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Abstract

The presence of geometrical survey parameter errors can cause problems when attempting
to invert electromagnetic (EM) data. There are two types of data which are of particular
interest: airborne EM (AEM) and ground based horizontal loop EM (HLEM). When
dealing with AEM data there is a potential for errors in the measurement height. The
presence of measurement height errors can result in distortions in the conductivity models
recovered via inversion. When dealing with HLEM there is a potential for errors in the
coil separation. This can cause the inphase component of the data to be distorted.
Distortions such as these can make it impossible for an inversion algorithm to predict the
inphase data. Examples of these types of errors can be found in the Mt. Milligan and
Sullivan data sets. The Mt. Milligan data are contaminated with measurement height
errors and the Sullivan data are contaminated with coil separation errors.

In order to ameliorate the problems associated with geophysical survey parameter
errors a regularized inversion methodology is developed through which it is possible to
recover both a function and a parameter. This methodology is applied to the 1-D EM
inverse problem in order to recover both 1-D conductivity structure and a geometrical
survey parameter. The algorithm is tested on synthetic data and is then applied to the
field data sets.

Another problem which is commonly encountered when inverting geophysical data is
the problem of noise estimation. When solving an inverse problem it is necessary to fit
the data to the level of noise present in the data. The common practice is to assign noise
estimates to the data a priori. However, it is difficult to estimate noise by observation

alone and therefore, the assigned errors may be incorrect. Generalized cross validation is

11



a statistical method which can be used to estimate the noise level of a given data set. A
non-linear inversion methodology which utilizes GCV to estimate the noise level within
the data is developed. The methodology is applied to 1-D EM inverse problem. The
algorithm 1s tested on synthetic examples in order to recover 1-D conductivity and also
to recover 1-D conductivity as well as a geometrical survey parameter. The strengths

and limitations of the algorithm are discussed.

111



Table of Contents

Abstract ii
List of Tables vii
List of Figures viii
Acknowledgement xiii
1 Introduction 1
1.1 Motivation for the Thesis . . . . . . . . . . .. ... ... ... ... .. 2
1.2 Outhine of the Thesis . . . . . . . . . . ... . ... ... ... 10

2 Background Information 12
2.1 Defining the EM Data . . . . . .. .. .. .. ... .. 12
2.1.1 Generic Horizontal Coplanar Systems . . . . . . . ... ... ... 14

2.1.2 Specific Horizontal Coplanar Systems . . . . . . . ... ... ... 18

2.2 Details of the Inverse Problem . . . . . . . .. .. ... ... ... ... 24
2.2.1 The Forward Problem . . . ... ... ... ... .. ....... 24

2.2.2 The Inverse Problem . . . . . . .. ... ... .. ... ...... 29

3 Geometric Survey Parameter Errors 37
3.1 Measurement Height Errorsin AEM . . . ... ... ... ........ 40
3.1.1 How do measurement height errors occur? . . . .. ... ... .. 40

3.1.2 How do measurement height errors affect the data? . . . . . . .. 42

v



3.1.3 How do measurement height errors affect the inversion results? . .
3.2 Coil Separation Errors in HLEM data . . . . . . . . .. .. .. ... ...
3.2.1 How do coil separation errors occur? . . .. .. ... ... ....

3.2.2 How do coil separation errors affect the data? . . . . . ... ...

3.3 Parameter Errors in the Field Data Sets . . . . . . . . .. .. ... ...
3.3.1 Mt. Milligan . . . . . . . .. .. Lo
3.3.2 Sullivan Data . . . . . . . . .. .

Recovering 1-D Conductivity and a Geometric Survey Parameter
4.1 Changes due to the extra parameter . . . . . . . .. .. ...
411 The Model . . . . . . .. .
412 TheData . .. .. ... . .
4.1.3 The Sensitivities . . . . . . ..o
4.1.4 The Objective Function . . . . . . .. ... .. ... ... ....
4.2 Inversion Algorithms . . . . . . .. .. ... oL
4.2.1 Details of algorithm to recover 1-D conductivity with fixed p . . .
4.2.2 Defining the Parameter Norm . . . . . ... ... ... ... ...
4.2.3 Inversion algorithm to recover 1-D conductivity and p . . . . . . .
4.3 Synthetic Examples . . . . . . . ... oo
4.3.1 AEM Sounding . . . . . .. ..o
4.3.2 Trade off betweenoand h . . . . . . . ...
4.3.3 HLEM sounding . . . . .. .. ... ... ...
4.4 Field Examples . . . . . . . . . ...
441 Mt. Milligan . . . . . .. ... .
442 Sullivan . . ...

44
47
47
48
53
60
60
61



4.5 Summary . ... .. e 114

5 Application of GCV to 1-D EM Inversion 118
5.1 Estimating Noise using GCV . . . . . . .. .. ... ..o 119
5.1.1 GOV in Linear Inverse Problems . . . ... .. .. ... ..... 119

5.1.2 GOV in Non-linear Problems . . . .. ... ... ... ...... 120

5.2 GCV and the 1-D EM inverse problem . . . . . .. .. .. .. ... ... 122
52.1 GOV whenpisfixed . . . . . . . . ... .. oL 122

5.2.2 GCV when p is included in the model . . . . . . . ... ... ... 130

5.2.3 Application of GCV to small datasets . . . ... ... ... ... 133

5.3 Summary . . . ... 142

6 Summary 143
References 145

vi



3.1
3.2

3.3

3.4

4.1
4.2

5.1

5.2

5.3

List of Tables

Results from the inversion of AEM data with the incorrect h.s values. . . 44
Results from the inversion of small separation HLEM data with the incor-
rect svalue. . . ... Lo 54
Results from the inversion of small separation HLEM data with the incor-
rect s value and noise estimated to account for inphase modelling errors. 56
Results from the inversion of large separation HLEM data with the incor-

rect s value and noise estimated to account for inphase modelling errors. 58

Comparison of results from the AEM inversions with fixed h and variable h.105
Comparison of results from the overburden AEM inversions with fixed A

and variable h. . . . . .. 107

Comparison of parameter values from the AEM discrepancy principle and
GCV inversions with a fixed valueof h. . . . . . . . .. ... 125
Comparison of results from AEM example discrepancy principle and GCV
inversions with h included in the model. . . . . . . .. .. .. .. .. .. 132
Comparison of results from the four frequency AEM example discrepancy

principle and GCV inversions with a fixed valueof h. . . . . . . . . . .. 137

vil



1.1
1.2
1.3
1.4

1.5
1.6

2.1

2.2
2.3

2.4
2.5
2.6
2.7
2.8

3.1
3.2
3.3
3.4

List of Figures

The inphase and quadrature components of the Sullivan data. . . . . . .
Inversion results from the Sullivan data. . . . . .. ... ... ... ...
Observed and predicted data from the inversion of the Sullivan data.

Comparison of the inphase and quadrature data from two soundings along
Line 1 of the Sullivan data. . . . . . . . . ... ... .. ... .......
The inphase and quadrature components of the Mt. Milligan data. . . . .

Inversion results from the Mt. Milligan data. . . . . . . . . .. ... ...

The four common types of transmitter-receiver geometries used in loop-
loop EM surveys. . . . . . . . . . . e
Geometry of the generic horizontal coplanar EM system. . . . .. . . ..
Cartoon showing the behavior of a horizontal coplanar EM system in free
space and in the presence of a conductive body. . . . . . ... ... ...
Cartoon of a typical airborne EM system. . . . .. .. .. .. .. ....
The bucking coil system used in AEM. . . ... ... ... ........
Cartoon of a typical HLEM system. . . . . . . ... .. ... ... ....
Discretization of the problem domain for the forward problem. . . . . . .

Cartoon of a typical Tikhonov curve. . . . . . . . .. ... .. ... ...

Conductivity models and data from the synthetic examples. . . . . . . .
Values used to determine measurement height. . . . . . .. ... ... ..
The two situations that will result in measurement height errors. . . . . .

Synthetic data from AEM soundings with Ay = 24 m, 30 m, and 36 m.

viil

13

34

43



3.5

3.6

3.7

3.8

3.9

3.10

3.11

4.1
4.2

4.3

4.4

4.5

4.6

Results from the inversion of AEM data with the incorrect h values. . . .
The two situations that will result in coil separation errors. . . . . . . . .
Synthetic data from small separation HLEM soundings with s.;; = 10 m
and Sgpye = 9m, 10 m,and 11m. . . . . ... ... ... ... ......
Synthetic data from large separation HLEM soundings with s.,; = 50 m
and Sgpye =49 m, 50 m,and 51 m. . . .. ...
Results from the inversion of small separation HLEM data with the incor-
rect svalue. . . ... Lo
Results from the inversion of small separation HLEM data with the incor-
rect s value and the noise was estimated to account for inphase modelling
EITOTS. « . v v e e e e e e e e e e
Results from the inversion of large separation HLEM data with the incor-
rect s value and the noise was estimated to account for inphase modelling

L5250

Flowchart for the fixed 8 inversion algorithm with a fixed value of p. . . .
Recovered models and predicted data from AEM example fixed (3 inversion
with a fixed valueof A. . . . . . . . ..o
Convergence curves from AEM example fixed 3 inversion with a fixed value
of he e
Flowchart for the discrepancy principle inversion algorithm with a fixed
value of p. . . . . . L
Recovered models and predicted data from AEM example discrepancy
principle inversion with a fixed valueof A. . . . . . . . .. .. ... ...
Convergence curves from AEM example discrepancy principle inversion

with a fixed valueof A. . . . . . . . . ..

X

50

78



4.7

4.8

4.9

4.10

4.11

4.12

4.13

4.14

4.15
4.16

4.17

4.18

4.19

4.20

Results from eleven inversions of the AEM sounding data with fixed values
of h ranging from 45 mto15m. . . . . .. . ... Lo
Results from eleven inversions of the small separation HLEM sounding
data, s4pye = 11 m, with fixed values of s ranging from 12.5 m to 7.5 m. .
Results from eleven inversions of the large separation HLEM sounding
data, s4pye = 51 m, with fixed values of s ranging from 52.5 m to 47.5 m.
Values calculated during the line search for 8 during the first iteration of
the inversion of the AEM data with ay =occand 0. . . .. .. ... ...
Values calculated during the line search for 8 during the first iteration of
the inversion of the AEM data with a, = c0, 107%,and 1073. . . . . . . .
Results from the search for a best fit p,.; value for the AEM example. . .
Results from the search for a best fit p,.; value for the HLEM examples.
Contour plots of ¢4 for a range of 7,.; and p values for the AEM example
and both HLEM examples. . . . . . . . .. .. ... ... ... ......
Flowchart for the fixed 8 inversion algorithm with p included in the model.
Recovered models and predicted data from AEM example fixed (3 inversion
with h included in the model. . . . . . . . .. ...
Convergence curves from AEM example fixed g inversion with A included
in themodel. . . . . . . ...
Flowchart for the discrepancy principle inversion algorithm with p included
in themodel. . . . . . . ...
Recovered models and predicted data from AEM example discrepancy
principle inversion with h included in the model. . . . . . . . . .. .. ..
Convergence curves from AEM example discrepancy principle inversion

with A included in the model. . . . . . . . . . ... .. ... ...

84

85

88

90

92

93

95
98



4.21

4.22

4.23

4.24

4.25

4.26
4.27

4.28

4.29

5.1
5.2

5.3

5.4

5.5

Comparison of models recovered from the inversion of AEM data with
fixed h and variable h. . . . . ..o Lo o
Recovered models and predicted data from small separation HLEM ex-
ample discrepancy principle inversion with s included in the model.
Convergence curves from small separation HLEM example discrepancy
principle inversion with s included in the model. . . . . . . . . . . .. ..
Recovered models and predicted data from large separation HLEM ex-
ample discrepancy principle inversion with s included in the model.
Convergence curves from large separation HLEM example discrepancy
principle inversion with s included in the model. . . . . . . . . . . .. ..
Inversion results from Mt. Milligan Data with h included in the model.

Recovered 6h superimposed on the fixed h inversion results from Mt. Mil-

Observed and predicted data from the inversion of the Sullivan data with
s included in the model. . . . . . . . ..o

Inversion results from Sullivan Data with s included in the model. . . . .

Flowchart for the GCV inversion algorithm with a fixed value of p. . . . .
Comparison of recovered models and predicted data from AEM example
discrepancy principle and GCV inversions with a fixed value of h.

Convergence curves from AEM example discrepancy principle inversion
with a fixed valueof A. . . . . . . . ..o
Convergence curves from AEM example GCV inversion with a fixed value
of he e
GCV Curves and recovered models from iterations 1, 3, and 6 of the AEM

example GCV inversion with a fixed valueof . . . . . . . .. ... ...

x1

108

110

123

125



5.6
5.7

5.8

5.9

5.10

5.11

5.12

5.13

Flowchart for the GCV inversion algorithm with p included in the model.
Comparison of recovered models and predicted data from AEM example
discrepancy principle and GCV inversions with h included in the model. .
Convergence curves from AEM example discrepancy principle inversion
with h included in the model. . . . . . . . .. ...
Convergence curves from AEM example GCV inversion with h included
in themodel. . . . . . . ...
GCV Curves and recovered models from iterations 1, 3, and 6 of the AEM
example GCV inversion with h included in the model. . . . . . . . . . ..
Comparison of recovered models and predicted data from the four fre-
quency AEM example discrepancy principle and GCV inversions with a
fixed value of h. . . . . . . oL
Convergence curves from four frequency AEM example discrepancy prin-
ciple inversion with a fixed valueof . . . . . . . . . .. ... ...,
GCV Curves and recovered models from iterations 1, 2, and 3 of the AEM

example GCV inversion with a fixed valueof . . . . . . . .. ... ...

x11

131

132



Acknowledgement

First of all I would like to thank Doug Oldenburg for opening my eyes to the wonderful
world of inversion. The amount that I have learned by being a part of his research group
over the past three years is startling. I would also like to thank him for his support
throughout my degree. I would be hard pressed to find a more enthusiastic, positive, and
understanding person anywhere.

I would like to thank Tanya for her love and support.

Special thanks go to Len for making up the second half of the 400 1b. office. The
research might have gone faster without him, but it wouldn’t have been nearly as enjoy-
able.

Thanks also go to all of my friends in the Geophysics building for providing the
opportunity for many not-so-scientific experiences.

I must also thank Colin Paton who was omitted from thank yous in a previous work

of mine. Thanks for giving me an excuse to go to Edmonton twice a year.

xiii



Chapter 1

Introduction

Both airborne and ground based frequency domain electromagnetic (EM) geophysical
methods were initially developed as mineral exploration tools. The early EM systems
were rather crude and their applications were limited to locating highly conductive ore
bodies within resistive host rocks. Further research and development, coupled with the
use of digital technology, resulted in modern EM instruments with greater measurement
precision and a wider range of measurement frequencies. These advancements have made
it possible to apply EM methods to a wide variety of problems which include the esti-
mation of sea ice thickness (Kovacs et al., 1995), the detection of contaminant plumes
(Sauck et al., 1998), and the mapping of hydrogeologic structures (Wynn & Gettings,
1998).

The widespread use of geophysical EM methods has generated a need for new data
interpretation and processing tools. While traditional curve matching techniques are still
used, the importance of EM inversion is now being realized. The development of fast
inversion techniques and the affordability of high powered personal computers has helped
to make EM inversion a feasible processing option for most practicing geophysicists.

The ideal inversion scheme would have the ability to invert multiple lines of EM
data in order to recover a 3-D distribution of conductivity. However, fast and reliable
3-D forward modelling codes are still in the development stages. Therefore, most of the
available codes are restricted to inverting data from individual soundings to recoverl-D

conductivity structures. The recovered 1-D models are then plotted one next to the other
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to produce a pseudo 2- or 3-D conductivity structure.

The theoretical details of solving the 1-D EM inverse problem are well established
(Fullagar & Oldenburg, 1984 and Zhang & Oldenburg, 1999) and the algorithms have
been proven to be successful when applied to field data sets. However, it is always
important to be aware of the problems that can arise when attempting to invert field

data.

1.1 Motivation for the Thesis

The motivation for this thesis comes from problems encountered when attempting to
invert two field data sets. The first data set was from a Max-Min ground based EM
survey performed over a tailings pond at Cominco’s Sullivan Mine in Kimberley, British
Columbia. The goal of the survey was to investigate the shallow subsurface conductivity
structure around the pond in order to determine the effects of groundwater flow on the
tailings (Jones, 1996). The data were collected using the horizontal coplanar configura-
tion of the Max-Min system. Measurements of the inphase and quadrature component
of the secondary fields were taken at 4 frequencies ranging from 7040 Hz to 56320 Hz.
The coil separation was preset to be 5 m for each measurement. I will concentrate on
Line 1 which was 350 m long with stations every 5 m. The inphase and quadrature data
are shown in Figure 1.1.

Upon inspection the Sullivan data appear to defy interpretation. The measurements
oscillate from one station to the next and the inphase component is almost entirely
negative. The inphase component of the data generated from a horizontal coplanar
EM survey over top of a 1-D conductivity structure should asymptote to zero as the
measurement frequency decreases however, the Sullivan data do not exhibit this behavior.

Therefore, in order to invert the Sullivan data with existing algorithms it is necessary to
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Figure 1.1: The inphase and quadrature components of the Sullivan data. 7040 Hz

(circles), 14080 Hz (squares), 28160 Hz (diamonds), and 56320 Hz (stars).

assign error estimates to the inphase measurements that are large enough to counteract
the problems caused by the negative inphase values. This is equivalent to discarding the
negative inphase values.

When inverting the Sullivan data I assigned standard deviations of 20% and 1% of
the primary field to the inphase and quadrature components of the data respectively.
The target data misfit for each sounding was equal to 8. The results from inverting
each sounding in the Sullivan data are shown in Figure 1.2. The top panel of Figure 1.2
shows that i1t was possible to achieve the target misfit at most stations. The recovered
conductivity models plotted in the bottom panel of Figure 1.2 show a trend within the
subsurface from a resistive zone to a more conductive zone as the stations move from east
to west along the line. The survey information provided with the Sullivan data indicated
that the eastern end of Line 1 (0E to 40E) lies on top of a bedrock outcrop while the
remainder of the line extends over the tailings pond itself. Therefore, the recovered model
seems to be in agreement with the available a priori information. These results suggest

that the Sullivan data have been successfully inverted. However, by plotting the observed

data and the data predicted by the recovered model (Figure 1.3) it is clear that I have
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Figure 1.2: Inversion results from the Sullivan data. Top panel: the final data misfit
values from each inversion plotted by station location. Bottom panel: recovered 1-D
conductivity models from each inversion plotted by station location.

only predicted the quadrature component of the data.

While in some sense the inversion has been successful I am unsure as to whether I
should believe the results because such large errors have been assigned to the data. I am
also left to wonder whether the information contained in the inphase component could be
important. These problems prompted me to determine the cause of the negative inphase
values. A potential cause could have been the presence of magnetizable materials within
the tailings however, the negative inphase data is seen at all station locations along Line
1. The data from soundings at two stations are plotted for comparison in Figure 1.4.
The sounding in Figure 1.4(a) is from station 5E at the east end of Line 1 on a bedrock
outcrop on the edge of the tailings pond. It is fairly safe to assume that this rock will not
contain large amounts of magnetite. Figure 1.4(b) shows a sounding from station 150E
which is located in the center of the tailings pond. Both soundings show comparable
negative shifts of the inphase data. This suggests that these shifts are due to something

other than magnetic susceptibility.
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Figure 1.3: Observed and predicted data from the inversion of the Sullivan data. Ob-
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Figure 1.4: Comparison of the inphase and quadrature data from two soundings along
Line 1 of the Sullivan data. (a) Data from Station 5E and (b) Data from Station 150E.
Inphase (circles) and quadrature (crosses).

