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SUMMARY

Given any data set, extract the first significant digit of every
number, and count how often whole numbers 1 to 9 appear as
the first significant digit in the data set. Benford’s law states
that the frequency distribution of first digits 1 to 9 obeys a
particular probability for many naturally occurring data, es-
pecially those spanning many orders of magnitude in a log-
uniform distribution. I find that airborne transient EM data
obey Benford’s law, whereas a random noise with a zero-mean
normal distribution does not. So the relative magnitude of such
noise can be characterized by the deviation of the first-digit fre-
quency from Benford’s law. A high noise level can result in a
large Benford deviation. This approach is first demonstrated
by a simple mathematical example using a synthetic data set
contaminated by Gaussian noises in different strengths. Then
I apply Benford’s law to three real airborne transient EM data
sets, including MegaTEM (2006), HeliGEOTEM (2008), and
HeliTEM (2012). The HeliTEM data set has shown to be in
great conformity to Benford’s law, and it is inferred to have
the lowest relative noise level of the three. Application of Ben-
ford’s law does not involve sophisticated statistics, data prepa-
ration and visualization, because it only counts the frequencies
of the first digits. Its simplicity makes it a practically useful
tool in the first-pass noise characterization of large airborne
EM data sets.

INTRODUCTION

Casual reading of popular science on the discovery and appli-
cation of Benford’s law (BL) inspired my idea of using it in
geophysical data analysis. BL is a simple and phenomenolog-
ical law that counts the occurrence of unsigned integers 1 to 9
as leading significant digits in a data sets, and states that the
frequencies of first digits obey a certain distribution for many
types of naturally occurring numbers. Further literature re-
view shows that BL has been validated with hydrological data
and other geophysical observations (Nigrini and Miller, 2007;
Sambridge et al., 2010).

Because BL is a rule for naturally occurring numbers, it was
initially used in the detection of human manipulation in re-
ported data for auditing purpose (Nigrini, 1999). Some re-
search have also shown that the validity of BL can directly
indicate properties of data or a model in natural science. Li
et al. (2015) reported that data from a chaotic system and from
a stochastic process can be distinguished using BL. Sambridge
et al. (2010) observed that the noise preceding an earthquake
in seismic data does not obey BL, but the goodness of fit to
BL dramatically increases when the seismic waves arrive. The
similar idea of detection and differentiation should be applica-
ble to exploration geophysical data. This abstract presents my
proof-of-concept study on the application of BL in airborne
EM.

One significant source of noise in an ATEM data set is the
oscillation or swing of the towed transmitter and/or receiver.
At the scale of the entire survey, such noise can be consid-
ered as a Gaussian noise in a normal distribution of zero mean
and a certain standard deviation. If the position and orienta-
tion of the bird is not tracked and modeled precisely enough,
such noise, along with other possible random noise, can con-
ceal useful signals in small magnitude due to weak conductiv-
ity or deep target. Therefore, knowing the relative strength of
noise in an ATEM data set is an important procedure in quality
control and assessment of the information content of data. As a
long-standing problem in practice, the detection and character-
ization of noise have been tackled by many different methods,
but they always involve calculation, sorting, or at least plotting
of data. The sophistication of those methods may become a
burden for large data sets. In contrast, BL offers unique in-
sights about the noise in a data set with significant advantages
in its simplicity.

In this abstract, I first briefly introduce the theory of BL, and
show how data in different distributions respond to Benford
analysis. Then I design a mathematical example to demon-
strate that the deviation from the ideal Benford frequencies can
be a direct indicator of the noise level. Finally this approach
is applied to real ATEM data sets acquired by three different
systems.

THEORY OF BENFORD’S LAW

Newcomb (1881) first discovered BL by noticing the logarithm
tables for numbers starting with 1 were much more often used.
After Benford (1938) extensively tested Newcomb’s theory on
20 different types of data, BL has been continuously proven
valid in a variety of subjects. Mathematically, BL predicts
that in a data set that obeys BL, the probability of an unsigned
single-digit integer d appearing as the first significant digit in
a number is

P(d) = log10(1+
1
d
). (1)

Equation 1 is often calculated as the ideal Benford frequencies
in Figure 1 for comparison and validation.

BL can be counter-intuitive at first glance, because it implies
that nearly one third of numbers in a data set would have a first
digit of 1. In fact, we can only expect uniform probability for
first digits 1 to 9 if the dynamic range of data is within about
one order of magnitude. In the data set whose numbers span
many order of magnitude, or have a log-uniform distribution,
the probability is proportional to the range of the correspond-
ing first digit on a logarithmically-scaled number line.

