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SUMMARY

In this paper, we propose a robust mixed-norm regularization
method for the inversion of geophysical data. Our regulariza-
tion function is an improvement over previous methods as it
can approximate any lp-norm on the range 0 ≤ p ≤ 2 applied
independently to the model and its gradients. The model space
can easily be divided into sub-regions with different norms to
recover both smooth and compact anomalies. The inversion
procedure is implemented by a modified Scaled Iteratively Re-
weighted Least Squares (S-IRLS) method, improving the con-
vergence of the algorithm. A rational is also provided for de-
termining an adequate stabilization parameter required by the
conventional IRLS method. Sparse norms are applied on a ro-
tated objective function in order to enforce lateral continuity
of oriented discrete anomalies. We first illustrate the flexibility
of our formulation on a simple 1-D synthetic example. The al-
gorithm is then implemented on an airborne magnetic data set
over the Tli Kwi Cho kimberlite complex.

INTRODUCTION

Geophysical data are increasingly important in mineral explo-
ration, as they can be inverted to image geological features at
depth. A solution to the inverse problem is commonly found
by minimizing a global objective function with measures of
data misfit φd and model structure φm of the form:

min
m

φd + βφm

s.t. φd = φ
∗
d

(1)

where φ∗d is the target data misfit. The trade-off parameter
β balances the relative importance between both components.
Commonly referred to as the model objective function, φm
serves as a vehicle to add additional information to the inver-
sion. The general lp-norm measure has received considerable
attention:

φm =

M∑
i=1

|xi|p , (2)

where p ∈ R≥0 defines some lp-norm measure of a model
function x(m). For p = 2, we recover the least squares penalty
adopted by Li and Oldenburg (1996), Pilkington (1997) and
many others. The linear l2-norm has long been favored over
other functions due to its closed form and guaranteed conver-
gence to a minimum. Solutions penalizing outliers are gener-
ally smooth however, lacking the spatial resolution for direct
interpretation. This is especially problematic in areas where
geology is known to have discrete boundaries or compact bod-
ies. Hence the need for an objective function that allows for a
sharper, blockier solution.

Designing an objective function that promotes sparse solutions
has dominated the literature over the past few decades. Much

effort has been invested in approximating the non-linear mea-
sures, for example the popular Ekblom norm (Ekblom, 1973):

φm =

M∑
i=1

(x2
i + ε

2)
p/2

(3)

where a small quantity ε is added to remove the singularity
for xi = 0. This formulation has been used extensively in var-
ious forms for 1 ≤ p ≤ 2 (Li, 1991; Gorodnitsky and Rao,
1997; Farquharson and Oldenburg, 1998; Daubechies et al.,
2010). Fewer have explored the non-convex cases for p < 1,
such as the compact inversion formulation by Last and Ku-
bik (1983), minimizing the number of non-zero model param-
eters. This approximate l0-norm has been borrowed by other
researchers in various branches of geophysics (Barbosa and
Silva, 1994; Chartrand, 2007; Ajo-Franklin et al., 2007; Stocco
et al., 2009). The function is commonly linearized by the It-
eratively Re-weighted Least Squares (IRLS) method (Lawson,
1961). Portniaguine and Zhdanov (2002) developed a simi-
lar strategy, called minimum support functional, where penal-
ties are directly applied to the forward model operator. Sun
and Li (2014) recently took this concept further in designing
a flexible lp-norm regularization algorithm, also based on the
IRLS method. They introduce an automated process to extract
structural information from the data and impose either an l1 or
l2-norm penalties on specific regions of the model.

Building upon the work of Sun and Li (2014), we further gen-
eralize the regularization function to allow for any lp-norm
penalty on the interval 0 ≤ p ≤ 2. We introduce a Scaled
IRLS (S-IRLS) method with dual lp-norm penalties applied
to the model and its gradients independently. Our formulation
greatly increases the flexibility of current methods. We tackle
convergence issues for non-convex norms (p< 1) by re-scaling
the components of the model objective function. We demon-
strate the capability of our S-IRLS algorithm on a 1-D syn-
thetic example and an airborne magnetic survey over the Tli
Kwi Cho kimberlite deposit, Northwest Territories.