The Sullivan data was collected using a 5 m coil separation which is the smallest coil
separation at which it is possible to perform a Max-Min survey. When performing such
a survey it is not uncommon for the inphase component of the data to be affected by
coil positioning errors (Alumbaugh & Newman, 1997). This suggested the possibility of
coil separation errors as the cause of the shifts in the inphase data. Examination of the
reference cable used to collect the Sullivan data revealed that it was chained correctly
to be 5 m in length however, due to the design of the Max-Min system, when the cable
was pulled tight, the coils were in fact 5.5 m apart. If this were to happen during a
survey 1t would result in a coil separation error of 0.5 m. Such an error is negligible
when considering a survey using a 100 m coil separation however, at a separation of 5 m
it represents a 10% error. The negative inphase measurements in the Sullivan data are
therefore, likely the result of coil separation errors.

The second set of field data that prompted this research was from a Dighem airborne
EM survey performed over the Mt. Milligan deposit in north central British Columbia.

Mt. Milligan is a Cu-Au porphyry deposit and the goal of the survey was to delineate
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Figure 1.5: The inphase and quadrature components of the Mt. Milligan data. 900
Hz (circles), 7200 Hz (squares), and 56000 Hz (diamonds). Inphase (solid line) and
quadrature (dashed line).

the intrusive stock and the surrounding zone of mineralization (Oldenburg, et al., 1997).
The data were collected using three horizontal coplanar transmitter and receiver coil pairs
with measurement frequencies of 900 Hz, 7200 Hz, and 56000 Hz and coil separations of
8 m, 8 m, and 6.4 m respectively. I will concentrate on Line 12625E which is 1 km long
with measurements approximately every 10 m. The inphase and quadrature components
of the data are shown in Figure 1.5. In contrast to the Sullivan data the Mt. Milligan
data appear to be interpretable and free of any serious errors. The inphase component
of the Mt. Milligan data asymptotes to zero at low frequency and both components of
the data vary smoothly from station to station.

When inverting the Mt. Milligan data I assigned a standard deviation of 25 Dighem

units (5 PPM) to the 900 Hz measurements and a standard deviation of 50 Dighem units
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Figure 1.6: Inversion results from the Mt. Milligan data. Top panel: the final data misfit
values from each inversion plotted by station location. Bottom panel: the recovered 1-D
conductivity models from each inversion plotted by station location.

(10 PPM) to the 7200 Hz and 56000 Hz measurements. The target data misfit for each
sounding was equal to 6. I can see from the inversion results in the top panel of Figure 1.6
that it has been possible to achieve the desired misfit at most stations. However, the
recovered conductivity model shown in the bottom panel of Figure 1.6 shows some regions
of anomalously low conductivity near the surface. This has been described by Ellis &
Shehktman (1994) as an “air layer” effect and it is commonly seen in inversion results
when the incorrect measurement height has been used. The measurement heights used
in the inversions are the values that were measured by the Dighem system and it is
well known that these values can be incorrect in certain situations. In Fraser (1986) it
was suggested that both extreme terrain and tree cover can lead to measurement height
errors. | know that the region of the Mt. Milligan deposit has topographical variation
and 1t is covered by large trees in some areas. Therefore, i1t is likely that the presence of
measurement height errors in the Mt. Milligan data is the cause of the distortions in the

recovered conductivity models.
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From a mathematical viewpoint the Sullivan and Mt. Milligan data sets are simi-
lar in that each is difficult to interpret because a survey parameter (coil separation or
measurement height) was not accurately provided. Therefore, these two field data sets
invite the solution of the general problem of inverting EM data when geometrical survey
parameters are inaccurate. Thus an inversion methodology must be generated to find
both the electrical conductivity and the erroneous survey parameter. The major part of
the work contained in this thesis is concerned with solving this problem.

A second problem which will be investigated concerns the estimation of noise when
inverting geophysical data. Correctly estimating the amount of random noise associated
with a given data set can increase the amount of information that can be extracted via
inversion. Noise estimates for inverse problems are usually made by inspecting the data
and assigning the level to which the data should be fit. By examining the erratic nature
of the Sullivan data shown in Figure 1.1 it is clear there is a fair bit of noise present
however, the task of estimating the amount of noise is an extremely difficult one. While
information about the accuracy of Max-Min measurements is available, it can not provide
me with details about the amount of random error associated with a given measurement.
A more desirable method of estimating noise would make use of the information contained
in the data itself. Generalized cross validation (GCV) is such a method.

GCV is a statistical method which can be used to estimate the amount of random
noise associated with a given data set. It has been applied to widely used to estimate
noise in linear problems (Wahba, 1990) and has recently been applied to geophysical
inverse problems (Haber, 1997). The application of GCV to the 1-D EM inverse problem

would help to ameliorate some of the problems caused by estimating errors by inspection.
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1.2 Outline of the Thesis

The goal of this thesis is to develop an inversion methodology that will be able to recover
a 1-D conductivity distribution as well as a geometrical survey parameter from frequency
domain EM data.

In order to address this problem effectively some background information is needed.
The necessary information is provided in Chapter 2. This section includes a description
of frequency domain EM data and how it is generated using airborne and ground based
EM systems. It also includes a discussion of how the 1-D EM inverse problem is currently
solved. This review should provide the tools needed to effectively attack the problem.

Chapter 3 presents a discussion of the problems associated with parameter errors in
EM data. It describes the way in which parameter errors occur and how these errors
affect the EM data. A description of how these errors affect inversion results is also
provided. Each of these topics is covered in terms of both AEM and HLEM surveys.
The final section of this chapter attempts to confirm the presence of geometrical survey
parameter errors in the two field data sets.

Chapter 4 deals with the development of an inversion methodology which has the
ability to recover a function and a parameter. The changes that must be made to the
inversion methodology in order to include an extra parameter are addressed first. The
most important of these changes is made to the model objective function. The way in
which the model objective function is defined greatly affects the stability of the algorithm
therefore, it must be defined carefully. Once all of the changes are completed the new
algorithm is applied to both synthetic and field data sets.

Chapter 5 is concerned with the application of GCV to the 1-D EM inverse problem. A
brief description of how GCV is used to estimate random noise is presented. A discussion

of how it has been applied in both linear and non-linear inverse problems is also included.
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An inversion algorithm is developed that uses GCV to estimate noise. The algorithm is
developed for the 1-D EM inverse problem to recover a conductivity structure, as well as
to recover both conductivity and a geometric survey parameter. The algorithm is then
tested on synthetic data. A discussion of the applicability of GCV to small data sets is
also presented.

The final chapter will summarize the results of the entire thesis.



Chapter 2

Background Information

As was stated in Chapter 1 this thesis will address a number of problems that can arise
when attempting to invert problematic field data sets. In order to do this it is necessary
to have a good understanding of all aspects of the inversion process. The purpose of this
chapter is to provide the required background information. I will begin by defining the
EM data used here. This will be followed by a discussion of how the 1-D EM inverse
problem is currently solved. This will provide the tools needed to deal with the proposed

inverse problems.

2.1 Defining the EM Data

This discussion of frequency domain geophysical EM methods will be focused toward
small loop EM surveys. These surveys employ a small loop of wire as a transmitter. In
order for a transmitter loop to be considered small it must have a radius that is much
smaller than the distance that separates the transmitter and the receiver. The receiver is
typically a small coil that measures the time rate of change of the magnetic flux density.
Methods which employ this type of transmitter receiver pair are commonly called loop-
loop EM surveys. While it is possible to measure the magnetic flux density itself using a
flux-gate magnetometer as a receiver, both the airborne and ground based surveys I am
concerned with use coils as receivers and therefore, I will not discuss the details of using

magnetometers, but the alteration of my methodology to work with flux is simple.

12
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X | Rx | T

), 2

Figure 2.1: The four common types of transmitter-receiver geometries used in loop-loop
EM surveys. The figure is labeled as follows : Tx - the transmitter, Rx - the receiver,
HC - horizontal coplanar, VC - vertical coplanar, CA - coaxial, and PP - perpendicular.

There are many possible configurations of transmitter and receiver coils in loop-
loop surveys. The four most common geometries are horizontal coplanar (HC), vertical
coplanar (VC), coaxial (CA), and perpendicular (PP). Examples of these transmitter-
receiver pairs are shown in Figure 2.1. In the HC geometry the axes of both coils are
perpendicular to the surface of the earth and therefore, the coils lie in a common plane
parallel to the surface of the earth. The VC geometry can be thought of as the HC
geometry shown in Figure 2.1 rotated 90° out of the page. The VC coils lie in a common
plane perpendicular to the surface of the earth and the axes of the coils are parallel
to the surface. The coils in the CA geometry lie on a common axis which is parallel
to the surface of the earth. Finally, in the PP geometry, the axes of the two coils are
perpendicular to one another and both of these axes lie in a plane perpendicular to the
surface of the earth. Each of these coil geometries enables the EM system to sample the
earth in a different way and therefore they will each generate different data.

Since the field data sets I am investigating contain data collected using only the HC
geometry I will not discuss any of the other geometries within the thesis. However, it

is important to remember that the principles of loop-loop EM measurements remain the
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Figure 2.2: Geometry of the generic horizontal coplanar EM system. Tx and Rx denote
the transmitter and receiver coils respectively, s is the coil separation, and h is the
measurement height above the surface of the earth.

same for any geometry, and all of the methods that are developed within the thesis could

easily be applied to other transmitter-receiver geometries (Zhang, et al., submitted for

publication).

2.1.1 Generic Horizontal Coplanar Systems

A diagram of the generic horizontal coplanar EM system is shown in Figure 2.2. In this
configuration the transmitter coil is located a vertical distance h above the surface of the
earth and is oriented with its axis perpendicular to the surface of the earth. The receiver
and transmitter coil lie in the same horizontal plane and are separated by a horizontal
distance s.

While I want to understand what goes on in a measurement taken over a given
conductivity structure it is always good practice to start simple. Therefore, I will begin
by considering the case when the transmitter and receiver pair are in free space, shown
in Figure 2.3(a). A time varying current [ is set up in the transmitter loop. This current

has the form
I(w) = Ipe™, (2.1)

where Iy is the amplitude of the current, w is the angular frequency, and ¢ is time. This

current produces the primary magnetic field H®. It is known from Faraday’s Law that
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Tx

15

Rx

Figure 2.3: Cartoon showing the behavior of a horizontal coplanar EM system (a) in free

space and (b) in the presence of a conductive body. Hp is the primary field, Hg is the
secondary field, [ is the source current, and Is are the eddy currents.
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a loop in the presence of a time varying magnetic field will have an electromotive force
(emf) associated with it. The emf measured in the receiver coil is referred to as the

primary voltage Vg, and it has the form

0®
Vo= —— 2.2
T (2:2)
where ® is the magnetic flux through the coil which is defined as
& = Np / B.ds, (2.3)
s

where Npg is the number of turns in the receiver coil, S is the surface defined by the
receiver coil, and B is the magnetic flux density. By substituting Equation 2.3 into
Equation 2.2, and by making use of both the constitutive relation B = poH and the
time dependence of the magnetic field, I am left with

Vo= —iwpolNa [ HP- 5, (2.4

s

where g 1s the magnetic permeability of free space. Since the radius of the receiver coil
is assumed to be much smaller than the separation of the transmitter and receiver coil 1
can assume that HF is constant across the surface §. This simplifies the expression for

the primary voltage to
Vo = —iwuoNrRARHY (), (2.5)

where Ap is the area enclosed by the receiver coil and HY is the vertical component of
the primary field at the center of the receiver coil. The primary voltage is commonly
normalized by the amplitude of the current in the transmitter. This gives me the mutual

impedance of the two coils in free space

Vo

Zo = —.
=7

(2.6)



Chapter 2. Background Information 17

Zy 1s often referred to simply as the free space impedance.

The next step is to introduce the effect of a conductive body near by the transmitter-
receiver pair, shown in Figure 2.3(b). When HF interacts with a conductive body o the
primary field will induce eddy currents Ig in the conductor. These currents will in turn
produce a secondary magnetic field H®. The field sensed at the receiver coil H® will be
a combination of both H¥ and H®. Following the same steps I used to calculate V; I

see that the voltage V measured in the receiver coil will have the form
V = —twuoNgARg (Hzp(s) + H3(w, 0, h, s)) : (2.7)

In Equation 2.7 the primary field at the receiver coil only depends upon the coil separation
while the secondary field is a function of the frequency, the conductivity structure, the
measurement height, and the coil separation. The voltage V is normalized by I, to give

an expression for the mutual impedance Z of the two coils in the presence of a conductive

body

Z = (2.8)

v
Iy
The quantity which the EM system measures is V. However, a plot of V' as a function
of frequency is not very informative. In order to glean some information about subsurface
conductivity structure from EM measurements the data are presented as the mutual
impedance ratio Z/Z, or more commonly the relative change in the impedance

AZ  Z

—— _Z 1 2.9

where AZ = Z — Zy. By substituting Equations 2.5 and 2.7 into the definitions of Z,

and Z, 1 get

A L Hf(w,a,h,s)

7= T gr (2.10)
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This is the value that is recorded by the EM system. However, it is important to note that
H?S lags HF, due to the inductive interaction of HF and the conductor, and therefore
each datum is a complex quantity. A single datum from Equation 2.10 can be split
into a real and imaginary part. The real part is called the inphase component and the
imaginary part is called the quadrature component. The final form of the data from the

generic horizontal coplanar EM system is

Re (st(w, o, h, s))
HE(s)

Inphase = x &, (2.11)

and

Im (st(w, o, h, s))
HY(s)

x €. (2.12)

Quadrature =

where ¢ is a multiplicative factor. This factor is usually set equal to 100 or 10® such that
the data units are either percent or parts per million of the primary field. The units and
multiplicative factors have not been defined in the above equations so as to make them

as generic as possible.

2.1.2 Specific Horizontal Coplanar Systems

As mentioned previously, the voltage V is actually measured by the system. Therefore
in order to generate the data in the form shown in Equations 2.11 and 2.12 the primary
voltage Vp must be calculated. When using the horizontal coplanar geometry the primary
field value at the receiver is easy to calculate. It is equal to the vertical component of
the magnetic field from a dipole source.

?
4rs3

HE(s) = (2.13)

where m7 is the dipole moment of the transmitter coil which is defined as

mr = IATNT, (214)
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Figure 2.4: Cartoon of a typical airborne EM system. h is the measurement height and
s is the coil separation.

where A7 is the area enclosed by the transmitter coil, and Nt is the number of turns in
the transmitter coil. By substituting Equation 2.13 into Equation 2.5 T get

mr
3

Vo = wpoNrAR (2.15)

4rs

While the horizontal coplanar geometry is used widely in both airborne and ground
based surveys there are slight differences in the way the data are generated. The difference
lies in how the value for the primary voltage is attained. Therefore I will present a brief

discussion of the details of airborne and ground based EM surveys.

Airborne EM

There are many types of airborne EM (AEM) systems in use. I will concentrate on a
Dighem type of AEM system in which the coil pairs are housed in a “bird” which is towed
behind a helicopter. A cartoon of a typical AEM system is shown in Figure 2.4. The bird
contains a number of coils at fixed separations, each of which can make measurements at
a particular frequency. Since it is not possible for the measurement height h to be fixed at

a known value while the survey is flown, i1t is determined using a laser altimeter mounted
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Figure 2.5: The bucking coil system used in AEM. The coils are labeled as follows: Tx
is the transmitter, Rx is the receiver, and Bx is the bucking coil. The separations are
labeled as follows: s the separation between Tx and Rx and sp is the separation between
Tx and Bx. V is the voltage measured at the receiver coil and Vg is the voltage measured
in the bucking coil. The gain control « is adjusted such that aVp is equal to the primary
voltage at the receiver V5. The output of the system V — aVp is equal to the voltage
induced in the receiver coil by the secondary fields.

on the helicopter. The measurement height is calculated by subtracting the estimated
distance between the bird and the helicopter from the reading on the altimeter. The
calculated value of h is included in the data output from the system.

The fact that the coils are rigidly mounted within the bird ensures that the coil
separation is constant throughout the survey. This enables the use of a bucking coil to
remove the effect of the primary field at the receiver. A discussion of the types of bucking
coils commonly used in EM systems is presented in Norton, et al. (1999). My discussion
will concentrate on the type used in Dighem AEM systems as described in Fitterman
(1998).

The bucking coil, shown in Figure 2.5, is located between the transmitter and the

receiver. Since the goal is to remove the primary field from the field sensed at the

receiver coil, I want the voltage Vg in the bucking coil to be entirely due to the primary
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field. Therefore, the distance sp between the transmitter and the bucking coil is chosen
such that the amplitude of the primary field at the bucking coil is much larger than
the amplitude of the secondary field. In order to satisfy this condition the bucking coil
i1s placed in close proximity to the transmitter coil. The bucking coil voltage is then
adjusted using a gain control a (shown in Figure 2.5) such that V5 = aVp. This gain
calibration i1s done prior to the survey on the ground. It is assumed that the ground
over which the AEM system is calibrated is highly resistive and therefore, the effect of
the secondary fields on the system is negligible. Fitterman (1998) discusses problems
that can be encountered when the subsurface is in fact conductive. However, for this
investigation I will assume that the calibration procedure is successful. Therefore, the
value aVp will provide an accurate estimate of V.

Figure 2.5 shows that the bucking coil and receiver coil are wired together. This
allows the estimated primary voltage to be removed from the measured voltage to leave
the secondary voltage. The AEM system also normalizes the secondary voltage by aVp.

This is equivalent to substituting the gain adjusted bucking coil voltage into Equation 2.10

such that
Z vV — OéVB
——1l=— 2.16
Z() aVB ’ ( )
and since I am assuming that aVg = V5 I get
7 H(w,0,h,s)
=2 T 0 2.17
Zy HP(s) (2.17)

Due to the fact that the secondary field values are very small in AEM surveys, the data
are expressed in parts per million (PPM) of the primary field. Therefore, a single AEM

measurement will result in data of the following form

Re (st(w, o, h, s))

Inphase(PPM) = HP(5)
P(s

x 10 (2.18)
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Figure 2.6: Cartoon of a typical HLEM system. h is the measurement height and s is
the coil separation.

and

Im (st(w,a,h,s))
HE(s)

z

Quadrature(PPM) = x 106, (2.19)

Ground based EM

There are many types of ground based horizontal loop EM (HLEM) systems in use. I will
concentrate on a Max-Min type of system in which the transmitter and receiver coils are
independent and are carried by two people. This makes it possible to take measurements
at various preset coil separations as well as at a range of frequencies. A cartoon of a
typical HLEM system is shown in Figure 2.6.

While the transmitter and receiver are not rigidly connected they are linked via the
reference cable.The reference cable is used to pass information about the phase and amp-
litude of the primary field to the receiver, and to provide the operators with an estimate
of the coil separation. The HLEM system can be used for both parametric soundings
(when the frequency is varied at a fixed coil separation) and geometric soundings (when
the coil separation is varied at a fixed frequency). While analysis will focus on paramet-
ric sounding results all of the methods developed in the thesis are equally applicable to
geometric sounding data.

