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• Background & motivation

• Synthetic examples from 1D to 3D

• Case study: TKC deposit, NWT

• Ongoing research

Outline



• Simple underdetermined problem

– Linear system

– Inverse problem 

Motivation



• Simple underdetermined problem

– Least-norm solution

– or as an optimization problem

Motivation



• Maybe the smallest solution is not sufficient:

Motivation

Want it sparse? Want it small? Want it blocky? 
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• Large body of work in geophysics and signal 

processing:

Motivation

Want it sparse

• Green (1975)

• Tikhonov & Arsenin (1977)

• Li & Oldenburg (1996)

• Pilkington (1997)

Want it small or

smooth? 

• Lawson (1961)

• Ekblom (1973)

• Last & Kubic (1983)

• Barbosa & Silva (1994)

• Portniaguine & Zhdanov (2002)

• Ajo-Franklin et al. (2007)

• Daubechies et al. (2010)

Want it blocky? 

• Farquharson & DWO (1998)

• Zhdanov & Tolstaya (2004)

• Sun & Li (2014)
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• How to choose the right norm?

• Can we combine norms together?

• Can we do it robustly?

Motivation

Want it sparseWant it small or

smooth? 

Want it blocky? 

+

+

+
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• Start with the general norm:

• Approximated by the Ekblom norm

lp-norm
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• Solution along the gradient of the function:

• Linearized with an Iterative Re-weighted Least Squares 

(IRLS) (Lawson 1961)

lp-norm
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• Now have a linearized lp-norm regularization:

lp-norm
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• 1D Signal recovery

1D Example

Model

Data
Experiment

Inverse ?
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• Small solution: 

– Some examples

ε= 1e-8 , p = 2

1D Example
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• Sparse solution: 

– Some examples

ε= 1e-8 , p = 0

1D Example
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• Blocky solution: 

– Some examples

ε= 1e-8 , p = 0

1D Example
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• Sparse + Blocky: 

– Some examples

ε= 1e-8 , p = 0, q = 0

1D Example
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• Sparse + Smooth: 

– Some examples

ε= 1e-8 , p = 0, q = 2

But where is the l2-norm ?!

1D Example
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• Gradient of the norms require scaling 

Scaled-IRLS

Small p’s dominant !!
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• Main contribution:

Scaled-IRLS
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• Back to our 1D signal: 
ε= 1e-8 , p = 0, q = 2

Scaled-IRLS
Before

After
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• Determining an effective zero:

– ε does not have to be that small !!

– Can automate the selection based 

on l2-norm model

Scaled-IRLS

Final lp-norm model



Li

• Apply it to potential fields problem:

– Magnetostatic

– Induced assumption

3D Magnetics
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• Apply it to potential fields problem:

– Induced assumption

3D Magnetics



Li

• 3D inverse problem:

3D Magnetics
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• S-IRLS Solves:

3D Magnetics
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• S-IRLS Solves:

3D Magnetics
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• Directional gradients:

Ongoing research

(a) (b) (c)
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• Exploring the model space:

Ongoing research
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Case Study : TKC

• Tli Kwi Cho Kimberlite deposit:

– DIGHEM survey (1992)
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• Lp-norms model

Case Study : TKC
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• Smooth solution

• Mixed-norms model

Case Study: TKC
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• Horizontal Sections

Case Study: TKC
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• Robust and flexible lp-norm regularization

• Strategy for determining the effective zero ε-value

• Future work

– Strategy to explore the model space (machine learning) 

– Directional derivatives (automated ??)

Summary



Thank you!
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• Back to our 1D signal: 

– Changing ε , p = 0

Motivation: 1D Example
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• Back to our 1D signal: 

– Changing p, ε = 1e-5

Motivation: 1D Example


