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Abstract

We present a solution method for solving electromagnetic prob-
lems in three dimensions in parameter regimes where the quasi-static
approximation applies and the permeability is constant. Firstly, by us-
ing a potential formulation with a Coulomb gauge, we circumvent the
ill-posed problem in regions of vanishing conductivity, obtaining an
elliptic, weakly coupled system of differential equations. The system
thus derived is strongly elliptic, which leads to reliable discretizations.
Secondly, we derive a robust finite-volume discretization. Thirdly, we
solve the resulting large, sparse algebraic systems using preconditioned
Krylov-space methods. A particularly efficient algorithm results from
the combination of BICGSTAB and a block preconditioner using an
incomplete LU-decomposition of the dominant system blocks only. We
demonstrate the efficacy of our method in several numerical experi-
ments.
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1 Introduction

We consider Maxwell’s equations in the frequency domain. The equations
are defined over a domain involving both ground and air [17, 8, 16]. This
particular model is used in geophysical surveys where artificial or natural
sources induce currents in conducting bodies. A specific example is a magne-
totelluric experiment [26] where electric and magnetic fields induced by the
sun are measured at the surface of the earth. A major obstacle in modelling
such phenomena is that the conductivity in the air essentially vanishes. From
an analytic perspective, the specific subset of Maxwell’s equations typically
used forms a singular system in regions of vanishing conductivity. Even in
the ground, where the conductivity is strictly positive, the resulting differ-
ential operator is not strongly elliptic. Finding effective methods for solving
the linear algebraic systems arising from careful, conservative discretizations
such as the ones described in [17, 14, 21] has proved elusive in practice. Such
methods are of particular importance in recovering the conductivity profile
from measurements of the electric and magnetic fields. In such inverse prob-
lems, solving the forward modelling problem presented here is the major
bottleneck [22].

We present robust, efficient methods for the simulation of this forward
modelling problem. Our development involves three stages. Firstly, we use
a Helmholtz decomposition with a Coulomb gauge to obtain a strongly el-
liptic, weakly coupled system of differential equations. Secondly, we derive a
robust finite-volume discretization for these differential equations. Thirdly,
we solve the resulting large, sparse algebraic systems using preconditioned
Krylov space methods [18, 1]. Combining BICGSTAB and a preconditioner
comprising an incomplete LU-decomposition of the dominant system blocks
results in a particularly efficient algorithm. We demonstrate the efficacy of
our method in several numerical experiments.

The paper is organized as follows. In Section 2, we review Maxwell’s equa-
tions in the frequency domain. Using the quasi-static assumption and sec-
ondary fields, we derive a formulation more suitable for numerical purposes.
Our alternative formulation involves a Helmholtz decomposition, splitting
the electric field into components in the active space and in the null space
of the curl operator. This decomposition, used also in [3, 8, 15], leads to
a strongly elliptic system. We isolate the singular part of the problem and
suggest a strategy for dealing with it using the full system of Maxwell’s equa-
tions. The result of this formulation is a system that is analogous to a system



in computational fluid dynamics; this analogy to prior work [19] motivates
our numerical study.

In Section 3, we construct a straightforward discrete model of the elec-
tromagnetic problem from Section 2. The continuous problem is discretized
using a finite-volume approach on a simple grid. This discretization avoids
the difficulties of finite elements [3, 8, 2] or staggered grids [5, 9, 13], and
works well so long as local variations in the conductivity are not too ex-
treme. The discretization reduces the analytic problem to a complex, sparse,
block-diagonally dominant system of linear equations.

In Section 4, we discuss the application of Krylov space methods to solve
the system of linear algebraic equations. We construct a powerful precon-
ditioner that exploits the block-diagonal dominance of the linear system.
The fact that the linear system is block-diagonally dominant is a direct con-
sequence of the fact that the derived continuous formulation is a weakly-
decoupled, strongly-elliptic system of partial differential equations (PDEs).

Finally, we present the results of numerical experiments in Section 5.
Trials with a synthetic problem verify the second-order accuracy of the dis-
cretization. Using various preconditioners and Krylov space methods, we
identify a robust solver of the discretized problem. We demonstrate the effi-
cacy of this solver and we show the strength of our formulation (ie. using the
Helmholtz decomposition) over the standard formulation of the forward mod-
elling problem (which uses electric fields only) as presented in [17, 20, 21]. We
end with the results of our method when used to model a physically-realistic
magnetotelluric (MT) experiment.

