pole potential readings over a
5 square kilometer rectangular grid. An examination of apparent resistivity pseudo-sections generated
across the study area revealed an approximately two-dimensional structure towards the center of the
grid. A subset of the ESCAN data set that traversed this structure at right angles to the approximate

strike direction was selected for use in the inversion. The data set consisted of pole-pole potential

A

1830 m -

XXXXXXXXIXXXXXXXXXX
XXXXXAXXXIXXXXXXXXXX
XEXEHXEHXEXEXEXEXEX®
XXXXXXXXIXXXXXXXXXX
XAXAXXXXXXIXXXXXXAXXXX

366 m

XX ®MXX
XX XXX
XX # XX

Figure 6.26 Current and potential electrode layout for the E-SCAN data set used in the generalized subspace inversion.
Crosses indicate the locations of potential electrodes, dots indicate the locations of potential and current
electrodes. The two rectangles delineate the current gather for the second current electrode from the left.
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measurements for a single line of 11 current electrodes and 5 lines of potential electrodes (indicated as
dots and crosses in Figure 6.26 respectively). The spacing between potential electrodes was 91.44 m,
yielding a 1830 m by 366 m grid. Each current electrode gather included a maximum of 40 potential
electrodes to the left and right of the current electrode. The gather for the second current electrode
from the left is indicated by the rectangle in Figure 6.26. A total of 680 pole-pole measurements
were involved in the data set. Since little reliable information about the accuracy of the data was
available, an error of 5% was assumed for all potential measurements.

An initial examination of the apparent resistivities for the data set indicated a uniform halfspace
of 18 Qm as a reasonable choice for the starting and reference model. A numerical grid was designed
(Figure 6.27) and tested for accuracy by forward modeling the pole-pole responses for the starting

model and the given survey geometry. Comparisons to the analytic responses indicated an error of
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Figure 6.27 Numerical grid used to discretize the model for the inversion of the E-SCAN field data set. Potential electrodes
were located every 91.44 m and current electrodes every 182.88 m from z = —914.4m to £ = 914.4 m.
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Figure 6.28 Cross-sections showing the log resistivities (log,,(p)) obtained by inverting an E-SCAN field data
set. Results are shown for 1, 3 and 20 iterations of the generalized subspace algorithm.
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at most 2 percent for the modeled potentials. The grid was then used to define the parameterization

for the inverse problem, yielding a total of 900 parameters.

In formulating the generalized subspace inversion, a basis vector corresponding to the steepest
descent directions for the data misfits associated with each current electrode gather was defined.
An additional basis vector corresponding to the steepest descent direction for the global model
objective function was also defined. This yielded 11 basis vectors in total. The parameters defining
the weighting matrix used to regularize the problem were identical to those used in the synthetic
examples. The results of the inversion, shown after 1, 3 and 20 iterations are shown in Figure 6.28.
The convergence rate, and the apparent resistivity pseudo-section generated for the observed and
predicted data for the final iteration are shown in Figures 6.29 and 6.30 respectively. The inversion
converged quickly, achieving the target misfit in only 9 iterations. The recovered model indicates
a pair of well resolved conductors centered at (z,z) = (—400,200)m and (z,z) = (600,200) m.
Above the conductive region is a variable, highly resistive near surface layer. A deep, resistive

region to the left of the section is also visible.
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Figure 6.29 Convergence of the generalized subspace algorithm for the results in Figure 6.28. a) Chi-squared misfit for
each iteration. The target misfit of 680 is indicated by the dashed line. b) Global model norm for each iteration.
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Although there were several wells in the area, much of the geological information was con-
fidential, and hence not available for confirming the results of the inversion. The company that
had aquired the data did, however, provide several highly schematic geological cross-sections which
indicated the presence of intermittent silicified clays overlying a more resistive andesite basement.
The depth of these silicified clays, and their potentially high conductivity, was consistent with the
anomalies that were recovered in the inversion. To further investigate the nature of these anoma-
lies, more detailed geological information and information about the electrical conductivities of the

various units would be required.

6.6 Conclusions

Because of the problems that have been encountered in the past, a new strategy for the parametric
inversion of DC resistivity data was needed. In an effort to make the solution of the inverse problem
less dependent on the choice of parameterization, a large number of parameters were used in the
formulation. The use of a generalized subspace approach was developed to make the solution of

these large-scale problems practical.