REGULARIZED INVERSION

As a general introduction to the problem at hand, we formulate
a synthetic 1D example similar to the problem used by Li and
Oldenburg (1996). The model consists of a rectangular pulse
and a Gaussian function on the interval [0 1] and is discretized
with 200 uniform intervals. Data are generated from the equa-
tion:

d j =

∫ 1

0
e−α x · cos(2π jx) m dx, j = 0, ...,N , (4)

where x represents the distance from the origin. The model
and kernel functions for j ∈ [0,5] are shown in Figure 1. The
integral can be evaluated analytically giving rise to a linear
problem of the form:

F m = d, (5)
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Robust and flexible mixed-norm inversion

where the discretized forward operator F ∈ RN×M holds the
system of equations relating a set of model parameters m∈RM

to the observed data d ∈ RN .

Figure 1: (a) Synthetic 1D model made up of a rectangular
pulse and a Gaussian function. (b) Kernel functions consisting
of exponentially decaying cosine functions of the form f j(x) =
e−α x · cos(2π jx).

From a geophysical standpoint, we are interested in solving
the inverse problem to recover a geologically reasonable model
that can explain the observed data. In most cases, the inverse
of F cannot be computed directly as N�M, giving rise to an
undetermined system of equations. We begin our discussion by
expanding Eq. (1) with the optimization problem adopted by
Li and Oldenburg (1996), Pilkington (1997) and several others
such that:

φd = ‖Wd(Fm−d)‖2
2 (6)

φm = αs‖Ws (m−mre f )‖2
2 +αx‖Wx Gx m‖2

2 , (7)
where φd , measures the residual between observed and pre-
dicted data. A diagonal data-weighting matrix Wd holds the
estimated uncertainties associated with the observed data d.
The regularization functions φm penalizes model smallness and
roughness; the latter in terms of spatial gradients calculated
by a finite-difference operator Gx. Weighting matrices Ws
and Wx are cell-based weights added to the system to reflect
specific characteristics expended from the solution, including
distance-based weights to counteract the decay in sensitivity.
Constants αs and αx control the relative contribution between
the two model functions. The l2-norm measure is applied on
both the misfit and regularization functions yielding a least
squares problem. An optimal solution for m is found at the
point of vanishing gradients of the objective function, which
for a linear system of equation reduces to an inverse problem
of the form:[

FTWT
d WdF+β

(
αsWT

s Ws +αxWT
x GT

x GxWx

)]
m

= FTWT
d d+βWT

s Ws mre f .
(8)

The inversion process is often repeated for multiple trade-off
parameters β until a suitable model is found that can honor
the target misfit φ∗d . Figure 2(a) compares the true (dash) and
recovered model (bold) after reaching the target data misfit.
As expected from an l2-norm penalty, the solution is smooth
and diffused over the entire model space. While we managed
to recover two large anomalies centered at the right depth, the
lateral extent of both the rectangular and Gaussian functions
are poorly defined. Hence the need for a regularization func-
tion that can allow for sparse and blocky models.
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Figure 2: Comparative plot between the true (dash) and re-
covered 1D models using various regularization functions. (a)
The solutions using the end members of lp-norm for (bold) the
smooth l2-norm regularization, (solid) the sparse l0-norm on
the model and (dotted) the blocky l0-norm on model gradients.
(b) Recovered model using a mixed-norm regularization for
both a sparse and smooth regularization. All models shown
reproduce the data within 1% of the target misfit.

SCALED IRLS METHOD

The use of non-linear penalties promoting sparsity have dom-
inated the literature as an alternative to the smooth l2-norm
measure. As demonstrated by Sun and Li (2014), the Ekblom
norm presented in Eq. (3) can be formulated as an IRLS prob-
lem. In matrix form, the general regularization function (7)
becomes:

φ
(k)
m = αs‖Ws Rs (m−mre f )‖2

2 +αx‖Wx Rx Gx m‖2
2 , (9)

where we added the IRLS weights Rs and Rx defined as:

Rsii =
[
(m(k−1))i

2
+ ε

2
p

](p/2−1)/2

Rxii =
[(

∂m(k−1)

∂x

)
i

2

+ ε
2
q

](q/2−1)/2

.

(10)

We use the subscript p and q to differentiate between the lp-
norm applied on the model and its gradients respectively. The
superscript (k) denotes the IRLS step. In order to initiate the
iteration process, we first solve for a smooth solution using
Eq. (8) which provides a starting model m(0) and optimal trade-
off parameter β . Rather than choosing arbitrarily small values
as it is commonly done in the literature, we fix εp and εq based

on the distribution of m(0) and ∂m(0)

∂x for reasons that will be
discussed later.