2 The Electromagnetic Problem

Maxwell’s equations in frequency domain read

VXE —wiH = J,, (2.1a)
VxH—- (0 —we)E = J, (2.1b)
V-H = 0 (2.1¢)

In (2.1), E is the electric field, H is the magnetic field, and J,, and J. are
magnetic and electric source currents respectively. The permittivity e and the
permeability p are assumed to be constants; in particular, ¢ = 8.85 x 107!2
F/m and g = 47 x 1077 H/m. The conductivity o is assumed to be piecewise



constant with ¢ > 0 in the ground and ¢ = 0 in the air. The frequency w is
a known constant as well. The free charge density ps satisfies the relation

V-E=% (2.2)
3
Generally, ps is an unknown scalar field, so (2.2) usually defines it.
These partial differential equations (PDEs) are defined in a 3D spatial
domain 2 and are subject to Dirichlet boundary conditions of the form

E(z,y,2)lsa = gi(z,y,2)|se and (2.3a)
H(l’,y,Zﬂag = g2(£7y72)|397 (23b)

where g; and gy are known vector-valued functions, and 9€2 denotes the outer
boundary of ). The forward modelling problem involves solving the system
of PDEs (2.1) with boundary conditions (2.3) for the unknown fields E and
H, assuming the conductivity o is known.

In many geophysical applications, the domain 2 is composed of disjoint
parts €y, 9, and I'; with Q@ = Q; U Qy U T (see Figure 1). Physically,
Q; is the ground, ), is the air, and I is the interface between the air and
ground. Moreover, the domain § is unbounded in principle (ie. 2 = IR?),
but, in practice, a bounded, convex subdomain of IR® is used for numerical
approximations.

o=0 (air)

Q,

I (air-earth interface)

>0 (ground) Ql

Figure 1: Spatial domain for the forward modelling problem. The conductiv-
ity o is piecewise constant in {2y, distinct regions corresponding to distinct
types of matter.



2.1 The quasi-static approximation

Before solving Maxwell’s equations (2.1), we make an assumption often re-
ferred to as the quasi-static approximation, namely, that the displacement
current term wekE in (2.1b) is very small relative to the other terms. As
shown in [23], this assumption holds for most geophysical applications with
frequencies ranging from 1072 to 10® Hz. Thus, the system we study is

VXE —wuH = J,, (2.4a)
VxH-oE = J., (2.4b)
V-H = 0 (2.4c)

together with (2.3) and (2.2).

2.2 Secondary fields

In many cases in geophysics, the electric and magnetic source currents J.
and J,, are highly localized. As such, we can encounter numerical difficulties
caused by large values of the fields E and H close to the sources. It is
convenient to reformulate (2.4), (2.2) and (2.3), rewriting the total fields E
and H as the sum of known fields and some unknown secondary fields [4].

We define the secondary fields

o = o— oy, (2.5a)
E = E-E, (2.5b)
H := H-H,, (2.5¢)

where og is a reference conductivity, and Eq and Hg are known electric and
magnetic fields induced by the sources in the reference conductivity. The

fields Eq and Hy satisfy

VxEqg—wuHg =J,, (2.6a)
V x HO—O'()EO :Je, (26b)

as well as the original boundary conditions (2.3), so

Eolaa = g1laq, (2.7a)
H0|QQ = g2|ag. (27b)



Substituting the definitions (2.5) for Eq and Hy into the original system
(2.2)-(2.4), and using the half-space relations (2.6), we get the system

VxE —wpH = 0, (2.8a)
VxH —ocE = (wp) 'sg, (2.8b)
!
vV.E = (2.8¢)
€
V-H = 0, (2.8d)
E/|QQ = 07 (286)
H/|8Q — 07 (28f)
where
spg = (wp)(o—o09)Eg and (2.8¢)
,olf = py—eV- Eq.

Since the obtained system (2.8) involves only the secondary fields E’ and H’,
we drop the primes in the sequel and use E and H to represent the secondary

fields.

2.3 Reduction to a second-order system

To eliminate H from the system (2.8), take the curl of (2.8a) and use this
result to eliminate V x H in (2.8b), obtaining the system

VXVXE —wuocE = sg .
Elsa = 0 (2.9b)

which involves only E (see, e.g., [17, 16]). Once we have E we get also H
from (2.8a). Notice that the problem (2.9) is well-posed only if wpo # 0.
Specifically, in the limit as [iwpo| — 0, the system (2.9a) tends towards the
singular system V x V x E = sg. Thus, in solving (2.9), we cannot take
advantage of the smoothing properties of elliptic operators since the system
is not strongly elliptic [6, 2]. This system is also inconvenient due to the
strong coupling of the different components of E in the leading-order terms.