Since the coils are being carried by people the height of the transmitter coil may

not be equal to the height of receiver coil. It is also possible for the coils to be tilted
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incorrectly with respect to one another such that they are not coplanar. However, for
my investigation, I assume that the effects of such errors are negligible and hence it is
assumed that the measurement height is constant and the coils are oriented properly.
When taking a measurement, the transmitter and receiver coils must be positioned a
preset distance apart from one another. Their separation is commonly estimated using the
length of the reference cable or by using station location markers. The preset separation
value i1s used to calculate the voltage Vo that would be induced in the receiver by the

primary field alone. This gives me

Z V—-Ve

Z 1= 2.20

Ze 7 (2.20)
and since V¢ is calculated using Equation 2.5 I can assume Vy = Vi such that

A H3(w,0,h,s)

1= 2.21

Zo HP(s) ( )

Due to the fact that both the transmitter and receiver coils are positioned close to
the surface of the earth, the amplitude of HLEM data is much larger than AEM data.
Therefore, HLEM data are usually expressed in units of percent of the primary field. A
single HLEM measurement will result in data of the following form

Re (Hf(w, o, h, s))

Inphase(%) = HP(s)

% 100, (2.22)

and

Im (st(w, o, h, s))
HE(s)

Quadrature(%) = x 100. (2.23)

Comparison of AEM and HLEM

While both AEM and HLEM surveys can be carried out with horizontal coplanar coils
there is an important difference between them which should be reinforced. As was men-

tioned AEM surveys use coils which are rigidly mounted such that the coil separation s
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is fixed. The measurement height h in these surveys is determined by the AEM system.
It is important to note that this value of A may not be correct. HLEM surveys differ
in the fact that the transmitter and receiver coils are suspended at a constant height
h above the earth. Another difference is that the coils are independent and therefore,
they must be positioned at the expected separation s for each measurement. In prac-
tice, accurately positioning the coils at a fixed distance s can be difficult. Therefore,
both AEM and HLEM each have an important geometrical survey parameter that is
not accurately known at the time of data collection. While the presence of these errors

i1s important, most inversion algorithms do not recognize their existence and therefore,

AEM and HLEM data are treated identically.

2.2 Details of the Inverse Problem

In order to understand the problems that can occur when inverting EM data it is impor-
tant to understand the details of the inversion process. I will treat this in two sections:

the forward problem and the inverse problem.

2.2.1 The Forward Problem

Having discussed the details of how the data from the two EM systems are generated I
would like to be able to simulate the response of an EM experiment numerically. The data
I collect has the generic form shown in Equations 2.11 and 2.12. The set of measurements
from a given sounding which I wish to invert will be stored in a data vector d. The entries
of this vector will be the real and imaginary parts of the data values. The total number
of data N will be equal to twice the number of measurements and the two parts of the

data from the ¢** measurement d; will have the form

Re (Hf(wu g, hi7 31))
Re(d) = HE(s:)

3 (2.24)
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and

Im (Hf(wu g, hi7 31))
HE(s:)

Im(d;) = x €. (2.25)

where each of the subscripted parameters represent the parameter value associated with
the i** measurement and ¢ is some multiplicative factor. It has been shown in Equa-
tion 2.13 that the primary field value at the receiver can easily be calculated using the
separation of the transmitter and receiver. However, the task of calculating the resultant
secondary magnetic fields for a given coil separation, measurement height, frequency, and
conductivity distribution is a little more involved.

While I know that the subsurface conductivity structure is usually 3-D I choose in-
stead to model the response of a 1-D structure. The reason for this is that in many cases
the volume of the earth that is being sampled by the EM system can be adequately rep-
resented by a 1-D conductivity structure. The validity of this assumption depends upon
the size of the “footprint” of the system relative to the scale of the lateral inhomogene-
ity I am dealing with. AEM systems have quite a large “footprint”; however, they are
commonly used for mapping large scale features. The “footprint” of an HLEM system
depends upon the coil separation being used and the separation is chosen according to
the size of the feature that is being mapped. Surveys with small coil separations are
used to map small scale structures and larger separations are used to map larger struc-
tures. In many of these situations the 1-D assumption is acceptable and therefore, I will
use a forward modelling code that generates the secondary fields from an arbitrary 1-D
conductivity structure. The choice of a 1-D model instead of a 3-D model also provides
me with a faster forward modelling routine which is important since I am planning to
incorporate it into an inversion scheme in which multiple forward modellings will be ne-
cessary. The general solution of the 1-D frequency domain EM problem can be found in

Ward & Hohmann (1988) and I have based my solution on their work. I will present an
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Figure 2.7: Discretization of the problem domain for the forward problem. Tx and Rx
denote the transmitter and receiver coils respectively, s is the coil separation, h is the
measurement height, A; is the thickness of the ** layer, and o; is the conductivity of the
ith layer.
abbreviated description of the specific method used to calculate the secondary fields.
The details of the experiment are the same as in Section 2.1. The horizontal coplanar
coil geometry is shown in Figure 2.7 above a layered subsurface. The transmitter and
receiver coils are separated by a distance s and lie in a common horizontal plane at a
height h above the surface of the earth. The current I in the transmitter is defined in
Equation 2.1. In this coordinate system the z direction is downwards. The subsurface
i1s discretized into M layers. Each of these layers is assigned a thickness, h;, and a
conductivity, o;. These M layers overlie a half-space of conductivity opr1. 1 have
assumed that the magnetic permeability of each layer is equal to that of free space.
The region between the surface and the coils will be referred to as the 0 layer and
the thickness of this layer is equal to the measurement height such that hy = h. The
conductivity of the air is o9 = 0.

As with any EM problem I start with Maxwell’s equations. I will make use of the
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frequency domain quasi-static Maxwell’s equations in which the effects of displacement
currents are neglected. The assumption that the effects of displacement currents are
negligible is described in Weaver (1994) to be equivalent to the assumption that the
time taken by an EM wave to travel over the region of interest (i.e. the region of the
sounding) is much less than the scale time scale over which the EM fields are changing
(i.e. a time scale of ¢t = 27/w ). For the length scales and measurement frequencies
considered in my EM experiments the quasi-static assumption holds for any region within
the problem domain. Therefore, the equations that describe the fields in a region of

constant conductivity o are

V x E+ipuowH =0 (2.26)

V x H-cE = Js, (2.27)

where E is the electric field, H is the magnetic field, and Jg is an electric current
source. The symmetry of the loop source allows me to pose the problem in cylindrical
coordinates. Since the current source is in the g% direction, and all of the conductivity
boundaries are parallel to the # — z plane, all of the induced current is forced to flow
in the gz direction. The vertical and radial components of the electric field will thus be
equal to zero and therefore I see from Equation 2.26, that the tangential component of

the magnetic field is also equal to zero. This leaves me with the following set of equations

OFE
wpoH, = aj’ (2.28)
10
0H, OH,
5~ 5, =Bt T (2.30)

Each of the E and H field components is a function of r, z, and w even though it

has not been explicitly stated. By substituting H, from Equation 2.28, and H, from
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Equation 2.29 into Equation 2.30, I get the following partial differential equation for the

tangential electric field

0? ol 10 :
w (E¢,) — E [—;E (TE¢,):| + k2E¢, == lWﬂon, (231)

where k* = —iwpoo. Following Ryu et al. (1970) I can transform Equation 2.31 into the
Hankel domain to get an ordinary differential equation for the tangential component of

the electric field

o? 2| . =
[@ —u }E(f, = wwpods, (2.32)
where u? = A2 — k%, and E¢, and js are the Hankel transforms of E, and J,.

As mentioned previously, these equations only hold for regions of constant conductiv-
ity. Therefore, I must solve Equation 2.32 in each of the M + 2 regions that were defined
in Figure 2.7. Then by matching the interface conditions I will be able to propagate the
solution from the lower half-space up to the surface.

The expression for the secondary electric field at the receiver loop, in the Hankel
domain 1s

= —iwpy e~ 2uoho

E¢,()\, W, h) =

RrpJi(Ar)A\*d), (2.33)

T Ug

where J; is a 1st order Bessel function and Rrg is the transverse electric (TE) field mode

reflection coeflicient. The reflection coeflicient is defined as

Zt — 7,

Rrg=——+
TE Zl_I_ZOv

(2.34)

where the intrinsic impedance of the i** interface Z; is defined as

—tWwito

U;

Z; =
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and the input impedance of the i** layer Z? is defined by the recursion relation

Zi+1 + Z.w-
7=z (Lt e i=M,. . 1, (2.35)
gos g )
i (1 + ewizhi) |
where
ZMHY — 7. (2.36)

However, the value I want to calculate is H,(r,w, z). Using Equation 2.29, and applying

the inverse Hankel transform, I get

oo —2u0h0
Ho(r,w, o) = L / RepJo(Ar)A3dA. (2.37)
0

4 o
The expression for H,(r,w, ho) in Equation 2.37 is equal to the secondary magnetic field
HS. In order to convert these values into either percent or PPM of the primary field
format it is just a matter of normalizing the values to the primary field and multiplying
by the appropriate factor. Therefore, I now have a method of calculating the data for

use in the inversion algorithm.

2.2.2 The Inverse Problem

I have assumed that within the region of the survey the conductivity can be represented as
a one-dimensional function of depth oy,4c(2). The observed data d°® is a vector containing
N data which are the result of an EM experiment overtop of 64ye(2). The data include
some unknown amount of measurement noise. The goal of the inversion is to recover the
function orue(z) however, this problem is seriously underdetermined since I have only
N data constraints and a function has infinitely many degrees of freedom. Therefore,

the solution to the inverse problem has a non-unique solution. This means that if one
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o(z) can be found which reproduces the data there exist an infinite number of other o(2)
functions which can also fit the data. In order to deal with the problem non-uniqueness
it is necessary to provide information about the specific type of conductivity model I
want to recover. This is where it is possible to incorporate any a prior:information that
is available about the model.

The first pieces of information that I can include in the model are that conductivity
is always positive and that values for earth materials can vary over several orders of

magnitude. Therefore, I will define the continuous model M to be equal to
M = log(o(2)). (2.38)

This form of the conductivity is also a good choice because it treats relative conductivity
contrasts well.
Now that I have chosen a model, more information can be added by introducing a

model objective function ¢,, of the form

8u(M) = s [0,()M = Mooz + 0z [ws(2) [‘W gzM“f)} 4 (239)

where M, 1s some reference model. The first term of ¢,, is a measure of how close M
is to the reference model M,.;. This term is referred to as the smallest model norm. The
second term provides a measure of the derivative of M in the vertical direction. This
term is referred to as the flattest model norm. The parameters a, and a, determine the
relative importance of the smallest and flattest components of the model norm and the
functions wy(z) and w,(z) are spatial weighting functions which can be used to include
further information about the model. This formulation provides the ability to recover
the smallest model when a, = 1 and a, = 0, the flattest model a, = 0 and a, = 1, or any
combination of the two. Usually I want to find a model that is as featureless as possible

and hence a, and a, are selected such that the second term in ¢,, is dominant over the
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first. When no extra information is available it is common to set w,(z) = w,(z) = 1.
This is the general definition of ¢,, that I will adopt throughout the thesis.

While I would like to be able to recover the continuous function M, it is necessary to
discretize my model in order to both solve the inverse problem and calculate the forward
modelling. Thus the model is divided into M layers of constant conductivity (as shown

in Figure 2.7 ) such that m, the discrete representation of M, will have the form

m = [log(ay),. .., log(on)]*. (2.40)

It is important to note that M >> N and therefore, the problem remains underdeter-

mined. The discrete form of ¢,, in Equation 2.39 will be

Pm(m) = (m — mref)T [aSWfWS + aZWZTWZ] (m — myey), (2.41)

where W, is the smallest model weighting matrix and W, is the flattest model weighting

matrix. These terms can be combined such that
Bra() = (12 = 1y P WEW (1 — 110, (2.42)

where W, 1s the model weighting matrix which encompasses all of the details incor-
porated into my model objective function. The model objective function can also be

expressed as the following

Sm(m) = |[Win(m — maeg)||, (2.43)

where || - || is the Euclidean 2-norm.

The design of the model objective function is such that if I simply minimize ¢,,, and
W, 1s invertible, the model I recover will be equal to the reference model.

Now that I have defined the character of the model I want to recover I can use

the observed data to refine the model further. The observed data can be expressed
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mathematically as
d* = Flmpue] + e, (2.44)

where My, 1s the discrete representation of the true model, F' is the forward operator
which generates the data, and € is a vector of length N which contains the noise associated
with the data. I will assume that € is Gaussian random noise.

The fact that the observed data are contaminated with noise suggests that fitting the
data exactly is a bad idea. Therefore, I introduce a data misfit function ¢4. As its name
indicates ¢g is a measure of how well the data predicted from a given model m fits the

observed data. Since I have assumed that the errors are Gaussian, a sensible misfit term
would be
N 2
Fi m| — d?bs
ba= (%) , (2.45)
=1 *

where 7; is an estimate of the standard deviation of the noise on the it* datum. I can

rewrite ¢4 in matrix notation as follows
¢a = ||Wa(F[m] — d™)| %, (2.46)
where W, is the diagonal data weighting matrix which is equal to
1 1
Wy = diag (—, cee —) : (2.47)
M nn
Different misfit criteria may be required in some problems and they can be easily defined
by choosing a different Wy, a different norm, or by completely redefining ¢,. Using the
definition of ¢4 from Equation 2.46 I see that it is a random variable with a x? distribution

and therefore, it will have an expected value approximately equal to N. Thus the target

misfit ¢} should also be approximately equal to N.
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Now that I have dealt with the noise in the data and the problem of non-uniqueness

I can express the goal of the inversion as:
Find m which minimizes ¢,, such that ¢4 = ¢J. (2.48)

This can also be expressed in the form of an optimization problem where I want to

minimize a global objective function ¢ which is equal to
¢(m) = |[Wa(Flm] — d*)|]> + B||[Won(m — mre )|, (2.49)
where (3 is the regularization or trade-off parameter. The problem will then become:
Minimize ¢ = ¢4 + Bd,, such that ¢g = ¢, (2.50)

The methods used to solve this problem depend upon the details of the forward modelling.

When the forward modelling F'[m] is linear the data can be expressed in general as
F[m] = Gm, (2.51)

where G is an N x M matrix. Substituting Equation 2.51 into the global objective

function from Equation 2.49 results in the objective function for the linear inverse problem
$(m) = ||Wa(Gm — d*)||* + B|[Win(m — me)| . (2.52)

The minimization of the linear functional in Equation 2.52 for a particular (3 is solved by
calculating the gradient of ¢ and setting it equal to zero.

The gradient g is obtained by differentiating ¢ with respect to the model m
g(m) = 2GTWde(Gm — d°b3) + 25W£Wm(m — Myef). (2.53)
Setting g(m) = 0 leads to the matrix system of equations

[GTWIW,G + BWEIW,Jm = GTWI Wad®®* + BWEW,am,es, (2.54)



Chapter 2. Background Information 34

Pm

Figure 2.8: Cartoon of a typical Tikhonov curve. ¢, is the data misfit, ¢} is the target
misfit, ¢,, is the model objective function, and (3 is the trade off parameter.
which can be solved to provide m which minimizes Equation 2.52. By carrying out
the minimization at a number of 3 values it is possible to generate a plot of ¢4(53)
versus ¢m(B). This plot is called the Tikhonov curve. A cartoon of a typical Tikhonov
curve is shown in Figure 2.8. This curve illustrates how the choice of 8 dictates the
values of ¢4 and ¢,, and therefore, the character of the recovered model. When (3 gets
large, ¢(m) ~ B¢, and the minimization is strictly searching for the minimum structure
model. This can result in models that do not fit the data very well. Whereas, when
B approaches zero, ¢(m) ~ ¢4. In this case the minimization will attempt to find the
model that provides the best fit to the data however, this can result in models with large
amounts of structure. In between these two extremes the relative importance of ¢,, and
@q 1s determined by the value of 3. The Tikhonov curve quantifies the way in which the
choice of 3 regularizes the solution.

In linear inverse problems the process of finding 8 which provides the desired ¢, value
1s straight forward. By plotting the Tikhonov curve it is possible to determine whether

a B exists such that ¢4 = ¢3. If such a 8 does exist, as shown in Figure 2.8, it is a simple
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matter to find it. In the case that the forward modelling F'[m] is non-linear however, the
task of finding m which minimizes the objective function from Equation 2.49 for a given
(3 is more involved. It is necessary to linearize the problem and solve it iteratively. This
1s done using a standard Gauss-Newton methodology.

As in the linear case the minimization of the functional in Equation 2.49 for a partic-
ular [ 1s solved by calculating the gradient of ¢ and setting it equal to zero. The gradient

g of ¢ is equal to
g(m) = 2JT W] Wy(F[m] — d°) + 28WEWon(m — my.y), (2.55)

where J is the Jacobian matrix defined as

_ OF[m]
J=g = (2.56)

The gradient from Equation 2.55 is a non-linear equation in m and as a result, it is
necessary to linearize g about some current model mj. The linearized version of g is

expressed as
g(my + 8m) = g(my) + H(my)ém, (2.57)

where H(my) is the Hessian matrix, evaluated at my, which is defined as

Og(ma) _ 0 (ma)T

WIWy(F[my] —d°®) + ...

2J (mp )T WIWad(my) + 2BWEW,,. (2.58)

In order to avoid evaluating the derivative of the Jacobian, the Hessian is approximated

as

H(my) ~ 2J (my)" Wi Wad (my) + 28WE Wi (2.59)
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Setting g(my + dm) = 0 yields the matrix system of equations

[J(me)TWEIW,J (my) + BWEW,,[6m = ...

() Wi Wa(d™* — Flma]) — BWWon(m — meg), (2.60)

which can be solved to give ém such that the model for the next iteration will be equal
to miy1 = myg + dm. The process of linearization and iteration is continued until the
solution converges to the minimum of Equation 2.49. This process can be repeated for a

number of 3 values, as in the linear case, to find the 8 which satisfies ¢4 = ¢j.



Chapter 3

Geometric Survey Parameter Errors

In order to interpret EM data it is necessary to know the parameter values that define
the survey from which the data were collected. Without knowledge of these parameters
the data are merely a set of numbers whose relationship to one another is incomprehens-
ible. For this reason the pertinent survey parameter values are recorded with the data
output from the EM system. However, both AEM and HLEM surveys are susceptible to
geometric survey parameter errors that can cause problems in the interpretation and/or
inversion of the data.

In Section 1.1 I conjectured that some of the problems associated with the interpreta-
tion and inversion of the field data sets may be the result of geometric survey parameter
errors. The goal of this chapter is to show that these problems are indeed due to geomet-
ric survey parameter errors. I will discuss the details of how geometric survey parameter
errors occur and how they affect both EM data and the inversion results.

This will provide me with the ability to identify the presence of geometric survey
parameter errors in the field data sets and inversion results. However, before I begin
it is necessary to introduce the notation I will use throughout the thesis as well as the

synthetic models with which I will be concerned.

Notation

In order to introduce notation I will consider a generic survey parameter p. The value

of p that the EM system records in the data output is referred to as the expected or

37
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estimated value of p and it is represented with the variable p.,;. The true value of p is
represented with the variable p;.... The parameter error is represented with the variable

6p and is defined as

517 = Ptrue — Pest- (31)

This notation will be applied to all of the parameters discussed in the thesis.

Synthetic Examples

Throughout this chapter I will use synthetic data from three EM surveys. The first survey
simulates a typical AEM survey, the second simulates an HLEM survey performed at a
small coil separation, and the third simulates an HLEM survey performed at a larger coil
separation. A description of the details of each survey and the conductivity models are
provided along with an example of synthetic data from each survey. The data shown are
free of parameter errors and no noise has been added so that it is possible to become
familiar with the uncontaminated form of the data before I begin the investigation of
parameter errors.

The AEM survey consists of measurements of the inphase and quadrature compo-
nents of the secondary fields at 10 frequencies ranging from 110 Hz to 56320 Hz. Each
measurement is taken at a precise coil separation of 10 m and at some height above the
earth. I will refer to this type of measurement as the AEM sounding. The conductivity
model over which the AEM soundings will be simulated is shown in Figure 3.1(a). It
consists of a 20 m thick 0.1 S/m layer buried 30 m deep in a 0.01 S/m halfspace. The
data shown in Figure 3.1(b) are acquired at a height of 30 m. It is important to note
that to simulate an AEM sounding it is necessary to define the true measurement height
value.