Figure 2(a) presents solutions to the previous 1-D problem us-
ing an approximated l0-norm on the model (solid) resulting in
sparse solution made up of only four peaks. Similarly, we in-
verted the same data with an l0-norm on the model gradients
(dotted), resulting in blocky solution with four non-zero model
gradients. Other than experimenting with the l0-norm, this reg-
ularization function is so far identical to the one used by Sun
and Li (2014).

While the regularization function presented in Eq. (13) can ap-
proximate well the lp-norm, we found severe instability when
trying to combine different p and q value within the same reg-
ularization function. We demonstrate the difficulty in using
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Robust and flexible mixed-norm inversion

a mixed-norm regularization function on our 1D example as
shown in Figure 2(b). The left half penalizes both the model
and its gradients with an l0-norm, resulting in a sparse and
blocky solution. For the right half, we attempt to recover a
sparse but smooth solution. Clearly, the influence of the spar-
sity constraint completely dominated the minimization process
with no influence from the smooth constraint. This study aims
at improving the flexibility and robustness of the IRLS method
by the use of an iterative re-scaling strategy.

Since we are solving along the gradient of the objective func-
tion, we need to assure equal contribution from its parts. We
first introduced a scaled weighting matrix R̂ such that:

R̂sii =
√

ηp Rsii

R̂xii =
√

ηq Rxii

ηp = εp
(1−p/2) , ηq = εq

(1−q/2) ,

(11)

The effect of the scaling parameter η can be seen in Figure 3(a).
We note that the re-scaling procedure forces the gradients to
intersect with the smooth l2-norm exactly at

√
ε , which can be

interpreted as e f f ective zero value. The smooth solution used
to initiate the IRLS provides a distribution of model values
that can be used to determine the stabilizing parameters εp and
εq. Small values judged insignificant get penalized strongly,
yielding a simpler, more compact model. We found that this
targeted approach improves the rate of convergence and the
predictability of the algorithm.
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Figure 3: (a) Scaled gradients of the model norm as a function
of model value and for various approximated lp-norms after
scaling. (b) Recovered model using a mixed-norm regulariza-
tion for both a sparse and smooth regularization. This result is
an improvement over the non-scaled IRLS as both the sparsity
and smooth constraints are expressed.

In order to preserve the relative importance between misfit
and regularization functions, we also propose an iterative re-
scaling of the model objective function such that:

φ̂
(k)
m = γ

(k)
φ
(k)
m

γ
(k) =

φ
(k−1)
m

φ
(k)
m

(12)

where φ
(k−1)
m is the model objective function obtained at a

previous iteration, and γ(k) is a scalar computed at the begin-
ning of each IRLS iterations. Effectively we are searching for
model parameters that are close to the present solution. Since

we are changing the rule by which the size of the model is
measured, we attempt to account for it. Figure 3(b) presents
the mixed-norm solution after scaling of the IRLS. Note that
the recovered model over the Gaussian anomaly is both sparse,
in terms of lateral extent, while also being smooth.

Rotated penalty function
Having formulated a robust inversion algorithm in 1-D, we
want to generalize the S-IRLS regularization function to re-
cover oriented blocky anomalies in 3-D. Our goal is to incor-
porate strike and dip information by imposing sparsity con-
straints along specific directions. We write the regularization
function as:

φ̂
(k)
m = αs‖Ws R̂s (m−mre f )‖2

2 +
∑

i=x,y,y

αi‖Wi R̂i Ĝi m‖2
2 ,

(13)
where Ĝx, Ĝy and Ĝz are rotated =difference operators along
three orthogonal directions. This rotated objective function is
similar to the dipping objective function previously introduced
(Li and Oldenburg, 2000; Davis et al., 2012), but differs in the
construction of gradient operators. As pointed out by Lelièvre
(2009), the simple rotation of the three gradients along the
Cartesian axes results in an asymmetric objective function. We
instead use a linear combination of forward and backward dif-
ference operators that can reach all 26 neighbors of a cell as
illustrated in Figure 4.

gyx

y

Ĝx

gx

Ĝy

gy

gxy

Ĝz

x

z

Figure 4: Rotated gradients using a linear combination of 26
forward and backward difference operators.

We illustrate the benefits of using both the sparse norms and ro-
tated penalty function on a 3-D magnetic example (Fig. 5). The
model consists of a magnetically susceptible plate dipping 30◦

towards North-East subject to a vertical inducing field. Mag-
netic field data are calculated on a grid 40 m above the top of
the anomaly and corrupted with 1 nT Gaussian noise. We first
invert the data with a smooth l2-norm regularization function
rotated along the axis of the plane (Strike: −30◦, Dip: 30◦).
As expected from a minimum structure penalty, the dip and ex-
tent of the plate are poorly recovered as shown in Figure 6(a).
Using this model to initiate the IRLS, we then proceed with a
compact l0-norm applied on the model and its gradients. Both
the geometry and location of the recovered anomaly are greatly
improved (Fig. 6(b)).