Given that the continuous problem (2.9) is singular where o = 0, practi-
tioners often introduce a small, artificial conductivity in the air, say o ~ 1075,
to eliminate the singular behaviour [17, 16, 24]. This regularizes the forward
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modelling problem. However, any numerical scheme which faithfully models
the continuous problem (2.9) produces an ill-conditioned linear system, even
with 0 < ¢ < 1 in the air. It is the near-singular behaviour of the underly-
ing continuous problem that accounts for the ill-conditioned linear systems
in experiments such as reported in [17]. The small conductivity term can
regularize a large second-order differential term effectively only if it is added
to the null space of the differential term; this does not happen in (2.9a).

2.4 Decomposition of the electric field

We want to find a continuous formulation that leads to a robust numerical
discretization. We use a Helmholtz decomposition as in [3, 8, 15] and separate
the electric field E into two parts. The first part lies in the active space of the
curl operator and the second part lies in the null space of the curl operator.

That is,
E=A+Vo, (2.10)

for some vector field A and scalar field ¢. Since Vx V¢ = 0, the field
V¢ lies in the null space of the curl operator. The three unknown scalar
fields EMW, EF® E®) have been replaced with four unknown scalar fields
AWM AC) ] AG) and ¢ (where E®) and A®) are the (th components of the
vector fields E and A respectively (£ € {1,2,3})); therefore, we have one
degree of freedom in determining A and ¢. Our particular choice is the
Coulomb gauge condition

V-A =0, (2.11)

The gauge condition (2.11) ensures that A spans the active space of the curl
operator.

It is useful to have a physical understanding of what A and ¢ represent.
Electric fields are induced by charges or by time-varying magnetic fluxes. An
electric field caused by charges is the gradient of a scalar function; hence, Vo
represents the electric field due to charge accumulation. The remaining term
A is the electric field induced by magnetic fluxes. No charge is associated

with the term A, so, V- A = 0. Further, from (2.8a) and (2.10),

Vx A=VxE=wuH,



so (wpu) ' A is the vector potential field for the magnetic field H. The two
parts of E therefore correspond to the potential fields produced by distinct
types of sources.

Substituting the decomposition (2.10) and the gauge condition (2.11) into
the system (2.9a), we find

VxVxE—wpocE = VxVXx(A+Ve)—wuo(A+ Vo)
= VXVxA —wpuo(A+ Vo)
= (—VQA + V(V- A)) —wpo(A + Vo)
= —V3A - wpo (A + Vo).

Thus, we have a system of four PDEs in the four scalar unknowns A, A®)
A®)and ¢. The new system is

V?A +wpo(A + Vo) = —sg (2.12a)
V-A=0. (2.12b)

We prefer (2.12a) to (2.9a) because, for Jiwuo| = O(1), the dominant term
in the left-hand side is the term V?A, even in the limit of low conductivi-
ties. We can exploit this strong ellipticity of the differential operator in the
construction of good numerical schemes [5, 6].

There are two options to continue. One is to solve the system (2.12) di-
rectly. This system resembles the Stokes problem that describes the flow of
a viscous, incompressible fluid [5, 7]. There, A corresponds to the velocity
field, ¢ corresponds to the pressure, and (2.12b) corresponds to the incom-
pressibility assumption. However, a careful discretization of the system (2.12)
requires a staggered grid or a marker-and-cell method (see, e.g., [5, 9]) that is
difficult to implement. Moreover, while the three scalar equations in (2.12a)
have A (£ € {1,2,3}) in their respective dominant terms, the fourth equa-
tion (2.12b) does not involve ¢ directly. Since the PDEs (2.12) are strongly
coupled and none of these equations have dominant differential terms involv-
ing ¢ in the left-hand side, construction of robust numerical solution methods
for the system (2.12) requires special care.

We opt for the second approach by taking the divergence of equation
(2.12a) as in [8], and simplifying using the Coulomb gauge (2.11), obtaining

V- (eVe)+ V- (cA) = —(zwu)_lv-sE. (2.13)



A system analogous to (2.12a) and (2.13) has been studied in the context
of the Navier-Stokes’ equations in [12, 19, 11]. In that setting, the equation
resembling (2.13) is called the pressure-Poisson equation since the Poisson-
like term V - (0V@) is the dominant term in the left-hand side. The new
PDE system (2.12a) and (2.13) is diagonally dominant, because each of the
unknown scalar fields occurs in the leading term of one of the scalar equations.
Thus, the system is weakly coupled. Below, we devise numerical schemes that
naturally take advantage of this structure. Further, the unknowns can be
discretized without staggered grids; this makes implementation much easier.

The “pressure-Poisson” equation (2.13) is not defined in the air (because
o = 0in ), so the system (2.12a)-(2.13) is still singular in the air. However,
if we don’t solve for ¢ in 5, we have enough information. That is, given
appropriate boundary conditions, the system has a unique solution with A
defined throughout € and ¢ defined only throughout €y U I'. Ignoring ¢ in
Q5 corresponds to ignoring the part of the solution that lies in the null space
of the original operator in (2.8).