Both of the HLEM surveys consist of measurements of the inphase and quadrature
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Figure 3.1: Conductivity models and data from the synthetic examples. Panels (a),(c),
and (e) show the conductivity models used for the AEM, small separation HLEM, and
large separation HLEM examples. Panels (b), (d), and (f) show synthetic data (inphase
- circles, quadrature - crosses) used for the AEM, small separation HLEM, and large

separation HLEM examples.



Chapter 3. Geometric Survey Parameter Errors 40

components of the secondary fields at 10 frequencies ranging from 110 Hz to 56320 Hz,
each with a measurement height of 1 m. The difference between the two synthetic HLEM
examples is the coil separation; the first survey is performed with a coil separation of
10 m and the second has a coil separation of 50 m. The conductivity model used for
the small separation HLEM soundings is shown in Figure 3.1(c). It consists of a 20 m
thick 0.1 S/m layer buried 10 m deep in a 0.01 S/m halfspace. Figure 3.1(d) shows the
data from a measurement with a coil separation of 10 m. Since the depth of penetration
increases with coil separation it is possible to look at deeper structures therefore, I chose
a different model for the large coil separation example. The conductivity model I use
for the large separation HLEM soundings is shown in Figure 3.1(e). It consists of a 30
m thick 0.1 S/m layer buried 20 m deep in a 0.01 S/m halfspace. The synthetic data
generated with a coil separation of 50 m is shown in Figure 3.1(f).

Now that I have introduced the notation and synthetic examples it is possible to begin

the discussion of parameter errors.

3.1 Measurement Height Errors in AEM

As mentioned in Section 2.1.2 the transmitter-receiver pairs in AEM surveys are rigidly
mounted within the bird and therefore, the coil separation is assumed to be fixed. Because
the bird is towed below the helicopter variations in height are unavoidable and therefore,

the geometric survey parameter of interest in AEM surveys is the measurement height.

3.1.1 How do measurement height errors occur?

The true measurement height Ay, is defined as the distance from the bird to the surface
of the earth. However, the measurement height which is recorded in the data file is a value

calculated by the AEM system. Since this value may not be equal to hyye 1 will refer
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Figure 3.2: Cartoon of an AEM system showing the values used to calculate measurement
height h. a is the altitude of the helicopter and b is the distance from the helicopter to
the bird.

to it as the estimated measurement height h.,;. Using Equation 3.1 the measurement

height error 6h can be expressed as
6}1, — htrue - hest- (32)

A cartoon of the AEM system and the values used to calculate h.,; are shown in
Figure 3.2. The altitude of the helicopter a is determined using a laser altimeter and the
distance from the helicopter to the bird b is assumed to be constant. The assumption
about the fixed value of b is based on the fact that the bird, and the cable that connects
it to the helicopter, are designed so that b is equal to a known value when the helicopter

1s traveling at a constant speed. Using the values of @ and b, h is calculated to be
h=a—b. (3.3)

By substituting the subscript est and subscript ¢rue versions of Equation 3.3 into Equa-

tion 3.2 I get the expression

§h = 6a — 8b, (3.4)
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Figure 3.3: The two situations which that result in measurement height errors. Case
1. 8h > 0, measurement height underestimated because of tree cover. Case 2. 6h < 0,
measurement height overestimated due to extreme terrain.
which defines the measurement height error in terms of errors in @ and b.

Errors possibly exist in a and b however, for my purposes the bottom line is the value
of $h. When 8h > 0 the bird is farther away from the surface than expected and when
dh < 0 the bird is closer to the surface than expected. Figure 3.3 illustrates two possible

cases in which measurement height errors can exist.

3.1.2 How do measurement height errors affect the data?

In order to assess the effect of measurement height errors I must first investigate how the
data are affected by measurement height. Letting hs.. denote the true height, the AEM

data from Equations 2.18 and 2.19 are

HS h rue)
Inphase(PPM) = Re( Z(“’I}?(st) 3)> x 108, (3.5)
and
s
Quadrature(PPM) = Im (Hz (WI}?(}?)WE’ 3)> x 10°. (3.6)

By generating synthetic data from AEM soundings with different h.,. values 1t will
be possible to investigate the interpretation problems caused by measurement height

errors. Figure 3.4 shows the inphase and quadrature components of AEM sounding data
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Figure 3.4: Synthetic data from AEM soundings with ke = 24 m, 30 m, and 36 m. (a)
The inphase component of the data (hiyye = 24 m - diamonds, hyye = 30 m - circles,
and Ayye = 36 m - squares) (b) The quadrature component of the data (hypye = 24 m -
diamonds, hipye = 30 m - crosses, and hyye = 36 m - squares).

with hgpye values of 24 m, 30 m, and 36 m. The inphase and quadrature component
of the hyye = 30 m data are represented by circles and crosses respectively in order to
show that they are identical to the data plotted in Figure 3.1(b). Both the inphase and
quadrature component of the A = 24 m data are represented by diamonds and the
hirue = 36 m data are represented by squares.

The curves in Figure 3.4 clearly illustrate the effect of measurement height on AEM
data. In general, the closer the bird is to the surface, the greater the signal, and vice
versa. However, this effect does exhibit some frequency dependence. At lower frequencies
the difference in the data is not large while at the highest frequency a +6 m change in
measurement height can lead to a change of greater than +30% of the data amplitude.

It follows that if Ay = 30 m, and if the AEM data were interpreted with an incorrect
measurement height (either 24 m or 36 m), the high frequency data would need to be
assigned an error of at least 30% of the data amplitude. Otherwise, any interpretation
would be the result of fitting “noise” caused by the presence of measurement height

€ITOTS.
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hest ¢’m ¢’d ¢’§
24 m | 0.136 | 20.0 | 20.0

30 m || 0.127 | 20.0 | 20.0
36 m || 0.353 | 25.1 | 20.0

Table 3.1: Results from the inversion of AEM data with A, values of 24 m, 30 m, and
36 m when hy. is equal to 30 m. ¢,, is the recovered model norm, ¢4 is the data misfit
achieved by the inversion and ¢} is the target misfit. These values correspond to results
plotted in Figure 3.5

3.1.3 How do measurement height errors affect the inversion results?

In order to obtain some insight about the effects of assuming an incorrect measurement
height I will invert a single data set, acquired at a true height of 30 m, three different
times. The results of an actual sounding were simulated by adding Gaussian random
noise with a standard deviation equal to 5% of the data amplitude + 10 PPM was added
to each synthetic datum. The noisy data were then inverted three times using h.,; values
equal to 24 m, 30 m and 36 m respectively. The reference model for each inversion was
a 0.01 S/m halfspace and the target misfit was equal to 20.

The conductivity models recovered from the three inversions are plotted in Fig-
ures 3.5(a), 3.5(c), and 3.5(e) and the observed and predicted data are plotted in Fig-
ures 3.5(b), 3.5(d), and 3.5(f). The final data misfit and model norm values from each
inversion are shown in Table 3.1. From the data misfit values, and the data plotted in
Figure 3.5, I can see that the inversion algorithm has been able to recover models that
fit the data to the desired x? misfit level of 20 for both h.,; = 24 and 30 m and has done
fairly well (¢4 ~ 25) for h.sy = 36 m. However, I can also see from both the model norm
values and the recovered models plotted in Figure 3.5 that the conductivity structure
recovered for each h.y is different. Since the inversion results from h.,; = 30 m (6h = 0)
are free of measurement height errors I will adopt them as the results against which I

compare the other inversions.
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Figure 3.5: Results from the inversion of AEM data with h values of 24 m, 30 m, and 36
m when Aye is equal to 30 m. Panels (a), (¢), and (e) show the true (dashed line) and
recovered (solid line) conductivity models and panels (b), (d), and (f) show the observed
data (inphase - circles, quadrature - crosses) and predicted data (inphase - solid line,
quadrature - dashed line) from the three inversions.
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The model recovered with an estimated measurement height of 24 m (§h > 0) plotted
in Figure 3.5(b) has a region of low conductivity at the surface which is not present in
Figure 3.5(d). This has been described as the “air layer” effect by Ellis & Shekhtman
(1994) and is a result of the estimated height being smaller than the true value. I also
notice that, as a result of the “air layer”, the conductivity structure recovered using h.,;
= 24 m is slightly pushed down in comparison to the structure recovered with h.,; = 30
m. This distortion is an attempt to decrease the amplitude of the predicted data. The
“air layer” is trying to provide the extra distance between the surface and the bird that
1s needed recreate the survey that generated the observed data. The distance by which
the recovered conductivity structure is pushed downwards is approximately equal to éh.

I can see from the recovered model plotted in Figure 3.5(f) that the opposite effect
1s observed when the data is inverted with an estimated measurement height of 36 m
(6h < 0). In this case there is a region of high conductivity at the surface which is not
present in Figure 3.5(d). It also appears that in the model recovered using h = 36 m
the conductivity structure below the high conductivity region is distorted and pulled up
towards the surface in comparison to the structure recovered using A = 30 m. In this
case the algorithm has a harder time correcting the problems caused by éh. Since it is
not possible to decrease the distance between the bird and the surface it is necessary to
find another way to increase the amplitude of the data. This is achieved by increasing
the conductivity of the model near the surface. The extra structure at the surface causes
the rest of the recovered conductivity structure to be pulled up towards the surface. The
presence of these features are due to the estimated measurement height being larger than
the true value.

It has been shown that the presence of measurement height errors in AEM data
can have a definite effect upon inversion results. From the above examples I see that

while it is still possible to achieve the target misfit the recovered models are distorted by
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the incorrect measurement height estimates. While this makes it difficult to assess the
presence of measurement height errors when the true conductivity model is not known

at least I have an idea of the ways in which the inversion results can be affected.

3.2 Colil Separation Errors in HLEM data

As mentioned in Section 2.1.2 the transmitter and receiver coils in HLEM surveys are
independent of each other. The coils are carried separately by two individuals and varia-
tions in measurement height are considered to be negligible and as such the measurement
height is assumed to be fixed. However, the separation of the coils is variable. Therefore,

the geometric survey parameter of interest in HLEM surveys is the coil separation.

3.2.1 How do coil separation errors occur?

Prior to collecting data the HLEM system must be set to operate at a particular coil
separation. This preset value is the expected coil separation s.,; and this is the coil
separation value recorded in the data file. The distance which actually separates the
transmitter and receiver is the true coil separation s;,.. Using Equation 3.1, I can

express the coil separation error és as
68 = Strye — Sest. (3.7)

When a survey is performed on level ground separation errors are likely due to in-
correct chaining of the station markers or reference cable. When a survey is performed
in extreme terrain separation errors can occur even when the reference cable is chained
correctly. These types of errors can occur when passing over topographic features such
as gullies, cliffs, and valleys. Figure 3.6 shows the two situations that will result in coil

separation errors.
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Casel. Case2.

Figure 3.6: The two situations that will result in coil separation errors. Case 1. §s > 0,
the coils are too far apart, and Case 2. §s < 0 the coils are too close together.

3.2.2 How do coil separation errors affect the data?

In order to assess the effect of coil separation errors I must determine the roles that both
Strue and S.q play in the HLEM data. The magnetic fields sensed at the receiver coil

depend upon $4y.. Therefore, the voltage V' that is induced in the receiver is equal to
V = —iwpom (HE ($true) + HE (Strue)) - (3.8)

However, the estimate of the primary voltage calculated by the HLEM system depends

upon S.y. Therefore, the voltage Vi is defined as
Vo = —iwpom,HE (s¢5t). (3.9)

By substituting V', from Equation 3.8, and V¢, from Equation 3.9, into the expression

for the HLEM measurement, from Equation 2.20, I am left with

Z 1= st(w, g, h7 Strue) —I' Hzp(strue) - HZP(Sest)

3.10
Za HP(s500) (3.10)

From this expression it is clear that when s.s # 44 the HLEM measurements can not
be represented by the data from Equations 2.22 and 2.23. Therefore, the HLEM data

must be rewritten in terms of s4.y. and s.,: as

Hf(w, o, h, Strye)
HE (5est)

Inphase(%) = Re( ) x 100 + SHE (Strue, Sest), (3.11)
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and

HS h rue
Quadrature(%) = Im ( = (;;PU(’S ’St )> x 100 (3.12)

where §H? is the primary field error and is defined as

HP Strue _HZP Ses
o - L)

% 100. (3.13)

These equations show that both s;,. and s.,; have a definite effect upon HLEM data.
This effect can be subdivided into the effects on the normalized secondary fields and the
effects on the primary field error. I can see from Equations 3.11 and 3.12 that the real
and imaginary parts of the normalized secondary fields behave in a fashion similar to the
inphase and quadrature components of AEM data in Equations 3.5 and 3.6. However,
this problem is compounded by the presence of § HY in the inphase component.

In order to get more insight into the behavior of §H? I substitute the definition of
the primary field from Equation 2.13 into Equation 3.13 and end up with

3
SHE (Strue, Sest) = (( 35“) - 1) % 100. (3.14)

Strue

This shows that the presence of the coil separation errors has a direct effect upon the
inphase component of HLEM data by way of the §HY term. From Equation 3.14 I see
that when s > 0 (Srue > Sest) the value of 5HZP will be negative and therefore the inphase
data will be shifted in the negative direction. Similarly when 8s < 0 (Sgue < Sest) the
value of § HY will be positive and the inphase data will be shifted in the positive direction.

All of the effects on the data can be illustrated using the two HLEM examples. I will
begin by considering a survey in which three synthetic small separation HLEM soundings
are taken over the conductivity model shown in Figure 3.1(c). The s.q value for all of
the small separation soundings is set to 10 m and the s;.,. value for each sounding is

11 m, 10 m, and 9 m respectively. These values correspond to coil separation errors of
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Figure 3.7: Synthetic data from small separation HLEM soundings with s.,; = 10 m and
Strue = 9 m, 10 m, and 11 m. (a) Inphase component of the data (siye = 9 m - diamonds,
Strue = 10 m - circles, S4ye = 11 m - squares), (b) quadrature component of the data
(Strue = 9 m - diamonds, S¢rye = 10 m - crosses, S4ye = 11 m - squares), (c) real part of
normalized secondary field (as in panel (a)), and (d) primary field error (as in panel (a)).
+1 m, 0 m, and -1 m. The synthetic data from each of the soundings, with no noise
added, are plotted in Figure 3.7. The inphase and quadrature components of the s;.,e =
10 m data are represented by circles and crosses respectively in order to show that they
are identical to the data plotted in Figure 3.1(d). This data will be referred to as the
expected data. Both the inphase and quadrature component of the si. = 11 m data

are represented by squares and the s, = 9 m data are represented by diamonds.

The plots in Figures 3.7(a) and (b) show the inphase and quadrature components of
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the data respectively. The shift due to § H” seen in the inphase component, is much
larger than the variation of the response with frequency. The two portions of the inphase
response, as per Equation 3.11, are plotted separately in Figures 3.7(c) and (d).

Figures 3.7(c) and (b) illustrate that the closer the coils are to one another the larger
the amplitude normalized secondary fields. These errors are similar to those seen in the
AEM case. However, the effect of the primary field errors (Figure 3.7(d)) has a direct
effect upon the data. These shifts are independent of frequency and therefore, affect the
entire inphase component of each sounding. This type of error can render the inphase
component of HLEM data (Figure 3.7(a)) uninterpretable.

From Equation 3.14 it can be seen that the magnitude of the shift depends upon the
relative size of the coil separation error. Therefore, the shift caused by és = 1 m in a
survey with s.,; = 10 m 1s equivalent to the shift caused by s = 5 m in a survey with
Sest = 50 m. However, it is unlikely to encounter coil separation errors larger than a
few metres, even when considering surveys with large coil separation values. Therefore,
surveys performed with small coil separations are more likely to be detrimentally affected
by coil separation errors. This difference can be illustrated with the synthetic data from
the large separation HLEM example.

Consider a survey in which three large separation HLEM soundings are taken over
the conductivity model shown in Figure 3.1(e). For each of the soundings s.s is equal to
50 m and the value of s, at each sounding is 51 m, 50 m, and 49 m respectively. These
separation values correspond to relative errors of +2%, 0%, and -2%. The synthetic
data from each of the soundings, with no noise added, are plotted in Figure 3.8. The
inphase and quadrature components of the s;.,. = 50 m data are represented by circles
and crosses respectively in order to show that they are identical to the data plotted in
Figure 3.1(f). This data will be referred to as the expected data. Both the inphase and

quadrature components of the s;,. = 51 m data are represented by squares and the s,
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Figure 3.8: Synthetic data from large separation HLEM soundings with s.,; = 50 m
and Sgye = 49 m, 50 m, and 51 m. (a) Inphase component of the data (siye = 49 m -
diamonds, Siye = 50 m - circles, Sy = 51 m - squares), (b) quadrature component of
the data (s4ye = 49 m - diamonds, Sirye = 50 m - crosses, Siye = 51 m - squares), (¢)
real part of the normalized secondary field (as in panel (a)), and (d) primary field error
(as in panel (a)).
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= 49 m data are represented by diamonds.

The inphase and quadrature components of the data are plotted in Figures 3.8(a) and
(b). The plots in Figures 3.8(c) and (d) are the real part of the normalized secondary field
and the primary field errors respectively. By comparing the primary field error plotted
in Figure 3.8(d) to the error plotted in Figure 3.7(d) I see that the shift due to a 2%
coil separation error is a factor of five smaller than the shift due to a 10% coil separation
error. Although the shift errors in the large separation HLEM example are comparatively
small they still dominate the inphase component of the data at low frequency.

Using these two HLEM examples I have shown that the presence of coil separation
errors will have a direct effect upon HLEM data. These errors manifests themselves in
a shift of the inphase data. While it is more likely that the inphase component of the
data from surveys performed at small coil separations will be rendered uninterpretable by
coil separation errors, these problems can also occur in large separation HLEM. I have
shown that coil separation errors can also cause discrepancies between the measured
and expected secondary field values. This result is similar to the AEM case in that it
creates problems with the interpretation, and, while it is present in both the inphase
and quadrature components of the data, the inphase portion is usually overshadowed by
primary field errors. This means that even if someone were to attempt to deal with the
shift in the inphase by only interpreting the quadrature part of an HLEM data set the

results may still be incorrect.

3.2.3 How do coil separation errors affect the inversion results?

The previous results show that substantial differences exist between the expected data
and those obtained when the coil separation is incorrect. Since many inversion algo-
rithms can not account for these differences the inversion of data contaminated with coil

separation errors may be difficult. In order to explore these difficulties I will attempt to
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Strue ¢’m ¢’d ¢’2
11 m || 3.46 <1072 | 2.20 x10* | 20.0

10 m 0.116 20.0 20.0
9m 0.377 3.58 x10* | 20.0

Table 3.2: Results from the inversion of small separation HLEM data with an s value
of 10 m when s;,,, 1s equal to 11 m, 10 m, and 9 m. ¢,, is the recovered model norm,
¢4 1s the data misfit achieved by the inversion and ¢} is the target misfit. These values
correspond to results plotted in Figure 3.9

invert the data from the two HLEM examples.

I will start by considering the data from the three small separation HLEM soundings.
In order to simulate the data from an actual sounding Gaussian noise with a constant
standard deviation of 0.5% of the estimated primary field at the receiver was added to
each synthetic datum. Noise with a standard deviation which is a percentage of the data
amplitude was not added in this case due to the fact that the soundings contaminated
with separation errors would have been assigned unrealistically large amounts of noise.
The noisy data are the result of soundings with s, values of 11 m, 10 m, and 9 m, and
Sest = 10 m. Therefore, they were each inverted using a coil separation of s = 10 m.
The reference model for each inversion was 0.01 S/m. Each datum was assigned an error
estimate of 0.5% of the primary field and the target misfit was set equal to 20.