Validation of BL for a data set involves: (1) extracting un-
signed first significant digit from each number, (2) counting
how many times whole numbers 1 to 9 occur as first digit,
(3) normalizing the occurrence by the total number of data to
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ATEM noise and Benford’s law

Figure 1: Ideal Benford frequencies P(d) of first digit d =
1, · · · ,9.

obtain the Benford frequency of the data set, and (4) compar-
ing the evaluated Benford frequencies with the probability (the
ideal Benford frequencies) in Figure 1.

The operation from (1) to (3) can be considered as a hash func-
tion (referred to here as Benford function), which transforms
an arbitrarily sized data set to nine numbers. Evaluation of
Benford function is a trivial process, because it only accesses
the first digit of floating-point numbers (significand part) in a
computer’s memory, and inquiry to the exponent part is not re-
quired. The rest of evaluation is just accumulating. The entire
procedure is highly parallelizable, and there may be possibility
of implementing at hardware level.

The comparison in (4) can be visually carried out by plotting
the evaluated Benford frequencies against the ideal frequen-
cies. In order to quantify the degree of conformity to BL of a
data set, people have defined “distance” (Li et al., 2015) and
“goodness of fit” (Sambridge et al., 2010) to the ideal frequen-
cies. Here based on the normalized least-square measure, I
define Benford deviation of a data set as

δ =

√√√√
9∑

d=1

[F(d)−P(d)
P(d)

]2
, (2)

where P(d) is the ideal frequency of the first digit d calculated
using equation 1, and F(d) is the evaluated Benford frequency.

No data set obeys BL exactly in reality, but a data set can be
estimated a smaller Benford deviation δ if (1) the data set is
sufficiently large, so there are enough samples to statistically
approach the ideal probability; (2) The data set spans many
orders of magnitude or multiple scales; (3) The data set has a
uniform distribution in the logarithmic scale (log-uniform).

SCALE INVARIANCE

Benford function has an important property, called scale in-
variance, if applied to a BL-obeying data set. It implies that if
the entire data set is multiplied by an arbitrary scalar factor, its
Benford frequencies do not change. For a realistic data set with
limited span of scales, its Benford frequencies do not change
significantly. This property offers great convenience in field

data processing, because the unit of data is irrelevant, and the
correction to data involving any scalar factor is unnecessary.

Scale invariance is demonstrated using two synthetic data sets,
each of which contains 105 random numbers in a particular
probability distribution. The first one, emulating a BL-obeying
data set, has a log-uniform distribution over four decades from
10−2 to 102. The second one, emulating a Gaussian noise, has
a normal distribution of zero mean and a standard deviation of
1. The two data sets are also scaled by factors 1, 2, 3, 4, 5, 6,
7, 8, and 9. So in total, 18 data sets are tested against BL.

The first data set in log-uniform distribution and its scaled ver-
sions show good conformity to BL with deviations δ = 0.02 ∼
0.03 (Figure 2a). The second data set in normal distribution
and its scaled versions also exhibit preference to small digits
like BL, but they all have much greater deviations δ = 0.6 ∼
0.7 (Figure 2b). The varying Benford frequencies in Figure 2b
for different scaling factors confirm that a data set in a nor-
mal distribution is not scale invariant (Formann, 2010). Also
it is unlikely for a normal distribution to have a small Benford
deviation by accident.

(a)

(b)

Figure 2: Benford frequencies of first digits for (a) the first
group of data sets in log-uniform distribution and (b) the sec-
ond group of data sets in normal distribution.
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ATEM noise and Benford’s law

MATHEMATICAL EXAMPLE

As shown above, data sets in a log-uniform distribution and
in a normal distribution have drastically different responses to
Benford function. If a data set is a mix of those two distri-
butions, we may be able to characterize their relative strength
using Benford function and deviation. Here I design a mathe-
matical example to demonstrate detection of Gaussian noise in
a synthetic noisy data set.

I first generate a noise-free data set of 105 random numbers in a
log-uniform distribution over four decades from 10−2 to 102.
Then two zero-mean additive Gaussian noises are generated
with standard deviation 100 and 10−2 respectively, and added
to the noise-free data set to create two noisy data sets. All three
data sets are subject to the evaluation of Benford function and
deviation (Figure 3). Unsurprisingly the noise-free data set has
very good fit to the ideal Benford frequencies with a Benford
deviation δ = 0.0358. The two noisy data sets also roughly
follow the ideal frequencies with deviations much smaller than
that of pure Gaussian noise (see previous section). This indi-
cates that the two noisy data sets are not completely dominated
by the noise. We can further infer the relative noise level from
the Benford deviations. The high-noise data set (standard de-
viation of noise = 100) has δ = 0.3624; the low-noise data set
(standard deviation of noise = 10−2) has δ = 0.1828.

Figure 3: A mathematical example showing the relative noise
level can be inferred using Benford deviation (δ ).