If, for some reason, we need to know ¢ in {2, then we need more in-
formation to obtain a nonsingular system in the air. Using the divergence
condition (2.8¢) for E,

'%f:v- E=V- (A+V¢) =0+ V2,
since V- A = 0. We do not know the free charge density p; in the ground
Q1; however, since V¢ is the electric field caused by charges it is reasonable
to assume that p; = 0 in y (i.e., there are no free charges in the air).
This additional information allows determination of ¢ in 5. Thus, the PDE
system determining A and ¢ throughout € is

VA + wpo (A + vqb) = —8g, (l’, Y, Z) S le (214&)
V- (eA)+ V- (6V) = —(wu)'V-sg,  (2,9,2) € W, (2.14Db)
ViA = —sp, (x,y,z) € Q, (2.14¢)

together with

Vi =0, (2,y,2) € Q. (2.14d)

Although it is possible to solve for ¢ in the air, in most applications it is not
needed. We therefore ignore (2.14d) and restrict our attention to equations
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(2.14) which determine A throughout © and ¢ in ©; given suitable boundary
conditions.

2.5 Boundary conditions

Studying (2.14) requires boundary conditions for A and ¢. Recall that the
scalar field ¢ is the (secondary) electric field due to charge accumulation.
For controlled source experiments, the electric fields approach zero at suffi-
ciently large distances from the sources, so we assume that there is no charge
accumulation near infinity.

This yields homogeneous Dirichlet or Neumann boundary conditions. For
instance, we choose

Plag, = 0 (2.15a)
Albg = 0. (2.15h)

Thus, the determination of the additional boundary condition needed for
(2.13) (which is a major issue in the Navier-Stokes context [11, 19]) is resolved
here in a simple way.

The field A is continuous across the interface I', so there is no bound-
ary condition required to determine A|r. However, to find ¢|r, a boundary
condition is needed to connect the distinct equations (2.14b) and (2.14d) de-
termining ¢ throughout ). Recall that no electric current flows across the
air-ground interface. This is expressed as

c(A+Vo) n|.=0. (2.15¢)

The Neumann condition (2.15¢) at the air-earth interface is used to determine
the values of ¢|r.

In the next section, we use a vertex-based finite-volume approach (see,
e.g., 25, 19]) to discretize the equations (2.14) subject to the boundary con-
ditions (2.15).

3 Deriving a discretization

3.1 The discrete domain

We define a three-dimensional rectangular grid, a cross-section of which is
depicted in Figure 2. The vertex numbered (1, j, k) corresponds to the point
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Figure 2: Discretization of the spatial domain.

with Cartesian coordinates (;,y;,z;) (where ¢ = 0: N, 7 = 0: N, and
k=0: N.). For convenience, define the sets

Q" = {(i,5,k)|i=0:N,, j=0:N,, k=0:N.},

Q" = {(i,j,k)|i=1:N,—1, j=1:N,—1, k=1: N, -1},
00" = "\,

O = {(i,j,k)eQﬂk:l:Mz—l}, and

QF = {(i,jk) eV | k=M:N, —1}.

Then, Q" denotes indices of vertices in the interior of the domain, Q" denotes
indices of vertices in the ground portion of the domain, and 2! denotes indices
of vertices in the air. Notice that the indices of vertices on the air-earth
interface I are included in the set Q. The remaining indices correspond to
vertices on the boundary 90",

The cells are the rectangular boxes made by joining the vertices. The
cell (i — 1,7 — 2,k — 1) is the cell with vertices (i — &, j —n,k — () (where

27

£,m,¢ € {0,1}). The lengths of the sides of this cell are

xT
B

i y z .
=, — Ti_1, h],_l =y, —y;—1, and hk_% = 2R — Zp—1-
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3.2 The discrete fields

The unknown quantities are the values of A and ¢ at the vertices of the grid.
Specifically, the unknowns are

A A asysn), (LR € R Le {123} and
ik =~ O(x,y;, z1), (1,7, k) € QiL

The values of A;;; and ¢; ;; on the outer boundary 90" are known in ac-
cordance with the Dirichlet boundary conditions (2.15a,b). Thus, the total
number of unknowns is

N = 3(N, — 1)(N, — 1)(N, — 1) + (N, — 1)(N, — 1)(M, — 1).

The conductivity o is taken to be piecewise constant. That is, throughout

the cell (i — £,j — 3,k — 3), the value of the conductivity is il Lp-l

(1=1:N,,j=1: Ny, k=1:M.). For cells in the air (ie. k + > M.), the

conductivity vanishes.