The final data misfit and model norm values from the three inversion are shown in
Table 3.2 and the recovered conductivity models are plotted in Figures 3.9(a), 3.9(c),
and 3.9(e) and the observed and predicted data are plotted in Figures 3.9(b), 3.9(d),
and 3.9(f).

From the data misfit values in Table 3.2 it can be seen that it was not possible to
achieve the target misfit when s;., 1s equal to either 9 m or 11 m. In both cases the
recovered data misfit was much larger than the target of 20. Figures 3.9(b) and 3.9(f)

indicate that the algorithm was not able to fit the inphase data. This suggests that the
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inversion of small separation HLEM data with an s value

of 10 m when Sy is equal to 11 m, 10 m, and 9 m. Panels (a), (¢), and (e) show the
true (dashed line) and recovered (solid line) conductivity models and panels (b), (d), and
(f) show the observed data (inphase - circles, quadrature - crosses) and predicted data
(inphase - solid line, quadrature - dashed line) from the three inversions.
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Strue ¢’m ¢’d ¢’2
11 m || 0.086 | 20.0 | 20.0

10 m || 0.116 | 20.0 | 20.0
9m || 0.061 | 20.0 | 20.0

Table 3.3: Results from the inversion of small separation HLEM data with an s values
of 10 m when Sty i1s equal to 11 m, 10 m, and 9 m and noise estimated to account for
inphase modelling errors. ¢,, is the recovered model norm, ¢4 is the data misfit achieved
by the inversion and ¢} is the target misfit. These values correspond to results plotted
in Figure 3.10

differences between the expected data and the erroneous data, which are in fact modelling
errors, must be dealt with. One way to handle them in the inversion is to assign to each
datum a standard deviation that is about the same size as the modelling error. For the
small HLEM sounding this means assigning errors of 25%, 0.5%, and 38% of the primary
field to the inphase components of the s44. = 11 m, 10 m, and 9 m data respectively.
An error of 0.5% of the primary field was assigned to all of the quadrature data. Each of
the inversions was carried out again with a reference model of 0.01 S/m and the target
misfit set equal to 20.

The final data misfit and model norm values from the three inversion are shown in
Table 3.3 and the recovered conductivity models are plotted in Figures 3.10(a), 3.10(c),
and 3.10(e) and the observed and predicted data are plotted in Figures 3.10(b), 3.10(d),
and 3.10(f).

I see from the data misfit values in Table 3.3 that the algorithm has been able to
achieve the target misfit of 20 for each sounding. However,the data plotted in Fig-
ures 3.10(b) and 3.10(f) show that it is not possible to adequately reproduce the inphase
observations for the s = 11 m and 9 m soundings. Only when és = 0 is it possible to
predict both the inphase and quadrature data(shown in Figure 3.10(d)). The recovered
models are quite similar. This is good since it shows that the inversion result is not

extremely sensitive to bias errors in the inphase data. Nevertheless, the fact that I have
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Figure 3.10: Results from the inversion of small separation HLEM data with an s value of
10 m when 84 18 equal to 11 m, 10 m, and 9 m and the noise was estimated to account
for inphase modelling errors. Panels (a), (¢), and (e) show the true (dashed line) and
recovered (solid line) conductivity models and panels (b), (d), and (f) show the observed
data (inphase - circles, quadrature - crosses) and predicted data (inphase - solid line,
quadrature - dashed line) from the three inversions.
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Strue ¢’m ¢’d ¢’2
51 m | 0.203 | 20.0 | 20.0

50 m || 0.171 | 20.0 | 20.0
49 m || 0.152 | 39.7 | 20.0

Table 3.4: Results from the inversion of large separation HLEM data with an s values
of 50 m when 84, is equal to 51 m, 50 m, and 49 m and noise estimated to account for
inphase modelling errors. ¢,, is the recovered model norm, ¢4 is the data misfit achieved
by the inversion and ¢} is the target misfit. These values correspond to results plotted
in Figure 3.11

not predicted the observations more closely is unsettling. It leaves me to wonder if there
are artifacts in the recovered models and if there is possibly more information about the
earth conductivity that could be extracted if the modelling errors were accounted for.

Similar problems can be found in the large separation HLEM example. In this case the
shifts caused by the primary field errors are much smaller however, in order to achieve the
target misfit it is still necessary to account for modelling errors in the inphase component.
In order to simulate actual HLEM measurements Gaussian noise with a constant standard
deviation of 0.5% of the primary field was added to the data from each of the large
separation HLEM soundings. Then the noisy data from the three soundings were each
inverted using a coil separation of s = 50 m even though the true coil separations for
each of the soundings were actually 51 m, 50 m, and 49 m. The reference model for each
inversion was 0.01 S/m. The error estimates assigned to the inphase data were 8% of the
primary field for both s4u. = 51 m and 49 m and the target misfit was set to 20.

The final data misfit and model norm values from the three inversion are shown in
Table 3.4 and the recovered conductivity models are plotted in Figures 3.11(a),(c), and(e)
and the observed and predicted data are plotted in Figures 3.11(b), (d), and (f).

In all three inversion results the quadrature component of the data appears to have
been predicted quite well and while the shape of the inphase response has been predicted

well, only the s, data looks to have been reproduced completely. I notice from Table 3.4
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Figure 3.11: Results from the inversion of large separation HLEM data with an s value of
50 m when s4,, 1s equal to 51 m, 50 m, and 49 m and the noise was estimated to account
for inphase modelling errors. Panels (a), (¢), and (e) show the true (dashed line) and
recovered (solid line) conductivity models and panels (b), (d), and (f) show the observed
data (inphase - circles, quadrature - crosses) and predicted data (inphase - solid line,
quadrature - dashed line) from the three inversions.
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that the target misfit was achieved for s = 51 m and 50 m, and the value recovered for
Strue = 49 m was close (¢g &~ 40). All of the recovered models shown in Figures 3.11(a),
(b), and (c) are good representations of the true model.

I have shown that it is possible to achieve the target misfit by assigning large errors
to the inphase data. However, when this is done the modelling errors in the inphase data
are not being adequately dealt with. This suggests that there may be a better way to

deal with coil separation errors.

3.3 Parameter Errors in the Field Data Sets

Now that I have discussed the details of measurement height and coil separation errors I
should be able to confirm the role, if any, that geometric survey parameter errors play in
the field data sets. For both the Mt. Milligan and Sullivan field data sets I will address
the possible sources of geometrical survey parameter errors, how the errors affect the

data, and how they affect the inversion results.

3.3.1 Mt. Milligan

Mt. Milligan is an area with topographical variation and with variable tree cover, both
of which can introduce measurement height errors. The conductivity model recovered by
inverting the data (Figure 1.6) shows regions of very low conductivity near the surface.
These were identified as “air layers” which can arise when h.,; is smaller than hspye. It
would appear, that at least in some areas, measurement height errors caused by tree

cover could be a problem.
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3.3.2 Sullivan Data

The possibility of coil separation errors due to topography at Sullivan was discarded
due to the fact that the tailings pond is relatively flat. However, it was discovered that
the design of the Max-Min system used to collect the data presented the possibility of
a maximum coil separation error of +0.5 m. Since the expected coil separation in the
Sullivan survey was equal to 5 m, this represented a possible +10% coil separation error.
In Section 3.2 the small separation HLEM example was used to model synthetic data
with a +10% relative coil separation error. This error resulted in a shift in the inphase
component of the data by approximately -25% of the primary field while there was no
evidence of distortion in the quadrature component. When I re-examine the Sullivan
data shown in Figure 1.1 I see that the 7040Hz measurements of the inphase component
have values between -20% and -30% of the primary field. The model that was recovered
by including large error estimates on the inphase component is shown in Figure 1.2. From
this plot it is seen that the target misfit of 8 has been achieved in most cases, and the
subsurface conductivity agrees with the available a prioriinformation. However, the fact
that it is not possible to predict the inphase component of the data (Figure 1.3) leaves
something to be desired. It appears that coil separation errors are causing problems with

the inversion of the Sullivan data.



Chapter 4

Recovering 1-D Conductivity and a Geometric Survey Parameter

The previous chapter contained a discussion of the problems that erroneous survey para-
meters can cause when inverting both AEM and HLEM data. In this chapter a solution
to these problems is proposed in the form of an inversion methodology which can recover
both a 1-D conductivity distribution and a geometric survey parameter p. The idea of
inverting geophysical data to recover a property distribution as well as information about
the experiment has been done previously by Pavlis & Booker (1980) and deGroot-Hedlin
(1991). The approach I choose is to include the survey parameter in the model vector
and solve the inverse problem using a methodology similar to that used in the absence
of the extra parameter. There is no reason that p could not be a vector of parameter
values. The formulation and numerical solution that I will present is designed in such
a way that this could be accommodated. However, in my case a single parameter is all
that is needed to correct the field data sets and hence I will treat p as a single parameter
from now on.

I will begin with a discussion of the changes that are necessary when dealing with
an extra parameter. These include changes to the model, the data, and the sensitivity
calculations. This will be followed by the development of a modified objective function.
and a discussion of some of the problems and possible solutions encountered when at-
tempting to solve the inverse problem. I will show synthetic results from the AEM and

HLEM examples and apply the new inversion methodology to the two field data sets.

62
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4.1 Changes due to the extra parameter

In this section I will discuss how the model, the forward modelling and the sensitivity
calculations are affected by the inclusion of an extra parameter. When referring specif-
ically to details that relate to either AEM or HLEM data I will use a superscript A or a
superscript H respectively (e.g. d# will represent the forward modeled AEM data). How-
ever, outside of the discussion in this section, the methodology will not specify between
the inversion of AEM and HLEM data. Each inversion will be carried out in terms of

generic models, data, and sensitivities.

4.1.1 The Model
To deal with survey parameter errors I have included an erroneous parameter p in the
model vector I am attempting to recover. The generic model m now has the form

m = [log(a1),. .., log(on), p]", (4.1)

where M is equal to the number of layers in the conductivity model. The vector m
has a length of M + 1. The parameter is either measurement height or coil separation

depending upon whether the data are AEM or HLEM. As a result the two specific models

which must be defined in order to deal with parameter errors are

m* = [log(1),...,log(on), h]T, (4.2)

which is used when inverting AEM data, and

m? = [log(ay),...,log(on), s]". (4.3)

which i1s used when inverting HLEM data.
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4.1.2 The Data
As in Section 2.2.2 the data values are stored in the vector d which has the form
d= [Re(dl)v Im(dl)v R Re(dN)7 Im(dN)]Tv (44)

where N is equal to the number of data. Both AEM and HLEM data, as usually defined,
are normalized by an estimate of the primary field value at the receiver and multiplied by
a constant. For my purpose it is simpler to work with the denormalized data. Therefore,

I define the generic form of the i** measurement in a given data set to be

Re(d;) = Re(Fi[m)), (4.5)
and

Im(d;) = Im(Fi[m]), (4.6)

where the details of the forward modelling F; depend upon the survey being considered.
In the AEM case I denormalize the data from Equations 3.5 and 3.6 and substitute

h for h4ye to get the following expression for the data from the i** AEM measurement
Re(d?) = Re(H?(w;, 8350, h)), (4.7)
and
In(d#) = Im(HS(wi, 50, b)) (43)

Since the estimated measurement height h.,; has no direct effect upon AEM data, the
inclusion of hy.,. does not change the forward modelling calculations.
Similarly, by denormalizing Equations 3.11 and 3.12 substituting s for sy, the data

from the 7t HLEM measurement will have the form

Re(d¥) = Re(HS (wi, hi; 7,8)) + HP (s) — HP (s.u), (4.9)
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and
Im(d?) = Im(HS (w;, hs; 0, 5)). (4.10)

From Equation 4.9 it is clear that the presence of a shift in the inphase data is due to a

coil separation error.

4.1.3 The Sensitivities

In order to solve the inverse problem it is necessary to be able to calculate the sensitivities
of the data to changes in the model parameters. These quantities are expressed in
the form of the Jacobian, or sensitivity, matrix J. The 35" entry in J represents the

sensitivity of the i** datum to a change in the j** model parameter as defined by

ad;

Jij = . 4.11
- (4.11)
As a result the generic sensitivity matrix will have the form

J = [Js, I, (4.12)

where J, 1s the N x M conductivity sensitivity matrix and J, is the N x 1 parameter
sensitivity matrix.

From the expressions for both d# and d¥ it is clear that the subsurface conductivity
structure only affects the secondary field terms in AEM and HLEM data. Therefore,
regardless of type of data being inverted it is necessary to calculate the sensitivities of the
secondary fields to changes in conductivity. The sensitivities for the type of frequency
domain EM surveys I am dealing with have been determined in Zhang & Oldenburg
(1994) using the adjoint Green’s function method. The sensitivity of the i** complex

datum to a change in the conductivity of the j** layer can be expressed as

. _ 00 Zit1
0di _ _—2m / ( / E;dz> To(As)A3dA, (4.13)
Jo;  twpemr Jo 2
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where z; is the depth to the top of the j** layer, E’¢, is the tangential component of the
electric field in the Hankel transform domain, and Jy is a zeroth order Bessel function.
However, the model parameter I am concerned with is log(o;) therefore, the sensitivity

value I want is defined by
1 0d;

O'j 60’j

= (4.14)

These values will fill J, which makes up the first M columns of the sensitivity matrix.
The final column of the matrix will contain the sensitivities of the data to the survey
parameter p. The details of these sensitivities depend upon the survey being considered.

In the AEM case I must determine the sensitivity of the data to a change in measure-
ment height h. Since the AEM data in Equations 4.7 and 4.8 are simply the secondary

magnetic field we can use Equation 2.37 to express d4 in complex form as

oo —2u0h
ar =T / © RrpXJo(As;)dA. (4.15)
0

v E Ug
By differentiating Equation 4.15 with respect to A I can calculate the sensitivity of the

it" datum to a change in measurement height. The complex sensitivity is equal to

odA —m e
oh 27rT/0 ™" RrpA*Jo(As;)dA. (4.16)

These values will fill J, when inverting AEM data.

When dealing with HLEM data I want to calculate the sensitivity to changes in the
coil separation s. I can expand the HLEM data in Equations 4.9 and 4.10 in complex

form as

0 ,—2ugh; _ _
JH — @/ ¢ A2 Jo(As)dA mryo T (41
* AT J, RrpA”Jo(As) + 4rs3 (4.17)

Ug 4 s,

The sensitivity of the i** datum due to a change in the true coil separation can be

calculated by differentiating Equation 4.17 with respect to s as follows

(9dfq myp [ e 2wohi 3 0 mr 0 (1
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Expanding the partial derivative in the integrand I get

0Jo(As) 0 0
S = s (al3) 52 (09),
= Jo(As)A,
= %[J_l()\s) — Ji(Xs)]. (4.19)

Using the identity
J_n(As) = (=1)" Ja(As), (4.20)

I am left with

0Jo(As)
= —-AJ1(A 4.21
s 1(As), ( )
which can be substituted back into the integrand to give the complex sensitivity value
AdE —mp [ e 2wk 3mr
L= A J1(As)dA : 4.22
0s dr  Jo Up Rrpd” (%) + 47 s* (4.22)

These values will fill J, when inverting HLEM data.

4.1.4 The Objective Function

Since I have modified the model it is necessary to modify the objective function accord-
ingly. I want the solution of the modified problem to remain as close to the parameter
error free version as possible. Therefore, I choose a global objective function ¢ similar to

the one defined in Section 2.2.2. The objective function has the form

¢ = da + Bbm, (4.23)

where ¢4 1s the data misfit, ¢,, is the model objective function, and g is the regularization
parameter. I will choose ¢4 to be the same as the misfit term defined in Equation 2.46.

However, since the model has changed I have to redefine ¢,, as

¢’m = ¢’o + O‘p¢’p7 (4.24)
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where ¢, is the conductivity model norm, ¢, is the parameter norm, and «,, is weighting
parameter which defines the relative importance of ¢, within the model norm. The con-
ductivity norm determines the character of the conductivity structure I want to recover,

and is defined as

¢o = [|[Wo(log(a) — log(ares))II*, (4.25)

where W, is the conductivity weighting matrix and o,.s is the reference conductivity
model. W, is chosen to be identical to the model weighting matrix defined in Equa-
tion 2.43.

The parameter norm determines the closeness of the recovered parameter to some

reference value p,.¢, and is defined as

bp = (P — Dres)” (4.26)
Using the model m from Equation 4.1 it is possible to express ¢,, as

bm = [[Won(m — mres) ||, (4.27)

where W,, is equal to

W = . (4.28)

Having defined the new objective function it is now possible to solve the inverse

problem.

4.2 Inversion Algorithms

Now that I have made all of the changes needed to deal with the extra parameter it is

possible to design my inversion algorithm. This thesis, so far, has avoided discussing the
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details of my inversion algorithm. Therefore, I begin this section with a description of the
algorithm used to invert EM data when p is fixed. The modifications to the algorithm
that are necessary in order to accommodate the extra parameter will depend upon my
definition of ¢,. Hence, I will examine the best possible choice of ¢, and how this choice
affects the performance of the current inversion algorithm. The insight gained through
these investigations is used to design the algorithm which can invert EM data to recover

both conductivity and a geometric survey parameter.

4.2.1 Details of algorithm to recover 1-D conductivity with fixed p

In order to provide as much detail as possible I will present a description of the two
inversion algorithms that can be used to recover a 1-D conductivity structure with a
fixed value of p. The first algorithm is a detailed description of the method provided
in Section 2.2.2 to solve the non-linear inverse problem for a particular 8 value. It was
stated that this process could be repeated for a number of 3 values in order to find
the one which satisfies ¢4 = ¢j;. In practice however, this is computationally expensive.
Therefore, I will describe a second algorithm in which a (3 is varied at each iteration, such
that the eventual solution will satisfy ¢4 = ¢;. These two algorithms will be referred to

respectively as the fixed 8 and discrepancy principle algorithms.

Details of fixed 3 Algorithm

This section will present the details of the algorithm I use to invert EM data with a fixed
value of 3. As mentioned in Section 2.2.2 the inverse problem can be solved by finding
the model m that minimizes ¢. This is done using a damped Gauss-Newton (DGN)
approach. The theory of this approach can be found in Dennis and Schnabel (1996) and
some background on its application to non-linear inverse problems can be found in Haber

(1997). In my algorithm the DGN approach proceeds as follows: at each iteration the
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Gauss-Newton step dm is checked to see whether or not it has actually decreased ¢. This

done by calculating the objective function corresponding to the updated model
$(mis1) = ¢ + Bon, (4.29)

and the objective function corresponding to the model from the previous iteration

$(mr) = &5 + Bk, (4.30)

If ¢(mps1) < ¢(my) then §m is accepted since it decreases the global objective function.
However, when ¢(myy1) > ¢(my) the step ém should not be taken. Therefore, the step

is corrected by damping it as follows
dm = wém, (4.31)

where w is a constant between 0 and 1. In my algorithm w = 0.5. After ém is damped,
the model mg; is updated and ¢(my41) is recalculated and compared to ¢(my). This
process is repeated until a ém, that decreases the objective function, is found. When an
acceptable my; is found the algorithm must decide whether to continue on to the next
iteration or to accept the model my,; as the solution to the minimization problem. The
stopping criteria used in the algorithm are (1) the relative gradient of ¢, i.e. is myq at a
minimum, and (2) the relative change between my1 and my, i.e. is the model stationary.
The relative gradient of ¢ is considered small when

19D (mpga) mi, |
axr
A(mpy1)

: i:l,...,M)<el, (4.32)

where g(mg41) is the gradient of ¢ and ¢; is a tolerance level. The model is considered

to be stationary when

[[may1 — mal]

maz(||[meqal|, [Jmal])

< €2,
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where €5 is a tolerance level. The algorithm is said to have converged when either of
these conditions are satisfied. In my algorithm both of the tolerance levels are set equal
to 1073, With all of these pieces explained in detail it is now possible to map out the
entire algorithm.