For a suitable choice of basis vectors the convergence rate of the generalized subspace algorithm
was found to be good to excellent. Using more basis vectors in the formulation was found to improve
the rate of convergence, but also increased the cost of the inversion. A good compromise was to define
data misfit objective functions for each current electrode and to use the corresponding steepest descent
directions as basis vectors. An additional vector corresponding to the steepest descent direction of the
global model norm was also included. Convergence of the algorithm using this expanded basis set

was found to be considerably superior to that obtained using only the original two-vector formulation.

Convergence was also found to be influenced by the choice of global model norm used to control
the smoothness of the solution. For norms that did not emphasize smoothness, the solution often

displayed excessive structure, and sometimes became trapped in a local minimum. The use of a
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modcl norm that excessively emphasized smoothness, however, could also lead to slow convergence
in some cases.

The use of linearized information to carry out linc searches for early iterations was examined,
and found to be useful in reducing the number of forward modeling evaluations. The need to use
higher order information to achieve a good rate of convergence for later iterations was recognized. A
subspace approach based on the steepest descent algorithm was also examined. This approach also
avoided a large number of forward modeling evaluations and the inversion of large matrices.

The inversion of synthetic DC resistivity data sets for various electrode configurations and models
was used to illustrate the versatility of the generalized subspace algorithm. The inversion of pole-
pole, pole-dipole and dipole-dipole data were found to yield similar results, although the resolution
of the pole-dipole and dipole-dipole data was generally better. The use of cross-borehole data to
supplement surface data in an inversion was found to be particularly successful in obtaining a high
resolution result.

The use of synthetic MMR data in an inversion also yielded good results. The resolution of the
MMR responses was found to be excellent, allowing for an accurate estimation of the true resistivity
contrast of conductive targets. The MMR data was, however, unable to resolve resistive structures
and layering. As well, it was not possible to obtain the absolute resistivity from the data — only the
resistivity contrast. Supplementing the MMR data with potential measurements in a joint inversion
led to much improved results. The ability of the joint data set to resolve both resistive and conductive
features, and to characterize the absolute resistivity of the background was demonstrated.

To demonstrate the performance of the generalized subspace algorithm with field data, an E-
SCAN data set from Nevada was inverted. The algorithm was able to achieve a 5% fit to the
observed data in only 9 iterations, and yielded results that were consistent with available geology

and results from other analyses.
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Chapter 7

Summary and Conclusions

The work presented in this thesis has focused on the solution of large-scale forward and
inverse problems, with applications to the interpretation of DC resistivity and MMR data over two-
dimensional structures. The emphasis has been on the development of practical procedures that
facilitate rapid and stable analyses of a wide variety of data sets.

Of particular importance to this work was the need to accurately and efficiently model synthetic
data and the sensitivities of these data to changes in the model parameters. An integrated finite
difference algorithm for modeling a wide variety of DC resistivity and MMR responses was thus
developed. The specification of appropriate boundary conditions, a careful integration of the
transformed potentials to effect the inverse Fourier transform, and a reformulation of the problem
té remove the source singularity were used to obtain an accurate solution. Comparisons of forward
modeled results with analytic solutions for different conductivity models demonstrated the accuracy of
this algorithm. The use of a direct solver based on the Cholesky decomposition permitted the efficient
calculation of solutions for different source distributions. This made the algorithm particularly
applicable to the non-linear inverse problem, where forward solutions for many different source

distributions are often required.

Because of the need to solve large forward modeling problems involving complicated earth

structures, the use of a direct solver is sometimes impractical. A more practical procedure based
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on the multi-grid approach was developed that makes use of a scquence of grids of increasing
fineness to iteratively compute a solution. The direct solver is used only on the coarsest grid, where
computational requirements are less demanding. The work carried out here demonstrated that multi-
grid methods can be used as fast and accurate solvers for the DC resistivity forward problem. The
use of non-coextensive grids in a multi-level formulation was also found to be useful for achieving

higher resolution in the vicinity of singularities and rapid changes in the conductivity.

Because the multi-grid solution is computed on a sequence of grids, there is also the opportunity
to uncover problems in the discretization and to optimize the design of the numerical grid. This led
to the development of a novel adaptive grid design procedure. In this procedure an initial numerical
grid is iteratively refined as the solution is being calculated. Each grid refinement is based on an
analysis of the errors that are observed between two grids of different fineness. The algorithm makes
use of a two-level multi-grid solver to efficiently compute the solutions on the two grids, and an
error contribution map to identify regions of the grid that require further refinement. The use of
this algorithm to model DC resistivity responses over different conductivity structures illustrated the
usefulness of this adaptive approach. The need for assessing the accuracy of a numerical solution

for the specific model being considered was also clearly demonstrated.