3.3 The finite-volume discretization

DR SRR SR S St o
77‘: I ! I !

Figure 3: Cross-section of the finite volume V; ; ; around the vertex (i, 7, k)

Consider the boxes

h* h® hY hY

=5 +5 i=3 i+3

Vijk = [l‘i— 227$i‘|‘ 22]><[yj_ 227yj‘|‘ 22
hZ 1 hZ 1
k- kL
X [Zk 5 2k T+ 5 ]



around the vertices (7,7,k) € Q" as shown in Figure 3. We integrate the
equations (2.14a,b) over each V;;; in the ground (ie. over all (i, 7, k) € QF)
and we integrate (2.14c) over V;; in the air (ie. over all (1,7, k) € Q}). If
we need to know the potential ¢ in the air, we integrate Laplace’s equation
(2.14d) over the boxes V;;, in 2} as well. The resulting integrals are

/// VQA + wpo (A + qu)) dV =Fi;x  (i,5,k) € Q" (3.16a)
z]k

J] v earvonav =i, (i.3.k) € Qi (3.16b)
z]k

/// VEAdV =F; 4, (i,7,k) € Q5. (3.16¢)
z]k

In (3.16), the integrals of the known source terms are denoted by

Fi,j,k = —/// SEdV and (317&)
z k

2 Js

Gi,j,k = @w/,c /// - S| dV (317b)

2 Js

The integrals F, ; ; and G ; can be integrated exactly, or by using quadra-
ture. The integrals on the left-hand side of (3.16) separate into distinct terms

199 4w <I( 04 1}},}) =P, (k) e (e {1,2,3);  (3.18)

0,5,k 1,7,k
T I = G (1,5, k) € Qf; and (3.18b)
1$?=ﬂ%7 (i,j, k) € Q. (3.15¢0)

In (3.18), the terms [i(f;:i) and JZ(],l (k,0 € {1,2,3}, m € {1,2}) are numerical
approximations of the volume integrals over the boxes V, ;, in (3.16). These

approximations are linear combinations of the values of the discrete field
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values Af?k and ¢; ;1 given by
7o A0

()

A0

ik = LAl e T L e i e Ly« Lok +
(0 z (0 z (0
Li/]-l— g T L A T L LA e —
‘
o (Lisein+ Ly n+ L jase) AL,
&n(=%1
~ / / / av. (3.192)
z]k
1) = 5 AY, ~ /// g AO qv, (3.19h)
v ‘/i,],k
e b 1 birint Dy =D )by
1,7,k Z-l— .k Z+1]k 2—%,],16 1—1,5,k 2—%,],16 Z—I—%,],k 1,7,k
~ /// U—dV (3.19¢)
z]k
139 = &; biiin+ (D1 =Dy )i
1,7,k 2 ]—I— NN RO 2 ]—L kPig-1.k 2,]—%,k Z,]+%,k 1,7,k
~ /// a—dV (3.19d)
z]k
157 = 6 Gihot T (Dy et = Dy gy )i,
1,7,k 2 2Js k—l—l 1,5,k+1 T 2 Jk— 1 1,5,k—1 Z,],k—% Z,J,k—l—% 1,7,k
~ /// U—dV (3.19¢)
z]k
1 1 1
Jz’(,j,)k = z+ 7 kAz—I—l .k Dz—ljkAg )1jk + (DH—%,]’,k - Di—%,j,k)Ag,j),k +
2
Dm‘+1 kAE j)-|—1 E D”__ kAf ]) 1,k + (Di,j-l—%,k - Di,j—%,k)Ag,j),k +
3 3
u k+lA£ ])k-|—1 - D” k——AE J)k LT (Dm‘,k+§ - Di,j,k—%)Ag,j),k
~ /// A) dV, and (3.19f)
z]k
Jz(j?k = Z——]kqbz ljk‘I'DH_ ]kqbz-l—l]k‘l'DZ]__kqbZJ lk‘l’
Di,j+%,k¢i,j+1,k + Di,j,k—%ﬁbi,j,k—l + Di,j,k+%¢z’,j,k+1 -
> <Dz’+£,j,k + Ds jyi + Di,j,k+c> Dijk
Emc=t1
~ /// V- (oVe) dV. (3.19g)
‘/i,],k
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The coefficients L, S, D, and D of (3.19) are written explicitly in terms of

the conductivity model o, and the mesh spacings h? ., h?_k, and
2 2

1 . 1 1
_57]_57k_5

h: 1 in Appendix A.