Each of the steps taken during the inversion is summarized in the flow chart shown
in Figure 4.1 and each entry in the following list corresponds to a step in the flow chart.
While some of the steps may seem trivial for the fixed 8 algorithm, they are included

such that the numbering scheme will be consistent for subsequent algorithms.

1. Input pertinent information for the inverse problem. This includes: (1) parameters
that concern the data such as forward modelling details (measurement frequencies,
measurement heights, coil separations, etc.) and the observed data, (2) parameters
which concern the model such as discretization details (number of layers, depth to
layer interfaces), myqrt, and m,.z, and (3) parameters needed to define the objective
functions such as a, and a,, and error estimates for the data. The value of 8 must

also be provided.
2. The initial values of d, ¢4, ¢, and J are calculated using mzqp:-

3. ITteration counter k is set equal to zero and the variables calculated in Step 2. are
labeled to belong to the k** iteration as my, d*, #%, ¢F  and J(my).
4. Begin k + 1" iteration.

5. The value of 8 supplied in Step 1. is selected as the regularization parameter.

6. The Gauss-Newton step ém is calculated using Equation 2.60. The model for this

iteration is defined as myy 1 = my + dm.
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Figure 4.1: Flowchart for the fixed 3 inversion algorithm with a fixed value of p.
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7. The values that were calculated in Step 2. are calculated using mpy1, to be d**1,

k+1  k+1

d »¥Ym >

and J(mp41).

8. The values of ¢(my41) and ¢(my) are calculated using Equations 4.29 and 4.30. If
dm decreases ¢, then go to Step 9. However, if ém results in an increase in ¢ go to

Step 8A and damp ém, then go back to Step 7.

9. Check for convergence. If solution has converged go to Step 10. Otherwise go to

Step 9A and set £ = k + 1 and switch the index of all values then go to Step 4.

10. Exit algorithm. Return the recovered model, predicted data, and the final data

misfit and model norm values.

This algorithm was used to invert the AEM sounding data with a fixed value of S.
The value of B was selected, through trial and error, such that the goal ¢4 = ¢} was
achieved. The measurement height was set equal to 30 m and the rest of the details of
the inversion were the same as those used in previous AEM inversions. Figure 4.2 shows
the recovered model and the predicted data from the inversion and Figure 4.3 shows the
values of ¢4, ¢, B and ¢, as a function of iteration. It is shown that at each iteration
the objective function was decreased until it reached a minimum value. Since 8 had been
properly selected the solution achieves the target misfit of 20. However, when the proper
B is not known it can be time consuming to solve a number of problems in order to find

it. Therefore, next step is to construct an algorithm that will find the desired 8 value.

Details of discrepancy principle Algorithm

The desired algorithm will find the 8 value that satisfies ¢4 = ¢5. The best plan is
to decrease O gradually such that the addition of unwanted structure to the model is

avoided. Therefore, the algorithm will start with a large 3 value and decrease it slightly



Chapter 4. Recovering 1-D Conductivity and a Geometric Survey Parameter 74

0 3000
05 - True Model | ,2\2500,0 O IP Obs.
— Recovered Model o
(a) (b) a — IP Pred.

§ | % x Q Obs.
O'1500t — Q Pred.

uctivity (S/m)
o
141 -

S 2
5 IS
O -2

o

—
(@)
2.5

-3 . . 5
0 50 100 150 1 0 10
Depth (m) Frequency (Hz)

Figure 4.2: Recovered models and predicted data from AEM example fixed 8 inversion
with a fixed value of A. The measurement height was set equal to 30 m. (a) True conduct-
ivity (dashed line) and recovered conductivity (solid line) and (b) observed data (inphase
- circles, quadrature - crosses) and predicted data (inphase - solid line, quadrature -
dashed line).

at each iteration until the desired 3 value is reached. The next step is to decide how
to decrease 3. The method that is adopted is referred to as the discrepancy principle.
The following is the inversion algorithm I use to invert EM data using the discrepancy
principle for a fixed value of p.

The algorithm proceeds such that at iteration k + 1 the value B**! is chosen such

that it will result in decreasing ¢4 by a fixed amount. This is continued until the target

for the current iteration gﬁ;(k—l_l) 1s equal to the target for the inversion ¢}. Therefore, at
each iteration the target gﬁ;(k—l_l) is defined as
k+1
82 = maz(vyel, 47, (4.33)

where v is a constant which should have a value between 0.5 and 1.0. In my algorithm ~
is set equal to 0.5. It is important to note that when searching for ¢;(k+1), the curve of
¢q versus B usually has a parabolic shape. Therefore, there may well exist two values of

B that give ¢4 = Z(k—l_l). In this case the smaller of the two (3 values should be chosen
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Figure 4.3: Convergence curves from AEM example fixed 3 inversion with a fixed value
of h. The measurement height was set equal to 30 m. (a) ¢4 (circles) and target ¢4
(crosses) vs. iteration, (b) ¢, vs. iteration, (c) fixed B vs. iteration, and (d) ¢(mp41)
(circles) and ¢(my) (crosses) vs. iteration.
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as B! such that the least amount of structure is added to the model. In the case that

Z(k—H) the value of B which gives

it 1s not possible to find a 3 value which satisfies ¢g =
the minimum possible ¢; value is chosen as 3%+,
After having found 8**! the Gauss-Newton step §m is calculated using Equation 2.60
and the model is updated to be myy 1 = mp+ ém. At this point it is necessary to check if
the step ém 1s beneficial. Since 3 is changing at each iteration, the ¢ values from iteration
k, evaluated with 8%, can not be compared with those from iteration k + 1, evaluated
with 8%t Therefore, in order to evaluate the changes taking place in ¢ at successive

iterations both @(my) and @(myy1) are calculated with 8 = B*! such that the values

are defined as
$(mi) = ga(mi) + B (), (4.34)

and

$(mry1) = Ga(misr) + B dm(miga). (4.35)

In practice, it has been shown that the choice of B**!, corresponding to a small
decrease in ¢4, can result in a solution that both minimizes the global objective function
and satisfies ¢g = ¢ (Parker, 1994). However, this is not always the case. When ¢}
is set too small then the target misfit is not attainable and the algorithm can reach a
stage at which a decrease in ¢4 can only be achieved by choosing small 3 values that add
large amounts of structure to the model. This can cause the recovered model to be quite
poor. The problem comes from the fact that there is no guarantee that the step dm will
provide a new model my; that is better than the model my from the previous iteration.

Requiring ¢(mpi1) < ¢(myg) is a consistency check on the algorithm. It at least
ensures that the previous model m; is not a better model than the updated model

M1 = my + dm. If ¢(myy1) > ¢(my), then a number of actions are possible. First the
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size of the perturbation step may be damped to see if ¢(my + wédm) < ¢(my) for some
factor w. This did not seem to be necessary here since the step sizes have already been
limited by carrying out successive iterations with the goal of slowly reducing the misfit
(¢2(k+1) = 'ygﬁflk)). Empirically, the case that ¢(mpi1) > @¢(my) occured when the misfit
was beginning to plateau out and could no longer be significantly reduced, even with a
large perturbation §m. The achieved misfit ¢7*" was inferred to be a representation of
the minimum misfit. Accordingly ¢} should lie above this value. Therefore, when the
algorithm detects that ¢(mgi1) > @d(my), the value of ¢} is increased and the inversion
is restarted. In my algorithm the restart value of ¢ is set equal to 1.1 x ¢T".

The convergence criteria for the discrepancy principle algorithm are the same as for
the fixed B case. With all of these pieces explained in detail it is now possible to map
out the entire algorithm. Each of the steps taken during the inversion is summarized in
the flow chart shown in Figure 4.4 and each entry in the following list corresponds to a

step in the flow chart.

1. Input pertinent information for the inverse problem. This includes: (1) parameters
that concern the data such as forward modelling details (measurement frequencies,
measurement heights, coil separations, etc.) and the observed data, (2) parameters
which concern the model such as discretization details (number of layers, depth to
layer interfaces), myqrt, and m,.z, and (3) parameters needed to define the objective
functions such as o, and «,, and error estimates for the data. The target misfit ¢}

must be provided.
2. The initial values of d, ¢4, ¢, and J are calculated using mzqp:-

3. ITteration counter k is set equal to zero and the variables calculated in Step 2. are

labeled to belong to the k** iteration as my, d*, #%, ¢F  and J(my).

m)
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Figure 4.4: Flowchart for the discrepancy principle inversion algorithm with a fixed value
of p.
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. Begin k 4 1" iteration. Calculate gﬁ;(k—l_l) using Equation 4.33.

B

5. The B value which satisfies ¢; = gﬁ;(k—l_l) is selected as B*t1.

6. The Gauss-Newton step &m, corresponding to B*t!, is calculated using Equa-

tion 2.60. The model for this iteration is defined as myy; = my + dm.

7. The values that were calculated in Step 2. are calculated using mgy1, to be d**?,

k+1  k+1

d »¥Ym >

and J(mp41).

8. The values of ¢(my41) and ¢(my) are calculated using Equations 4.34 and 4.35. If
the step dm decreases ¢ go to Step 9. If, however, ém results in an increase in ¢ go
to Step 8A and increase the global target misfit ¢;. Then the inversion is restarted

by going to step 3.

9. Check for convergence. If solution has converged go to Step 10.
Otherwise go to Step 9A and set k = k + 1 and switch the index of all values then

go to Step 4.

10. Exit algorithm. Return the recovered model, predicted data, and final data misfit

and model norm values.

This algorithm was used to invert the AEM sounding data using the discrepancy
principle. The target misfit was set equal to 20. The measurement height was set equal
to 30 m and the rest of the details of the inversion were the same as those used in previous
AEM inversions. Figure 4.5 shows the recovered model and the predicted data from the
inversion and Figure 4.6 shows the values of ¢4, ¢, 3 and ¢, as a function of iteration.
The inversion results are identical to those presented in Section 3.1 when the AEM data
were inverted with the correct h value. Figure 4.6(a) shows that after each iteration the

data misfit was decreased by a constant amount until reaching the target value of 20. It
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Figure 4.5: Recovered models and predicted data from AEM example discrepancy prin-
ciple inversion with a fixed value of h. The measurement height was set equal to 30
m. (a) True conductivity (dashed line) and recovered conductivity (solid line) and (b)
observed data (inphase - circles, quadrature - crosses) and predicted data (inphase - solid
line, quadrature - dashed line).

can also be seen in Figure 4.6(b) that when the target level of the misfit was attained
at iteration 8, the model norm was then decreased slightly until the solution converged.
This results in a model which both fits the data and has minimum structure. The plot
of ¢ in Figure 4.6(d) shows that at each iteration the objective function was decreased.

In order to define the details of the modified inversion algorithms it is necessary to

define the parameter norm.

4.2.2 Defining the Parameter Norm

The new objective function, which includes a geometric survey parameter, requires the
specification of a, and p,.s. A discussion of the ways in which each of these values affect
the problem is presented in this section. The goal of this discussion is to determine an
educated way in which to assign values to both a, and p,.y. The discussions in this

section will deal strictly with the discrepancy principle inversion algorithm.
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Figure 4.6: Convergence curves from AEM example discrepancy principle inversion with
a fixed value of h. The measurement height was set equal to 30 m. (a) ¢4 (circles) and
target ¢4 (crosses) vs. iteration, (b) ¢, vs. iteration, (c¢) B vs. iteration, and (d) ¢(mi41)
(circles) and ¢(my) (crosses) vs. iteration.
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Choosing o,

In order to choose a good a, value it is necessary to understand how this choice affects
the problem. The value of o, determines the relative importance of the parameter norm
term. Therefore, it controls how strictly the requirement that the recovered p is close to
Pres Will be enforced. To get a feeling for the effects I set a, equal to its two extreme
values: 0 and oco. As a, approaches infinity, p is fixed at the value of p,.;. However,
when o, 1s equal to zero, p is not required to be close to the p,.; value at all. Looking at
how the problem behaves at these two extremes provides insight into choosing the value
of ay,.

I begin by looking at the case where a, approaches infinity. Since it is not mathem-
atically possible to set o, = oo I simply fix p = p,.s for each inversion. For each of the
synthetic examples I carried out a series of inversions, each with a different p,.; value.
For each inversion I attempted to fit the data to a specified target misfit. The ability
of the algorithm to achieve the desired misfit level, as well as the resultant ¢,, value,
provided insight into the importance of p in both AEM and HLEM inversions.

The first example I looked at was the noisy AEM data with hye = 30 m. The data
were inverted 11 times with h fixed equal to different values of h,.; ranging from 45 m
to 15 m. For each of the inversions the data were assigned an error of 5% of the data
amplitude + 10 PPM, the target misfit was equal to 20, and a reference model of 0.01
S/m was used.

The results from all of the inversions are plotted together in Figure 4.7. The values
plotted in the top panel are the final ¢,, values from each inversion. These values are
equal to ¢, since ¢, is equal to zero as a result of p being set equal to p,.y. The middle
panel shows the final ¢; values from each inversion and the bottom panel shows the

recovered conductivity models plotted next to one another.
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Figure 4.7: Results from eleven inversions of the AEM sounding data with fixed values
of h ranging from 45 m to 15 m. The top panel is final ¢,, value, middle panel is final
¢q4 value, and the bottom panel is the recovered conductivity models plotted next to one

another.

These results are identical to those described in Section 3.1. When the h value used by
the inversion is smaller than A, the recovered model has a low conductivity structure
at the surface and it is possible to achieve the target misfit level. When the h value
used by the inversion is larger than h.,., the recovered model has a high conductivity
structure at the surface, and, as h increases, it becomes impossible to fit the data.

The success of any inversion is gauged, in part, on the ability of the recovered model
to predict the observed data. Figure 4.7 shows that there are a number of A values that
satisfy this condition. By considering only the ¢,, values that correspond to this subset,
h = 33 m to 15 m, it can be seen that there exists a minimum ¢,, value that corresponds
to a particular value of h. For this example, this value of h is approximately equal to 27

m which 1s close to Aspye.

I also inverted the noisy data from the HLEM examples. From the small separation
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Figure 4.8: Results from eleven inversions of the small separation HLEM sounding data,
Strue = 11 m, with fixed values of s ranging from 12.5 m to 7.5 m. The top panel is
final ¢,, value, middle panel is final ¢; value, and the bottom panel is the recovered
conductivity models plotted next to one another.
case | chose to invert the data that had an s4.,. value of 11 m. Eleven inversions were
carried out with s,.; values ranging from 12.5 m to 7.5 m. For each of the inversions
the data were assigned an error of 0.5% of the primary field, the target misfit was equal
to 20, and a reference model of 0.01 S/m was used. The results are plotted next to one
another in Figure 4.8. The middle panel shows that the data could only be fit to the
desired misfit level when s was equal to 11 m. This value is near a distinct minimum
in the ¢4 versus s curve. Both the model norm values and the recovered conductivity
structures from the other s values provide little information since it was not possible to
fit the data.

The inversion results from the large separation HLEM example show the same effect.
The noisy data with st = 51 m were inverted eleven times with s,.; values ranging

from 52.5 m to 47.5 m. Again the data were assigned an error of 0.5% of the primary
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Figure 4.9: Results from eleven inversions of the large separation HLEM sounding data,
Strue = 51 m, with fixed values of s ranging from 52.5 m to 47.5 m. The top panel is
final ¢,, value, middle panel is final ¢; value, and the bottom panel is the recovered
conductivity models plotted next to one another.

field, the target misfit was equal to 20, and a reference model of 0.01 S/m was used.
Figure 4.9 shows that the results are similar to the small separation case. The target
data misfit was only achieved when s was set equal to 51 m and the inversion results from
every other s are inconclusive. These HELM examples show that there exists a narrow
range of p values for which a conductivity model can be found that will satisfy the data.
In both of these examples the values of s were close to $ipye.

Each of the three examples suggest that if p were allowed to vary freely it would
choose a satisfactory value. In the AEM example, when there is a wide range of h values
that can achieve the target misfit, the selection of that p that provides a minimum model
norm value i1s a good estimate of the true value. In both of the HLEM examples a narrow

range of s values that could achieve the target misfit were found. Therefore, it appears

that setting o, = 0 is a good choice.
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Instabilities when o, = 0

While it seems that setting o, = 0 1s a good idea it can cause problems during the first
few iterations. As described in Section 4.2.1 the goal of the inversion algorithm is to add
structure to the model slowly. Therefore, the starting model is usually set equal to the
reference model. This means that in the first iteration, as 3 — oo, the recovered model
reverts to the reference model. Hence, both ¢4 and ¢,, return to their starting values. By
decreasing 3 slowly the problem is regularized and any poor steps that may have been
taken are avoided. However, if o, is set equal to zero, ¢, will not be regularized by 3
and there is no guarantee that the step dp will be beneficial. By examining the system
of equations that are solved to give the Gauss-Newton step it is possible to see what
happens when o, = 0. In order to do this I will redefine the terms in Equation 2.60 in
accordance with changes made in Section 4.1.

The model perturbation ém becomes,
dm = [blog(c), 6p]. (4.36)

For ease of presentation I will assume that W, is equal to the identity matrix. As a result

JTWIW,J becomes JTJ which can defined explicitly, using Equation 4.12, as

. JT JTJg, JIJ,
JTJ = [Ja J] - , (4.37)

JT : JI. JTJ

P p Yo p YP

where the matrix has a block format, and the upper left hand block of the matrix is
M x M, the upper right hand block i1s 1 x M, lower left hand block is M x 1, and the

lower right hand block is 1 x 1. From Equation 4.1.4 the matrix WXW,,, is defined as

. WIW, 0
WIW,, = , (4.38)

0 oy
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Substituting all of these details into Equation 2.60 we can write out the Gauss-Newton

step in matrix form as

Jry, JrJj, 3 WIw, 0 8log(o)
Jrj, JrJ 0 o' op
SR S (4.39)
JT WIW, 0 log(o) — log(o,.
_ P saop |7 9(o) — log(ares) |
J;:;F 0 ap_ | P — Prey
where §d is equal to d°** — F[m)].
For a, = 0 and 8 — oo Equation 4.39 becomes
WIW, 0 8log(o) —~WIW, (log(a) — log(o,ez)) (4.40)
0 Jgjp op Jg&l

such that the conductivity and parameter perturbations are decoupled and the solution

has the form

dlog(a) = — (log(c) — log(orey)) (4.41)

5p=(JL Jp) T JTéd. (4.42)

From Equation 4.41 it is clear that §o is equal to zero when log(o) = log(ores). The
parameter perturbation however, is equal to the Gauss-Newton minimization of ¢; with
respect to p which is independent of 8. This clearly shows that ¢, is not being regularized
at all. Using the AEM sounding data the possible problems associated with settling
a, = 0 can be shown.

For this example I chose an h,.; value of 42 m and defined the rest of the details
governing the inversion such that they were identical to those used when the data was
inverted with a fixed h value in Section 3.1. The first iteration of the inversion was then
performed for both the a, = oo and the a, = 0 cases. Figure 4.10 shows plots of the

values of ¢4, ¢,, ¢, and h evaluated at a series of 8 values during the search for gﬁ;(l).
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Figure 4.10: Values calculated during the line search for 8 during the first iteration of
the inversion of the AEM data. The starting height was set equal to 42 m. The two lines
in the plot correspond to values of a, = 0o (circles) and 0 (plusses). (a) ¢q vs. 3, (b) ¢

vs. 3, (c) h vs. 3, and (d) ¢ vs. B.
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The solid lines with circles refer to the case where o, = oo and the dashed lines with
plusses represent a, = 0.