Prior to addressing the inverse problem, a formulation for calculating sensitivities of modeled
responses to changes in the model parameters was needed. A study of the various techniques for
numerically computing sensitivities was carried out to determine the most suitable approach. Based
on these results, an adjoint approach to the calculation of sensitivities for the 2D resistivity and MMR
inverse problem was formulated. This minimized the number of forward solutions that are required
for problems involving a large number of parameters. The use of a direct solver for the forward
modeling algorithm and an economical approach to performing the inverse Fourier transform resulted
in a particularly efficient algorithm. A comparison of the numerically computed sensitivities to those

obtained by perturbing the model parameters was used to verify their accuracy.
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Once the forward problem and calculation of the sensitivities had been addressed, it was possible
to formulate a solution to the inverse problem. The non-uniqueness was controlled by minimizing a
global norm of the solution subject to satisfying the data constraints. To develop a practical algorithm,
a strategy of solving for a large number of parameters relative to the number of data was adopted. A
generalized subspace procedure for reducing the effective number of parameters was also developed.
This, coupled with the use of linear information to avoid carrying out a large number of forward
solutions resulted in a flexible inversion algorithm that was both stable and computationally efficient.
The algorithm was tested by inverting a variety of synthetic data sets, including pole-pole, pole-dipole,
dipole-dipole, and cross-borehole DC resistivity responses. The inversion of MMR magnetic field
data was also examined. The ability of magnetic field information to further constrain an inversion
of potential field data was demonstrated. A set of E-SCAN field data for a prospect in Nevada was
inverted, and a solution that delineated two well defined conductors was obtained. The inversion
result was consistent with geological cross-sections that were available for the study area.

The final result of this research was the development of a set of practical procedures for forward
modeling and inverting large-scale DC resistivity and MMR data sets over two-dimensional structures.
The fundamental problems of accuracy, efficiency, and non-uniqueness have been addressed in a
responsible manner. The procedures that were developed are general, and can be extended to the

analysis of other data sets, and to problems in three dimensions.
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Appendix A

Adjoint Equation Formulation for the Frequency Domain EM Problem

To obtain the adjoint problem for the frequency domain EM induction problem, consider

Maxwell’s equations
Vx E= iwuﬁ — M,
(A.1)
V x H= (0 —iwe)E + J,
where E and H are the electric and magnetic fields due to the imposed electric and magnetic current

densities E; and M,. o, € and 44 are the conductivity, permittivity and permeability of the medium

and w is the angular frequency. Substituting the model expansion
A
o(&) = > oxtu(?) (A2)
k=1
into (A.1) and differentiating with respect to ¢, yields the sensitivity equations

. O0E _ . 0H
90 9% (A.3)

Note that the source for the original problem is replaced in the sensitivity problem by a distributed
current source having a strength equal to E over the k" block and zero elsewhere. Consider the

adjoint problem

x E* = iwpll* — M?

<

(A.4)
Vx I* = (0 —iwe)E* + J*
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where the adjoint electric and magnetic sources f;‘ and M, + are yet to be defined. Use of the vector
identity

V-(AxB)=B-(Vx A)— A-(V x B) (A.5)
allows (A.3) and (A.4) to be combined, yielding

N/ At 6ﬁ aE Y _ S * * o =
V- (B x X o~ Bor H)_-M,-—k+J— B By(%) (A6)

The choice of source excitation for the adjoint problem is determined by the field response of interest.

To obtain the sensitivities for H,, for example, let
M? = §(% - 3,k A7

and

J;=0 (A.8)

Integrating (A.6) over the infinite domain D, and noting that

/v (E 0H _ OF H*)dv /(E 0f a—Exﬁ*)-ﬁ’dA
D aak aak aD 8ak 8ak (A 9)

=0
yields

6% +(%o) _ / B E u(2)dV (A.10)

Thus to compute the sensitivities for H, at the observation location Z,, the forward problem must
first be solved for the electric field E throughout the domain. The adjoint problem is then solved for
a unit vertical magnetic dipole placed at &,. This yields the adjoint electric field E* throughout the
domain. The quantity E*.E is then integrated over each parameter block, yielding the corresponding
sensitivities.

To compute the sensitivities for the magnetic field in any other direction, the source for the

adjoint problem must be a unit magnetic dipole in the same direction placed at the observation
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location. To compute the sensitivitics of the electric field, the source must be a unit electric dipole.
In all cases the adjoint electric field is computed using (A.4), and (A.10) is then used to obtain the

corresponding sensitivity.
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