In deriving the discretization (3.18),(3.19), we use Gauss’ Law to reduce
the volume integrals J(™) and 1) (¢ € {1,2,3}, m € {1,2}) to surface
integrals. From there, we use quadrature to express I*9 and J(™ (k,( €

{1,2,3}, m € {1,2}) as linear combinations of the unknowns Af?k and ¢ j 1
(with coefficients given in Appendix A). The result is a system of N x N linear
equations in N unknowns that approximates the problem (2.14),(2.15).

The discretization of the Neumann (or zero current) condition (2.15¢) at
the air-ground interface is a natural result of the finite-volume formulation.
We see this when approximating (3.18b) over the vertices on the interface I
using the formulae in Appendix A (using o = 0 in the cells immediately above
['). We expect this result since our finite-volume argument integrates over
an infinitesimal volume, which is exactly how interface conditions are always
derived [22]. Similarly, for layered earth or other discontinuous conductivity
models, we do not need to explicitly enforce interface conditions when using
a finite-volume formulation.*

Thus, we have a 4 x 4 block matrix £ and a linear system Lx = b, where

H, Ly AW p(D)
- H, Loy | A® @

E = Hl L3 5 T = A(S) 5 and b = 6(3) . (320)
Dy Dy D3 H, 10 b

The column vector = consists of the unknown variables, ordered lexicograph-
ically (say) and stacked. The right-hand side vector b consists of the source
integrals F; ;, and (; ;, corrected (if necessary) by Dirichlet data from the
boundary, ordered and stacked in the same manner as the unknowns.

4 Numerical solution of the discrete system

The system (2.14) involves four unknown scalar fields defined over a three-
dimensional domain. The resulting discrete system (3.18) is very large and

"However, if there are very large jumps in ¢ then the terms J(™) in (3.19f,g) lose
accuracy. In such a case it is better to use the staggered grid discretization proposed in

[13).
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sparse, so we experiment with various Krylov space methods for its solution
[18, 1]. There is some freedom in selecting the ordering of the equations
and the unknowns, the method of preconditioning to maximize the rate of
convergence, and the particular iterative method. We address the question
of how to make these choices in our experiments.

There are two natural orderings for the problem. In the matrix £ of
(3.20), the unknown fields are ordered separately, ie.

T = (A(l) A®) A(3)7¢)T

Y Y

with the individual scalar unknowns ordered over the grid, say, lexicograph-
ically. Another natural ordering is vertex-based, where the unknowns are
ordered according to their location in the grid. That is, we order the interior
grid vertices and then go from vertex to vertex, listing the unknowns at each
vertex, ie.

r = (A(11)7 1 7¢1 21 szA 7¢27" 5\24)7A§\j)7¢M7
Al AE@LI, A, AR, AR, AR,

where M := (N, — 1)(N, — 1)(M, — 1). The vertex-based ordering yields
a matrix £ whose bandwidth is narrower than the bandwidth of the matrix
L (see Figure 4). As a result, some preconditioners—in particular, ones
based on incomplete L.U-decomposition (ILU)—require less work to construct
since the amount of fill-in in computing LU-decompositions grows with the
bandwidth [1]. However, the convenient block structure of the matrix £ is
lost when we use a vertex-based ordering.

For preconditioners, we consider ILUt (ILU with a threshold), Jacobi,
and SOR preconditioning [10, 1]. In Section 5, we test these preconditioners
with the matrices £ and £ for problem instances of various sizes.

In (3.20), Hy; and H, are the dominant blocks of £; this is not surprising
since Hy and Hj correspond to discretizations of dominant differential terms.
We infer, then, that the block-diagonal matrix

Hy
Hy

[
Il

Hy
H,

approximates L to leading order. Thus, we construct a preconditioner that
capitalizes on the block-diagonal dominance by applying ILUt to the blocks
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Figure 4: Sparsity patterns using lexicographic (£) and vertex-based (L)
orderings for a system based on a 13 x 13 x 13 grid. The matrix £ has a
much smaller bandwidth than the matrix L.

Hy and H; only. The result is an approximate inverse for £ which is an
approximate inverse for £ in turn. Computing the approximate inverse of L
requires much less work and storage than applying ILUt to the whole matrix
L. The resulting block preconditioner is

Ly, Un,
Ly, Un,
Ly, Un,
L, Un,

(4.21)

We denote this block preconditioner ILUBt (ILU for blocks with a threshold).
In our experiments in the next section, the threshold for ILUt and ILUBY is
1072,

5 Numerical Experiments and Results

5.1 A synthetic problem

To verify the accuracy of the discretization, we choose a smooth conductivity
profile o and smooth fields for A and ¢ from which we construct the source

field sg. The domain is © := (0,27)%, Qy := (0,27) x (0,27) x (0,7), and
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Qy :=(0,2m) x (0,27) x (m,27). The conductivity model is

_ @+ hy+2)(z—7m)% (v.y.2) € D
o(,y,2) ‘_{ ’ 0, (x,z,z)EQQUF '

We choose w := 10°Hz, and define A and ¢ by

1

AW(z,y, 2) = —sin(x)cos(y) cos(z),

A(z)(:zj, y,z) = —cos(x)sin(y)cos(z),

A(S)(l', y,z) = 2cos(x)cos(y)sin(z),
o(x,y,z) = cos(x)cos(y)cos(z).