This example shows that Benford deviation is sensitive to the
strength of Gaussian noise in a BL-obeying data set. My ex-
planation is that if the noise level (standard deviation of the
normal distribution) increases, more useful data in small mag-
nitude will be swamped by the noise, so their first digits will
reflect the Benford frequencies of noise. High noise level can
skew the Benford frequencies of a data set towards those of a
normal distribution, and increases its Benford deviation.

FIELD DATA EXAMPLES

In the mathematical example, I assume that the data is addi-
tion of two types of numbers: the first is the actual data in a
log-uniform distribution, and the second is the noise following
a normal distribution. For ATEM, this may not be a too unre-
alistic assumption, as it is common practice in inversion to use
a Gaussian noise model. Next I attempt to quantify noise level
in real data sets using Benford function and deviation.

Because Benford deviation is a relative quantification, the com-
parison must be made between data sets that share as many
common specifications as possible. For example, we can study
the applicability of one particular airborne system for different
geology, or evaluate the performance of different systems at
the same location. Unfortunately, I was not able to find those
kinds of data set. For the best consistency I can achieve, I
choose three data sets at different mineral exploration sites all
acquired by Fugro (now CGG). The ATEM systems are differ-
ent, but they are all built upon the same foundation of technol-
ogy from the same contractor.

1. MegaTEM (2006): a fixed-wing system, base frequency
90 Hz, transmitter moment 1.49×106 A·m2, number of
data 468877, at a uranium site in Saskatchewan.

2. HeliGEOTEM (2008): a helicopter system, base fre-
quency 30 Hz, transmitter moment 8×105 A·m2, num-
ber of data 824720, at a porphyry site in British Columbia.

3. HeliTEM (2012): a helicopter system, base frequency
30 Hz, transmitter moment 1.9×106 A·m2, number of
data 781303, at a volcanogenic massive sulphide site
in Manitoba.

Data are exported from the databases that were delivered by the
contractor after their internal processing. No further process-
ing, sorting, plotting and statistical analysis is carried out at
my end, except removal of some randomly selected data from
the HeliTEM data set, since HeliTEM has more time channels
than do the older systems. This removal just ensures that the
numbers of data in the three data sets are of the same order of
magnitude for a fairer comparison. For this test, only dBz/dt
data are considered.

Benford analysis shows, to the first order, all three data sets
have reasonable fit to the ideal Benford frequencies with small
Benford deviations (Figure 4). This implies that Gaussian noise
exists but is not dominant. While MegaTEM (δ = 0.1352) and
HeliGEOTEM (δ = 0.1727) have similar Benford deviations,
HeliTEM has a very small deviation (δ = 0.0344), which can
be interpreted as a much lower relative level of Gaussian noise.

Different survey specifications and sites make the comparison
less straightforward. Generally, a system with lower base fre-
quency can see data over more orders of magnitude, resulting
in better fit to the ideal Benford frequencies. A larger trans-
mitter moment and more conductive site may also help. It is
very likely that the overall improvement of the technology has
made HeliTEM a system better than other older ones. In the
future, it will be interesting to compare the Benford deviations
between multiple data sets in a more controlled experiment.
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ATEM noise and Benford’s law

Figure 4: Benford frequencies and deviations of three real
ATEM data sets.

CONCLUSION

Benford’s law examines the frequencies of whole numbers 1 to
9 appearing as the first significant digit in a data set, and claims
that many naturally occurring numbers should have first-digit
frequencies approaching a particular probability distribution
that disproportionally prefers small digits to large digits. Math-
ematically, BL requires a data set to scatter over multiple scales
and have a log-uniform distribution, a property common to
many types of geophysical data, e.g. airborne transient elec-
tromagnetic data. Because a Gaussian noise in a normal distri-
bution does not obey BL, I propose using Benford frequency
and deviation from the ideal Benford frequencies to quantify
the relative level of noise in an ATEM data set. Using a math-
ematically example, I have shown that Gaussian noises of dif-
ferent strengths can result in distinguishable difference in Ben-
ford deviation. The same Benford analysis is also applied to
three real ATEM data sets acquired by MegaTEM (2006), He-
liGEOTEM (2008), and HeliTEM (2012). Their Benford de-
viations indicate that they are all in good quality in terms of
noise level. The HeliTEM data set has an exceptionally small
Benford deviation compared to others, which I believe could
be the result of favorable survey specifications and newer tech-
nology.

The theory and implementation of Benford’s law and Ben-
ford analysis are extremely trivial. However, its significance
is found in its simplicity. Benford analysis only needs the in-
formation about the first significant digit, and the result of an
arbitrarily large data set can be represented by only nine num-
bers. Its property of scale invariance also eliminates the com-
plication associated with unit, correction, and normalization
that are often encountered in data analysis and visualization.
Those merits make it a promising tool in quick assessment of
data quality.
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