When a, = oo the problem behaves as expected. At large B values the ¢, curve
asymptotes to a constant value. By taking note of the ¢, versus 8 curve, which goes
to zero as 8 — oo, and the fact that h is fixed, it is evident that as 3 gets large m 1s
reverting to m,.; and therefore, ¢4 is approaching its starting value. However, setting
a, = 0 causes a change in the behavior. The ¢, versus 8 curve still approaches zero as
[ increases however, h plateaus to a value approximately equal to 20 m. This causes the
¢4 values, and hence the ¢ values, at large 3, to be larger than their initial values (which
are known from the o, = 0 curves). Therefore, the linearized Gauss Newton step ép is
too large and it is necessary to introduce some additional regularization to ensure that
the step is acceptable. A simple solution is to set o, equal to some non zero value.

When «,, is non zero and 8 — oo the Gauss-Newton step will have the form

WIW, 0\ |6&log(o) —~WIW, (log(a) — log(0vey))
- , (4.43)
0 1 bp — (P — Pres)
and the solution will be
8log(a) = — (log(c) — log(Tres)) (4.44)
p=—(p— Pres), (4.45)

such that when log(c) = log(ores) and p = p,cf, ép will be equal to zero. It is important
to note however, that while §log(o) goes to zero as a function of 3, §p goes to zero as a
function of the product Ba,. Therefore, any non-zero value of a, will result in ép — 0
as O gets sufficiently large, but the point at which this occurs depends upon «,. This
is shown by the plots of ¢4, ¢, ¢, and h versus B from the first iteration of the AEM

sounding inversion shown in Figure 4.11. The solid lines with circles refer to the case
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Figure 4.11: Values calculated during the line search for 8 during the first iteration of the
inversion of the AEM data. The starting height was set equal to 42 m. The three lines
in the plot correspond to values of o, = oo (circles), 107 (plusses), and 1073 (crosses).

(a) ¢a vs. B, (b) ¢ vs. B, (c) h vs. B, and (d) ¢ vs. 3.
where a, = oo, the dashed lines with plusses represent o, = 107%, and the dotted lines
with crosses represent o, = 1073, From the curves in Figure 4.11 it is clear that as a,
increases the value of 3 at which ép goes to zero decreases.

For the algorithm to be stable it is necessary for a, to be non zero at early iterations.
However, it has been shown that o, should be equal to zero in the late stages of the
inversion. Therefore, we propose a cooling schedule for a,. This entails decreasing a,

gradually at each iteration such that in the final iterations it is equal to zero. This is, in
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fact, a simplistic application of the Levenberg-Marquardt method (Dennis & Schnabel,
1996). Implementing a cooling schedule for a, provides the algorithm with the stability
it needs at early iterations as well as permitting the parameter to roam freely at the end
of the inversion.

The final step needed to finalize the algorithm is to determine a method to choose

Dreyf-

Choosing p,.,

During the first few iterations the inversion algorithm will demand that p be close to
Pres therefore, it is a good idea to have a realistic estimate for its value. The problem
of selecting a value for p,.; has some inherent difficulties associated with it. While,
both the AEM and HELM systems provide an estimate of the parameter of interest it is
unclear as to whether or not this value should be used as p,.s. The fact that an inversion
algorithm is being used to recover the true parameter value indicates that it has already
been assumed that p.,; may be incorrect. Therefore, it may be useful to find a better
estimate of p,.s.

A simple choice of p,.s is to find the value that minimizes ¢4 for the reference con-
ductivity model o,.s provided by the user. The first step in finding this value of p is to
fix the conductivity model equal to o,.; and forward model data for a range of p values.
Using the data generated from each p value, the data misfit is plotted as a function of
p and the value that corresponds to the minimum in the ¢4 versus p curve is chosen as
Pres. This estimate of p,.; will depend upon the definition of o,.¢. In the case that the
reference conductivity model is a good first order approximation to the true conductivity
model, the choice of p,.; should be accurate. However, when the guess of o,.s is not as
good the results may vary. I investigated the influence of o,.y on the choice of p,.; for

each of the three synthetic examples.
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Figure 4.12: Results from the search for a best fit p,.s value for the AEM sounding data
where hypye = 30 m. (a) ¢4 versus h curves for the three halfspaces: 0.1 S/m (solid line),
0.01 S/m (dashed line), and 0.001 S/m (dotted line). and (b) the halfspace models (as
in (a)) and the true conductivity structure (thick gray line) .

The data misfit values, calculated for the AEM sounding data at a series of h values
ranging from 0 m to 60 m, are plotted in Figure 4.12(a). The true conductivity model
as well as the corresponding halfspace o, models (0.1 S/m, 0.01 S/m, and 0.001 S/m)
are plotted in Figure 4.12(b). It can be seen that when o,.; = 0.01 S/m (dashed line)
the ¢4 versus h curve has a broad minimum. However, the minimum does appear to
be centered close to the true measurement height of 30 m. On the other hand, when
ores 18 varied by one order of magnitude in either direction the results are not as good.
In fact, the 6.y = 0.1 S/m (solid line) and the o,y = 0.001 S/m (dotted line) have
minima at approximately 50 m and 11 m respectively. This leads to the assumption that
the influence of the measurement height on the data can easily be overpowered by the
conductivity structure. Therefore, attempting to estimate a good reference value for A
in this manner is unreliable. Before addressing a solution to this problem I will present
the results from the HLEM examples.

Since the influence of s on HLEM data is very strong I would expect the ¢4 versus

s curves to be much different than those shown in Figure 4.12. For the small HLEM
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Figure 4.13: Results from the search for a best fit p,.; value for the HLEM examples.
Small HLEM sounding data where siye = 11.0 m : (a) ¢q versus h curves for the three
halfspaces: 0.1 S/m (solid line), 0.01 S/m (dashed line), and 0.001 S/m (dotted line),
and (b) the halfspace models (as in (a)) and the true conductivity structure (thick gray
line). Large HLEM sounding data where siyue = 51.0 m : (c) ¢q versus h curves for
the three halfspaces: (as in (a)), and (b) the halfspace models (as in (a)) and the true
conductivity structure (thick gray line).

sounding I attempted to estimate s using the noisy data generated with sy = 11 m.
Values of the data misfit were calculated at s values ranging from 7.5 m to 12.5 for
conductivity values of 0.1 S/m, 0.01 S/m, and 0.001 S/m. The resulting ¢, versus s
curves are shown in Figure 4.13(a). Each of the ¢, curves have sharp minima and they
are all located at about 11 m. Choosing s which corresponds to the minimum ¢, value

has provided a good estimate of 4. In this case due to the fact that the effect of

coil separation errors on the data greatly overpowers that of the conductivity structure.



Chapter 4. Recovering 1-D Conductivity and a Geometric Survey Parameter 94

However, as the coil separation increases, and the importance of primary field errors
decreases, this method of estimating s becomes less effective.

When trying to estimate the value of s for the large separation HLEM data the results
are similar. The minima for each curve shown in Figure 4.13(c) are quite broad and the
best estimate is made when o,.; = 0.01 S/m. However, each of the minimum values lie
within 2 m of the correct separation.

By looking at the curves on the ¢4 versus p plots shown in Figures 4.12 and 4.13 indi-
vidually, this method of estimation appears to work best when the parameter dominates
the response. Otherwise it seems that a poor choice of o,.s could result in an incorrect
estimate. However, by examining the three curves from each plot together it is possible
to see that the best estimate of ps. not only corresponds to the best o,.; choice, but
also to the minimum with the smallest ¢, value. This suggests that it may be possible
to get an accurate estimate of p;.,. by searching for the pair of p,.; and o,.s values that
correspond to the minimum ¢y value. In order to investigate this possibility the data
misfits for a range of o,.; halfspace values and p can be calculated and contoured over
the o,.; and p values.

From the preliminary investigation, the AEM data appears to be more sensitive to
variation in ground conductivity than the HLEM data. Since the goal is to estimate h the
¢4 value used for the contour plot was calculated using the data from the two frequencies
alone. It is hoped that this will limit the influence of the conductivity structure at depth
on the data. The contour plot for the AEM example in Figure 4.14 shows ¢4 values for
a range of o,.s halfspaces from 0.001 S/m to 0.1 S/m, and a range of h values from 15
m to 45 m.

It can be seen that a minimum ¢, value exists at approximately 0.01 S/m and 30
m. This minimum lies within a relatively shallow bowl that trends diagonally from low

conductivity and small height values to high conductivity and large height values. This
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Figure 4.14: Contour plots of ¢4 for a range of o,.y and p values for the AEM example
and both HLEM examples. (a) AEM example in which only two highest frequencies

were used to calculate ¢4, (b) small HLEM example and (c) large HLEM in which every
frequency was used to calculate ¢4
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1s in general agreement with the inversion results when p is incorrect from Section 3.1.
When the bird is too close to the earth the data can best be predicted by a less conductive
structure, and vice versa. This behavior explains the shape and depth of the bowl in ¢4
contour plot.

For each of the HLEM examples, all of the data were included in the parametric
inversion. This was done because it appears to be impossible to overpower the effects
of coil separation errors with incorrect conductivity estimates. The contour plot for the
small HLEM example in Figure 4.14(b) shows ¢, values for a range of ;.5 halfspaces from
0.001 S/m to 0.1 S/m, and a range of s values from 7.5 m to 12.5 m. The minimum ¢q4
value is located near 0.01 S/m and 11 m. This minimum lies in a deep trough which runs
parallel along the s = 11 m value for each conductivity value. This is a clear indication
that the true value of s can not be masked by an incorrect o,.¢ value.

The results from the large HLEM example are similar. The contour plot for the small
HLEM example in Figure 4.14(c) shows ¢4 values for a range of .5 halfspaces from
0.001 S/m to 0.1 S/m, and a range of s values from 47.5 m to 52.5 m. The minimum
¢4 value is located near 0.01 S/m and 51 m. The pattern of the contours about the
minimum appear more spread out than those from the small HLEM example. This is
due to the fact that the distortions caused by coil separation errors are a function of the
relative coil separation error. Since the small separation example represents a 10% error,
and the large example only represents a 2% error, the difference in the patterns make
sense.

These examples have shown that accurate estimates of both o,.; and p,.f, can be
obtained from either AEM or HLEM data. Therefore, the inclusion of a pre-processing
step in which a best-fit 2-parameter model is determined would be beneficial to the
inversion algorithm.

The inversion could then be carried out using the calculated value of p,.s. The decision
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to discard the calculated o,.; value is based on the fact that while the estimate of o,
may be a good one, since the o,.s value provided by the user was most likely chosen for
a particular reason. One reason could be that the sounding is part of line of inversions
being performed, and for consistency it is best to use the same reference model for each
inversion along the line. While the option to choose between using the estimated and
supplied p,.s value could easily be included in an inversion algorithm, for my purposes I
have decided to always use the user supplied value of o,.y.

This section has provided a reliable way in which to choose p,.; and a stable way
in which to define a,, and hence it is now possible to define the inversion algorithm to

recover both conductivity and a parameter.

4.2.3 Inversion algorithm to recover 1-D conductivity and p

In order to provide as much detail as possible I will present a description of the two
inversion algorithms that can be used to recover a 1-D conductivity structure and a
survey parameter p. The first algorithm solves the problem for a fixed 8 value and the

second algorithm uses the discrepancy principle.

Details of fixed 3 Algorithm

This algorithm is very similar to the one presented Section 4.2.1 for the fixed p solution.
The only modifications are the inclusion of a cooling schedule for a, that affects Steps
1 and 9A, and the inclusion of the step in which p,.; 1s determined as described in
Section 4.2.2. A flow chart of the algorithm is shown in Figure 5.6. The changes in the

algorithm are as follows:
1. The user must provide a starting value of a,.

2. The starting p,.s value is calculated as discussed in Section 4.2.2.
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Figure 4.15: Flowchart for the fixed § inversion algorithm with p included in the model.



Chapter 4. Recovering 1-D Conductivity and a Geometric Survey Parameter 99

0 3000
~-0.5 - True Model 1 AZSOO,O O |P Obs.
E — Recovered Model z
(a) @ (b) &/ — IP Pred.
? -1 ?j-zooo—X < QObs.
= >
S-15 15000 - Q Pred.
S s
O -2
o
—
(@]
225
_30 50 100 150 1 0 10°
Depth (m) Frequency (Hz)

Figure 4.16: Recovered models and predicted data from AEM example fixed 8 inversion
with % included in the model. The recovered measurement height was equal to 27.2
m. (a) True conductivity (dashed line) and recovered conductivity (solid line) and (b)
observed data (inphase - circles, quadrature - crosses) and predicted data (inphase - solid
line, quadrature - dashed line).

9A. The value of «, is decreased by a factor of 10 after each iteration.

This algorithm was used to invert the AEM sounding data with a fixed value of S.
The value of 8 was selected such that the goal ¢4 = ¢ was achieved. The value of o, was
set equal to 1.0. The rest of the details of the inversion were the same as those used in
previous AEM inversions. Figure 4.16 shows the recovered model and the predicted data
from the inversion and Figure 4.17 shows the values of ¢4, ¢,,p, ¢,, 8 and ¢, as a function
of iteration. The convergence curves ¢4, ¢,, and ¢ curves are very similar to those from
the fixed p example. However, the important curve is the plot of p versus iteration in
Figure 4.17(c). The value of p decreases gradually from it starting value of 30.5 m to
eventually plateau at a final value of 27.2 m. While this value is not equal to hypye, 1t
does recover a model that can fit the data, has minimum structure, and reproduces the
true model quite well. Therefore, the inversion using fixed 8 has been successful. The

next step is to test the methodology using the discrepancy principle.
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Details of discrepancy principle Algorithm

This algorithm is very similar to the one presented in Section 4.2.1 for the discrepancy
principle solution. The only modifications that had to be made were the inclusion of
a cooling schedule for a, that affects Steps 1 and 9A, and the inclusion of the step in
which p,.s is determined as described in Section 4.2.2, which affects Step 2. Since these
changes were outlined with respect to the fixed g algorithm they will not be listed again
here. However, a flow chart of the algorithm is shown in Figure 4.18. The discrepancy
principle algorithm will be used for the rest of the chapter to invert EM data, henceforth
1t will simply be referred to as the inversion algorithm. The next step is to test it on the

synthetic examples.

4.3 Synthetic Examples

In this section the algorithm is tested on each of the synthetic AEM and HLEM examples

that have been used throughout the thesis.

4.3.1 AEM Sounding

The algorithm was used to invert the AEM sounding data. The value of o, was set
equal to 1.0. The rest of the details of the inversion were the same as those used in
previous AEM inversions. Figure 4.19 shows the recovered model and the predicted
data from the inversion and Figure 4.20 shows the values of ¢4, ¢,,p, ¢, B and ¢, as a
function of iteration. Figure 4.19 shows that the algorithm has also been able to recover a
conductivity structure that is a good representation of the true model. The measurement
height recovered using the discrepancy principle has a value of 27.2 m, which is close to
the true height of 30 m. The plot of p in Figure 4.20 illustrates the way in which the

cooling schedule for a, has ensured that p is not able to wander too far from p,.; during
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Figure 4.19: Recovered models and predicted data from AEM example discrepancy prin-
ciple inversion with h included in the model. The recovered measurement height was
equal to 27.2 m and the true measurement height was equal to 30 m. (a) True conductiv-
ity (dashed line) and recovered conductivity (solid line) and (b) observed data (inphase -
circles, quadrature - crosses) and predicted data (inphase - solid line, quadrature - dashed
line).

the early iterations when g is large. The remaining curves show a character similar to
those seen in the discrepancy principle inversions when p was fixed (Figure 4.6).

It 1s satisfying to see the inversion recover both measurement height and conductivity
from AEM data has been successful. However, the fact that the recovered height is
different from the true height by an amount of 3 m opens up the results to further
investigation. In particular, the question of the nature of the trade off which takes place

between measurement height and conductivity structure when p is allowed to vary should

be explored.

4.3.2 Trade off between o and h

In order to determine the nature of the trade off between measurement height and con-
ductivity model the inversion results from the fixed p and variable p, inversions of the

AEM data will be compared. Figure 4.21(a) shows the recovered models from the fixed
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Figure 4.21: Comparison of models recovered from the inversion of AEM data with fixed
h (dashed line) and variable A (solid line). The true model is also plotted (dotted line).
(a) Models from the synthetic AEM data used throughout the chapter. (b) Models from
a different set of AEM in which the model was more complex.

h ¢’m ¢’d ¢’2
Fix A | 30.0 | 2.50 x 10~2 | 20.0 | 20.0

Var. h || 27.2 | 2.17 x 1072 | 20.0 | 20.0

Table 4.1: Comparison of results from the AEM inversions with fixed A and variable h.
h 1s the recovered measurement height, ¢,, is the recovered model norm, ¢4 is the data
misfit achieved by the inversion, and ¢} 1s the target misfit. Values are tabulated for

both the fixed h (Fix h) and variable A (Var. k) inversions.

p (dashed line) and variable p (solid line) inversions. The true model is also plotted
(dotted line). The final measurement height, model norm, data misfit, and target misfit
values for both of the inversions are shown in Table 4.1. As was mentioned previously,
the recovered h value is close but not equal to A4ye. By comparing the recovered models
plotted in Figure 4.21 it appears that the difference in measurement height is accounted
for by differences in the recovered conductivity structure. While the amplitude of the
recovered conductive layer at 40 m is similar for both algorithms, the other regions of
the structure are different. The model recovered from the variable p inversion appears

to have been smoothed out both above and below the peak conductivity. This can be
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confirmed by comparing the ¢,, values from Table 4.1.

These types of distortions should be expected in the AEM case. In Figure 4.7 it was
shown that there are a wide range of h values that can fit the data. The algorithm selected
the one with the minimum model norm value, which, in this case, corresponded to a height
of 27.2 m. The size of the difference between the recovered height and the true height
will depend a great deal on the model being considered. In the AEM example shown
above, the structure above and below the conductive layer had a secondary influence
on the data. Therefore, perturbations to the data due to changes in flight height were
compensated by changes to the recovered conductivity structure. In this example the
conductivity model was smoothed out and a smaller measurement height was recovered
however, a different synthetic model will produce a different result.

I will now attempt to invert data collected above a slightly more complex structure
to examine the trade off between conductivity and h. In this case a 5 m overburden with
a conductivity of 0.1 S/m was placed at the surface and the conductivity of the buried
layer was increased to 0.5 S/m. The data were simulated at ten frequencies ranging from
110 Hz to 56320 Hz with a coil separation of 10 m and measurement height of 30 m. This
example will be referred to as the overburden AEM example. In order to simulate actual
measurements, random noise with a standard deviation equal to 5% of the data amplitude
+ 10 PPM was added to each datum. Figure 4.21(b) shows the models recovered from
the fixed p (dashed line) and variable p (solid line) inversions of the overburden AEM
data. The final measurement height, model norm, data misfit, and target misfit values
for both of the inversions are shown in Table 4.2. It can be clearly seen that there is
very little trade off possible in this example. This is a direct result of the presence of the
overburden at surface. In order to fit the data, it is necessary to recover the conductive
layer at the surface accurately. Therefore, it is not possible to vary the flight height in

order to recover a model with a smaller ¢,, value.
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h ¢’m ¢’d ¢’§
Fix A | 30.0 | 2.50 x 10~! | 20.0 | 20.0

Var. h || 29.9 | 2.49 x 1072 | 20.0 | 20.0

Table 4.2: Comparison of results from the overburden AEM inversions with fixed h and
variable h. h is the recovered measurement height, ¢,, is the recovered model norm,
¢4 1s the data misfit achieved by the inversion, and ¢} is the target misfit. Values are

tabulated for both the fixed A (Fix k) and variable A (Var. h) inversions.

The insight provided by these two examples is encouraging. It has been shown that
the trade off that can occur between the conductivity and the measurement height will
only affect parts of the conductivity structure that are of secondary importance to the
data. Therefore, while these trade offs can result in incorrect recovery of the measurement

height, they will not distort the important features of the conductivity model.