Notice V- A = 0. This problem admits an exact solution while having con-
ductivity values varying over a broad range. We generate the systems (3.20)
for this synthetic problem on uniform K x K x K grids for several integers
K > 0. For each grid, we obtain the numerical solution x by solving the
linear system of equations and compare x to the analytic solution Z.

We use BICGSTAB with an ILUt preconditioner to solve the problem
(3.20) for x. To verify that the method is working, we compute the error, the
relative residual, and the divergence of the computed solution. The results
of the synthetic runs are summarized in Table 1.

K |17 —a||/VN _|I£z = bll/Ilb] |V - All/v/Na _#*

9 [ 5.9x1072 1.6x107" L4x10""  4.8x10°!
17| 2.7x1077 6.6x1077 6.8x107>  1.3x107"
25 | 1.5x1072 3.7x1077 42x107*  6.3x1072
33 | 1.0x1072 2.4%1077 3.0x107%  3.4x1072
51 5.7x1073 1.2x1072 2.0x107%  1.6x1072

Table 1: Solution of the synthetic problem on various grids. Above, N :=
(N, — )(N, — 1)(3(N. — 1) + M, — 1) is the total number of unknowns,
Ny :=3(N, — 1)(N, — 1)(N, — 1) is the number of unknowns Aflj)k, Afi)k,
A3

+ips and h is the mesh size. We use the standard Euclidean 2-norm.

The second column of Table 1 implies that the computed solution of the
discrete linear system is an accurate approximation of the analytic solution.
The discretization seems second-order accurate as expected. Moreover, even
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though the gauge condition (2.11) is not explicitly enforced, the computed
solution does satisfy it to within the level of truncation error.

Next, we solve the synthetic problem repeatedly on a 25x25x25 grid (the
corresponding system having 55000 unknowns). We compare the efficacy of
the Krylov space methods BICGSTAB, GMRES(5) and QMR (precondi-
tioned using each of the preconditioners discussed in Section 4), recording
the number of iterations and the amount of work (measured in gigaflops) to
achieve convergence in each trial. For convergence, we require that the rel-
ative residual norm shrinks below 10™° within 500 iterations; otherwise, the
result of the trial is “NC” (non-convergent). In the case of ILU precondition-
ing, the gigaflop count includes the work to construct the preconditioning
matrices in addition to the work for the iterations. The results are summa-

rized in Table 2.

Method Preconditioner | Iterations | Gigaflops
L L L L
GMRES(5) Jacobi 498 498 | 30 30
SOR 423 369 | 11 9.2
ILUt(107?) 135 131 | 67 31
ILUBt(1073) | 156 8.4
BICGSTAB Jacobi 188 188 | 5.4 54
SOR 158 144 | 5.5 54
ILUt(107?) 21 16 | 22 26
ILUBt(1072) | 29 3.4
QMR Jacobi NC NC | NC NC
SOR NC 456 | NC' 31
ILUt(1073) 233 201 | 79 48
ILUBt(1073) | 278 10

Table 2: Comparison of performance of various preconditioned Krylov space
methods on the synthetic problem.

According to Table 2, the most efficient solver for the system is BICG-
STAB. In general, all of the preconditioners work fairly well with each Krylov
space method except ILUt which requires the most work in each case. As ex-
pected, ILUt requires less work when applied to £ as opposed to £. However,
ILUt does not perform particularly well regardless of the ordering. In terms
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of flop counts, SOR and ILUBt are the leading preconditioners. QMR and
GMRES(5) are either slow to converge or nonconvergent. Thus, from our
experiments, we identify BICGSTAB as a good iterative method and ILUBt
as a good preconditioner for constructing a robust solver for the forward
modelling problem.

As a final check, we compare solving (2.14),(2.15) for the fields A and ¢
to solving (2.9) for the field E. The fields are almost exactly as determined
in our synthetic problem except that we set ¢ = 107 S/m in the air to
regularize (2.9). We use our method to discretize (2.14),(2.15) on a uniform
25 x 25 % 25 grid and we use the conservative discretization of [17, 16] for (2.9)
on the corresponding staggered grid. For consistency with [17, 16] we use a
Jacobi preconditioning, although for our (A, ¢)-formulation there are better
preconditioners as Table 2 clearly indicates. We then apply GMRES(5) and
BICGSTAB with a convergence criterion of 107° to obtain solutions for the
resulting discrete systems. Our findings are summarized in Table 3.