CASE STUDY - TKC DEPOSIT
We showcase the capabilities of the mixed-norm S-IRLS al-
gorithm on a magnetic data set from the Tli Kwi Cho (TKC)
diamondiferous kimberlite complex. The property is located
in the Lac de Gras region, approximately 350 km northeast of
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Robust and flexible mixed-norm inversion

Figure 5: (a) Dipping magnetic plane model and (b) predicted
data.

Figure 6: Recovered susceptibility models using (a) a smooth
l2-norm and (b) a mixed-norm regularization rotated along the
axis of the plane.

Yellowknife, Northwest Territories, Canada. The TKC deposit
was originally discovered by an airborne DIGHEM survey in
1992, a system that collects both frequency-domain EM and
magnetic data. Two kimberlite pipes, named DO27 and DO18,
were later confirmed by drilling in 1993. The pipes are intrud-
ing into older granitic rocks of the Archean Slave Province,
known to have little to no magnetite content. A magnetic
susceptibility contrast between the kimberlite and the coun-
try rocks gives rise to noticeable anomalies as observed on the
total magnetic intensity (TMI) data (Fig 7 (a)). Strong linear
features associated with the Mackenzie dyke swarms can be
observed on the eastern part of the survey. They are known
to be near vertical and are typically between 20-50 m wide
(Wilkinson et al., 2001). This geological setting is therefore
ideal for implementing a mixed-norm algorithm.

(a)
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nT

-27.19 359.87

(b)

DO27
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x
500 1000 1500 2000 2500 3000

lp

0 1 2

Figure 7: (a) Airborne magnetic data over the TKC property
and (b) regions of variable mixed-norm regularization.

The region of interest is discretized into 25 m cubic cells. Prior
to the S-IRLS method, a smooth solution is found with the l2-
norm regularization as shown in Figure 8(a). The inversion
recovers two discrete bodies corresponding to the known loca-
tion of DO18 and DO27. Two linear anomalies striking north-
south correspond with the Mackenzie dyke swarms as well as
a third anomaly intersects at right-angle running 90◦N. As ex-
pected from the l2-norm regularization, the solution is smooth
and edges are not clearly defined. We note also that the high-
est recovered susceptibilities are strongly correlated with the
observation locations. Dykes appear to break up between each
survey line, which is clearly an inversion artifact due to the
model smallness constraint.

(a)

DO27

DO18

x
500 1000 1500 2000 2500 3000

y
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(b)

DO27

DO18

x
500 1000 1500 2000 2500 3000

5 (SI)

0   0.01 0.03

Figure 8: Comparative sections at 75 m depth through the in-
verted susceptibility model using the (a) smooth l2-norm reg-
ularization and (b) after convergence of the S-IRLS method.

We then use the mixed-norm regularization function to impose
soft geological constraints. Note that each model cell can have
its own p, qx, qy, and qz value, as well as rotation parameters.
In general terms, we would like to recover piece-wise continu-
ous anomalies along the strike of the dykes, while imposing a
sparsity constraint over the kimberlite pipes. We divide the re-
gion of interest into sub-regions with different combination of
sparse and blocky norms as illustrated in Figure 7(b). Sparsity
on the model gradients is imposed along the axis of the dykes
in order to favor continuous anomalies. Figure 8(b) presents
the recovered model obtained after convergence of the S-IRLS
algorithm. In comparison with the smooth inversion, the edges
of all three dykes are better defined and extend vertically at
depth. Both DO18 and DO27 are recovered as compact bodies
with higher susceptibility and well defined edges compared to
the smooth l2-norm inversion.

Summary
In this paper, we introduce a mixed-norm penalty function to
constrain the magnetic susceptibility inversion. The minimiza-
tion process is carried out with a Scaled-IRLS method, yield-
ing a robust and predictable inversion algorithm. We also im-
plement a rotated objective function made up of a 26-point for-
ward and backward difference operators for symmetry in 3-D.
The combined sparse norms and rotation of the objective func-
tion allows us to better recover elongated and narrow anoma-
lies over conventional smooth regularization. Our formulation
is general and has the potential to be applied to wide range of
inverse problems.
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