Method Iterations Gigaflops

‘ (A,¢) E ‘ (A,¢) E
GMRES(5) | 1490 3170 | 18.6 31.6
BICGSTAB | 250 597 | 4.3 8.1

Table 3: Solving the synthetic problem with the (A, ¢)-formulation versus
the E-formulation.

The results of Table 3 demonstrate the advantage of the method using
the (A, ¢)-formulation. Note that the two formulations require about the
same work per iteration. This may look surprising given that the (A, ¢)-
formulation involves a larger system with more unknowns; however, the
number of nonzero entries in the matrix for the (A, ¢)-formulation (512350
nonzeros in a 55000% matrix) is close to the corresponding number for the
E-formulation (475824 nonzeros in a 38088% matrix). This stems from the
strong coupling between the components in the higher-order terms of (2.9a)
as compared to the weak coupling of the components of A and ¢ in (2.14).
We emphasize that, although these comparisons are based on a synthetic
problem, the trends observed in Table 3 are general.
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5.2 A geophysical test problem

To test our algorithm, we compute the electric field at the surface of the
earth due to an incident plane wave. This is the basic computation required
in a magnetotelluric (MT) experiment [16]. The frequency used is w = 10?
Hz. The conductivity profile is a block of high conductivity (10 S/m) in a
low conductivity background (0.01 S/m). The goal is to find the electric field
at the surface of the earth I' for the given frequency. The conductivity model
is plotted in Figure 5.
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Figure 5: Cross-sections of the conductivity model.

To approximate the boundary conditions at infinity, we generate a finite
but exponentially increasing grid on which we solve the problem. Starting
with a rectangular domain with a uniform grid at the center (the cells of this
uniform grid being one tenth of a skin depth in width), we pad the outside of
the central grid with a layer of cells of width 1.3 times wider than the layer
inside it. We keep adding layers of cells, stretching the widths at the same
local grid ratio of r = 1.3, until the grid encompasses [ = 3 skin depths in
each direction.

We solve the MT problem using this exponentially increasing grid (shown
in Figure 5). Our solution is presented in Figure 6. We solve this problem
using BICGSTAB with the ILUBt preconditioner; the solution is obtained
in 24 iterations. We observe from solving the problem on a large domain
with various nonuniform grids that the number of iterations does not change
significantly as long as wpoh < 1, where h is the maximum grid spacing.
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This condition essentially ensures that the dominant differential terms in
(2.14) remain dominant after discretization.

Re(Hxs/pr) on the surface Re(HyS/Hyp) on the surface
0.015 1600
0.01 1400 -0.02
0.005
1200 ~004
0 1000
—-0.005 800 -0.06
-0.01 600
_ -0.08
0.015 400
500 1000 1500 500 1000 1500
Meters Meters

Re(HzS/Hzp) on the surface
0.05

-0.05

500 1000 1500
Meters

Figure 6: Solution of the MT problem. Above, H, is the primary magnetic
field and Hj is the secondary magnetic field. The values are taken on the
air-earth interface I'.

This MT problem obviously does not admit a closed form solution. To
verify our solution, we compute the solution again using another code [16]2.
That code uses the E-formulation (2.9), so we have to numerically differ-
entiate ¢ from our solution to compare results. The results of both runs
are similar to within discretization errors and the discrepancies are less than
5%. Thus, having first verified the accuracy and robustness of our discretiza-

Zavailable from http://www.cg.emr.ca/mtnet.
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tion on a toy problem, we now have confidence that our method can also be
applied to physical problems.

Appendix A: Details of the discretization

The coefficients L, S, D and D of (3.19) are

.-— z
=5 p= +1
Li,j—%,k = Z h k+§7
1—5 g¢=x1
Lmvk—% = Z hiy J-I—777
-5 £n= +1
bk T g it eV e ¢ Oit & j4m,k+Co
g c=tL
1., =
Disin = shiiDictin
1 .
Di7j_%7k = §h?_%Dz,]—%,k7
1
ikt = o Dije-ts
~ 1
R Y z
Diyjn = 4h® | Z R P cTint e
=% (= +1
~ ‘ 1
Dijotn = v DT
i=% g¢=t1
~ ‘ 1 h
Dm‘,k—% = Uk Z i+€ ]+nai+£,j+n,k—%'
k=% gm=tl
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