4.3.3 HLEM sounding

This section will present the inversion results from both of the HLEM examples. First
of all, the algorithm was used to invert the small HLEM data. The value of o, was
set equal to 1.0. The rest of the details of the inversion were the same as those used
in previous small HLEM inversions. Figure 4.22 shows the recovered model and the
predicted data from the inversion and Figure 4.23 shows the values of ¢4, ¢,,p, ¢, 8 and
¢, as a function of iteration. Figure 4.22 shows that the algorithm has also been able
to recover a conductivity structure that is a good representation of the true model. The
coil separation recovered using the discrepancy principle has a value of 10.98 m, which
is very close to the true separation of 11 m. The plot of p in Figure 4.23 shows that p
never wandered very far from the value determined by the best fit half space. This type
of behavior is expected since the HLEM is dominated by the true coil separation value.
Similar results are seen when the large HLEM data is inverted. Figure 4.24 shows the

recovered model and the predicted data from the inversion and Figure 4.25 shows the
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Figure 4.22: Recovered models and predicted data from small separation HLEM ex-
ample discrepancy principle inversion with s included in the model. The recovered coil
separation was equal to 10.98 m and the true coil separation was equal to 11 m. (a)
True conductivity (dashed line) and recovered conductivity (solid line) and (b) observed
data (inphase - circles, quadrature - crosses) and predicted data (inphase - solid line,
quadrature - dashed line).

values of ¢4, ¢o,p, ¢, B and ¢, as a function of iteration.

The algorithm has been successful in recovering both coil separation and conductivity
for HLEM data. Due to the fact that the data is dominated by the effects of coil separation
there is very little trade off between the recovered conductivity structure and the coil
separation value. This is as expected since it was shown previously that there exists a
narrow range of separation values that will be able to fit the data (Figures 4.8 and 4.9).

Now that the algorithm has been tested on synthetic examples it is time to apply it

to the field data sets.

4.4 Field Examples

I have already determined that the field data sets may be contaminated with geometrical

survey parameter errors. Therefore, I will now apply the modified inversion methodology
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Figure 4.24: Recovered models and predicted data from large separation HLEM example
discrepancy principle inversion with s included in the model. The recovered coil sepa-
ration was equal to 50.93 m and the true coil separation was equal to 51 m. (a) True
conductivity (dashed line) and recovered conductivity (solid line) and (b) observed data
(inphase - circles, quadrature - crosses) and predicted data (inphase - solid line, quadra-
ture - dashed line).

to each of the data sets. When inverting the Mt. Milligan data I will attempt to recover

the true measurement height and when inverting the Sullivan data I will attempt to

recover the true coil separation.

4.4.1 Mt. Milligan

When inverting the Milligan data I assigned a standard deviation of 25 Dighem units
(5 PPM) to the 900 Hz measurements and a standard deviation of 50 Dighem units (10
PPM) to the 7200 Hz and 56000 Hz measurements. The target data misfit for each
sounding was equal to 6. The results from the inversion are plotted in Figure 4.26.
The top panel shows the final ¢4 values achieved when h was fixed (solid line), and the
final ¢4 values achieved when h was included in the model (dashed line). The modified
inversion algorithm has fit the data to approximately the same degree at each station.

This i1s expected in the case where the bird is too high, which is what was assumed in
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Figure 4.25: Convergence curves from large separation HLEM example discrepancy prin-
ciple inversion with s included in the model. (a) ¢4 (circles) vs. iteration and target ¢q
(crosses), (b) ¢, vs. iteration, (c) recovered s (circles) vs. iteration and snye (crosses),
(d) ¢, vs. iteration, () B vs. iteration, and (f) ¢(mp41) (circles) and ¢(my) (crosses) vs.
iteration.



Chapter 4. Recovering 1-D Conductivity and a Geometric Survey Parameter 112

20
S
@ 10
,:DU 0
éloo — Fixedh
+— _ - = = Recd h
f_m 50t
Q
T
0 = -15
E100 2
E -2.5
200/ _
Q m | 3
3%% i MR 35
00 9200 9400 9600 9800 log,, 0

Northing (m)

Figure 4.26: Inversion results from Mt. Milligan Data with h included in the model. The
top panel: Data misfit values from the fixed h inversion (solid line) and the variable A
inversion (dashed). Middle panel: The estimated (solid line) and recovered (dashed line)
measurement height. Bottom panel: The recovered conductivity models plotted next to
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Figure 4.27: Plot of the recovered §h superimposed on the fixed h inversion results from
Mt. Milligan. The solid line is 6h = h — h.g.

the Mt. Milligan area. The plots of the recovered (dashed line) and estimated (solid
line) measurement heights in the middle panel of Figure 4.26 indicate the presence of
measurement height errors as large as +20 m. However, errors of this size should be
expected in an area of dense tree cover such as Mt. Milligan.

The conductivity models plotted in the bottom panel of Figure 4.26 also show a
big difference from those recovered using the estimated measurement. The “air layers”
that were present in Figure 1.6 have now been removed. There is a direct correspondence
between the removal of the air layers and the recovery of a measurement height error. The
difference between the recovered h values and the measured h.,; values are, in fact, a good
approximation of the thickness of the air layers. In order to illustrate this point I have
plotted 6h along the survey line and have superimposed it upon the conductivity section
recovered using the estimated measurement height. This plot is shown in Figure 4.27.

Overall, the inversion of the Mt. Milligan data with the modified inversion method-
ology has been successful. While the algorithm has not been able to recover any new
structures at depth, it has been able to remove the distortions in the model that were

caused by the presence of measurement height errors.
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4.4.2 Sullivan

When inverting the Sullivan data I assigned standard deviations of 1 percent of the
primary field to both the inphase and quadrature components of the data. The target
data misfit for each sounding was equal to 8. The observed data are plotted with the
data predicted by the modified inversion algorithm in Figure 4.28. The improvement,
when compared to the predicted data from the fixed s inversion (Figure 1.3), is evident
immediately. By allowing s to vary we have been able to predict the inphase component
of the data and we have also been able to fit the quadrature data better. The rest of the
results from the inversion are plotted in Figure 4.29. The data misfit values plotted in the
top panel indicate that the algorithm has been able to fit the data to the desired level at
most stations. The middle panel shows the estimated (solid line) and recovered (dashed
line) coil separation value. It appears that the coil separation is approximately equal to
+0.5 m at most stations along the line. This is in accordance with the error that was
estimated by examining the Max-Min system used to collect the data. It is reassuring
to see that the results match well with the expectations. The recovered conductivity
structure varies slightly at depth from the models recovered from the inversion with
fixed s (Figure 1.2). However, the fact that the model can now predict the inphase data
improves my confidence in the recovered model.

The use of the modified inversion algorithm has been able to improve the results from

both the Mt. Milligan and Sullivan data.

4.5 Summary

In this Chapter a general methodology was developed to recover both a function and a
parameter. It was then applied to the problem of recovering a 1-D conductivity distrib-

ution and a survey parameter from EM data. The details of the problem were developed
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Figure 4.28: Observed and predicted data from the inversion of Sullivan data with s

included in the model. Observed inphase (circles), predicted inphase (solid line), observed
quadrature (crosses), and predicted quadrature (dashed line).

quadrature (Q) 7 kHz, (b) IP and Q 14 kHz, (c) IP and Q 28 kHz, and (d) IP and Q 56

kHz.

(a) Inphase (IP) and
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Figure 4.29: Inversion results from Sullivan Data with s included in the model. The
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for both AEM and HLEM data. An investigation into effects of adding the parameter
to the inversion resulted in a modified inversion algorithm. The algorithm was tested
on synthetic AEM and HLEM data sets. The results have shown that the algorithm is
stable and provides good results.

In the AEM case a good estimate of the measurement height was recovered. The
accuracy of the estimate depends in part upon the model being recovered. However, the
height that is recovered corresponds to the minimum structure model that fits the data.
For the examples shown the conductivity structure that is recovered is a good repres-
entation of the true model. When inverting HLEM data the algorithm has recovered
an accurate estimate of the coil separation and a good representation of the subsurface
conductivity structure.

The use of the modified inversion algorithm has been able to improve the results from
both the Mt. Milligan and Sullivan data. The inversion results from the Mt. Milligan
data show that the distortions due to the “air layers” have been removed by recovering
a better estimate of the flight height. This has generated a conductivity model which is
much easier to interpret. The inversion of the Sullivan data made it possible to predict
the inphase component of the data by recovering an estimate of the true coil separation.
While the inclusion of the coil separation in the model does not drastically change the
recovered conductivity structure, the plausibility of the inversion result has been increased

by the fact that the algorithm has been able predict the inphase component of the data.



Chapter 5

Application of GCV to 1-D EM Inversion

When inverting geophysical data the presence of noise is always an issue. The amount
of information that can be extracted from a noisy set of data is dependent upon our
knowledge of the noise. The standard way to deal with noise is to provide an estimate
of the noise and attempt to fit the data accordingly. Since it is difficult to estimate the
amount of noise associated with the data simply by inspection, this method can cause
problems.

Generalized cross validation (GCV) is a method of estimating the regularization pa-
rameter that will account for the noise associated with a given data set. This technique
has been widely used in statistics (Wahba, 1990) and has recently been applied to geo-
physical inverse problems (Haber, 1997). This chapter will present a brief review of GCV
in both the linear and non-linear inverse problems. Using this methodology, a non-linear
GCV inversion algorithm will be developed for the 1-D frequency domain EM inverse
problem. Both the problem of when p is fixed and when it is included in the model will
be dealt with. Each of the algorithms will be tested on synthetic data sets.

Since field data sets, such as the Sullivan and Mt. Milligan data sets, consist of limited
numbers of data, the performance of a statistical method such as GCV is uncertain.
Therefore, the applicability of GCV to data sets with small numbers of data will also be

investigated.

118
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5.1 Estimating Noise using GCV

This section will begin with a discussion of GCV in a linear inverse problem. After the
basics have been covered, a methodology by which GCV can be applied to nonlinear

inverse problems will be presented.

5.1.1 GCYV in Linear Inverse Problems

The idea behind GCV is that a good model should be able to predict measurements that
have yet to be taken. However, it is not feasible to take new measurements after each
inversion in order to test the recovered model. A simpler approach would be to leave
one datum out of the data vector and search for the model that is best able to predict
the missing datum. This is the method used by GCV to determine the model which is
affected least by any given datum.

The theoretical background of GCV can be found in Wahba (1990) and will not be
covered here. However, an overview of how GCV can be used in inverse problems will
be discussed. I will begin by considering a generic linear inverse problem in which I am
attempting to invert the observed data d°**, that are contaminated by random noise with
a uniform, but unknown, standard deviation e. I want to recover the model m with the
minimum amount of structure that fits d°®* to the correct amount. I will begin as usual

by defining a global objective function,
$(m) = b+ Bpm = ||Gm — d™*||* + || W] |? (5.1)

where ¢4 1s the data misfit, 3 is the regularization parameter, ¢,, is the model norm, G
is a linear forward operator, and W, is a weighting matrix which penalizes a certain type
of structure in the model. As mentioned in Section 2.2.2 the solution of this problem can

be found by minimizing ¢ at the correct value of 8, such that our expectations for the
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data misfit are satisfied. GCV is a method which can be used to get an estimate of the

correct value of 3.

The GCV function is defined as,

I = G(GTG + BW W)t GT)d™|?
COVIB) = {yrace(l — GICTG 1 BWIW ) 1GE) (5:2)

It has been shown that the 8 value corresponding to the minimum of the GCV function
will provide a good estimate for the optimal regularization parameter in problems with the
form shown in Equation 5.1. The model recovered using the GCV estimate of 3 sometimes
over-fits the data, but generally provides a reliable estimate of the noise associated with
dobs

When each datum within d°®® is contaminated by Gaussian noise with the same
standard deviation, the GCV estimate of 3 requires no information about the noise from
the user. However, in the case where the standard deviation of the noise varies with each
datum it is necessary to scale the data such that the relative noise levels are equal for
each datum. This is due to the fact that the mathematics of GCV are done in terms of
noise with a single standard deviation. However, it is important to note that the user
need only provide the relative noise estimates, the GCV estimate of 8 will determine the
absolute noise level associated with the data. It is also important to note that the GCV
estimate of B can not account for correlated noise. This fact is what suggests that the

application of GCV to nonlinear problems could be useful.

5.1.2 GCYV in Non-linear Problems

The non-linear problem is approached in a manner similar to the linear case. The non-

linear objective function is defined as

¢(m) = da+ Bém = || Flm] — d||* + B||Wmm]||?, (5:3)
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where F[m]is a non-linear forward operator. The problem of not knowing 3* still exists,
but now the problem is compounded by the fact that the function being minimized is
nonlinear. A common way to proceed in a case like this is to linearize the system and
solve it iteratively. Therefore, I assume that the current model is equal to my. My goal
now, is to find the perturbation dm to the model such that my; = mg+dm will minimize

the objective function ¢. By expanding the operator F' in a Taylor series I am left with
F(mpy1) = F(my, + dm) = F(myg) + J(my)ém + N (O(6m?)), (5.4)

where J(my) is the Jacobian defined at m; and N represents the higher order terms of
the expansion. Neglecting higher order terms, the data misfit ¢; can be approximated

by the linearized misfit ¢4 which has the form
¢a" = ||F(my) + J (mi)mpss — J(ma)my, — d°|2. (5.5)
This results in a linearized objective function of the form

"(Mit1) = @8 + Bbm = || T (mi)muss — il + Bl |Wresa| %, (5.6)

where rj, = d°®° + J(my)my, — F(my). The fact that the linear objective function ¢"" has
a form similar to the objective function shown in Equation 5.1 suggests that using GCV
to estimate B might be a good idea. The usual problem of choosing a regularization
parameter is made more difficult in the nonlinear case by the fact that the equations
being minimized are linear approximations to the real ones. It is not unreasonable to
think of the inaccuracies that are introduced by linearization as correlated noise, and if
so the GCV estimate of 8 might not be affected by these terms. Therefore, GCV should
provide an estimate of 8 which will be able to fit the noise associated with d°®* properly.

After selecting 8 using GCV, the perturbation to the model is calculated using Equa-

tion 2.60. However, the errors due to the linearization may cause problems with the
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Gauss-Newton step. Since these errors are of O(§m?) they may be sufficiently large such
that the step ém will not result in a decrease in the non-linear objective function. This
problem is dealt with by taking a damped Gauss-Newton (DGN) approach, as was done
in Section 4.2.1. By incorporating these pieces into the fixed 8 inversion algorithm it will

be straightforward to design the GCV algorithm.

5.2 GCYV and the 1-D EM inverse problem

Haber (1997) successfully applied a GCV based inversion methodology to a non-linear
problem in EM (viz magnetotellurics) using a DGN approach. This methodology will be
applied to the 1-D frequency domain EM problem. It will first be applied to the case
in which the parameter p is fixed during the inversion, and then the algorithm will be
modified to accommodate the parameter p as part of the model. Each of these algorithms
will be tested on synthetic AEM data. The final part of the section will deal with the

application of GCV to small data sets.

5.2.1 GCYV when p is fixed

When investigating a new inversion methodology the best starting point is to solve the
simplest problem possible. Therefore, I will begin by applying GCV to the inversion of
EM data when p is fixed.

Inversion Algorithm

The inversion algorithm for GCV with a fixed value of p is very similar to the algorithm
using a constant (3 for fixed p that was presented in Section 4.2.1. Each of the steps
taken during the inversion are summarized in the flow chart shown in Figure 5.1. The

differences between this algorithm and the constant § algorithm are in Steps 5 and 8§,
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Figure 5.1: Flowchart for the GCV inversion algorithm with a fixed value of p.
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and the modifications are summarized in the following list:

5. The GCV estimate of 8 that corresponds to the minimum of the GCV function is

selected as BFt1.

8. The values of ¢(m4y1) and @(my) are evaluated using 3%, as in the discrepancy

principle algorithm in Section 4.2.1.

Now, having designed the algorithm, it can be tested on a synthetic example.

Synthetic AEM Example

A set of synthetic AEM data were generated over the conductivity model shown in
Figure 3.1(a). The data were simulated at ten frequencies ranging from 110 Hz to 56320
Hz with a coil separation of 10 m and measurement height of 30 m. In order to simulate
actual measurements, random noise with a standard deviation equal to 5% of the data
amplitude + 10 PPM was added to each datum.

The noisy data were then inverted using the GCV algorithm. The noise estimates used
for the scaling matrix were 5% of the data amplitude + 10PPM and the reference model
was 0.01 S/m. Figure 5.2 shows a comparison of the recovered models and predicted data
from the discrepancy principle inversion and the GCV inversion. The final 3, model norm,
data misfit, and target misfit values for both of the inversions are shown in Table 5.1.
All of these results indicate that the two inversion results are both qualitatively and
quantitatively similar. In comparison with the discrepancy principle however, the GCV
algorithm has over-fit the data slightly. The convergence curves from both inversions are
plotted in Figures 5.3 and 5.4. It is clear from the curves in these Figures that the paths
taken by the two algorithms to reach the solution were quite different. While the data
misfit is decreased at each iteration in both inversions, the decreases in the GCV case are

not at a constant rate. The model norm does not begin small and increase gradually, as
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Figure 5.2: Comparison of recovered models and predicted data from AEM example
discrepancy principle and GCV inversions with a fixed value of A. The measurement
height was set equal to 30 m. Discrepancy principle (x?) results: (a) True conductivity
(dashed line) and recovered conductivity (solid line) and (b) observed data (inphase -
circles, quadrature - crosses) and predicted data (inphase - solid line, quadrature - dashed

line). GCV results: (c) conductivity models (labeled as in (a)) and (d) data (labeled as
in (b))

X2 1020.4 | 1.87 x 1072 | 20.0 | 20.0

GCV || 257.5 | 2.35 x 1072 | 17.4 | N/A

Table 5.1: Comparison of parameter values from the AEM discrepancy principle and
GCV inversions with a fixed value of h. (3 is the final regularization parameter value, ¢,,
is the recovered model norm, ¢4 is the data misfit achieved by the inversion, and ¢ is
the target misfit. Values are tabulated for both the discrepancy principle (x?) and GCV

Inversions.
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Figure 5.3: Convergence curves from AEM example discrepancy principle inversion with
a fixed value of h. The measurement height was set equal to 30 m. (a) ¢4 (circles) and
target ¢4 (crosses) vs. iteration, (b) ¢y, vs. iteration, (c) fixed g vs. iteration, and (d)
d(mp41) (circles) and @(my) (crosses) vs. iteration.
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it does in the discrepancy principle example, instead it remains close to the same value
throughout the inversion. The way in which 3 varies through the inversion is opposite in
the two algorithm. When the discrepancy principle algorithm is used, 3 generally starts
out large and decreases at each iteration. Conversely the GCV algorithm usually starts
out by estimating small values of 8 which gradually increase as the inversion proceeds.
The differences in the ¢,, and 3 curves in the GCV results are caused by the fact that the
GCV tends to over-fit the noise associated with the linearized problem at each iteration.
This can be seen by plotting the GCV function values as a function of 3 for a particular
iteration along with the model that was calculated using the 8 chosen by the GCV. The
plots were generated for iterations 1, 3, and 6 and are shown in Figure 5.5. In the first
iteration the minimum in the GCV function lies at a small 3 value. The perturbation ém
calculated using this 8 was quite large and had to be damped once. While the damping
ensured that the step decreased ¢, the model recovered at this iteration still has a lot
of structure. By the third iteration however, the GCV curve has selected a larger 3
value and is calculating good perturbations. In fact, by the sixth and final iteration the
minimum of the GCV curve has settled to a relatively constant value.

As i1t stands, the GCV algorithm must work to remove the structure added to the
model due through the selection of small 3 values during early iterations. While this is
not the path the discrepancy principle algorithm takes, it leads to an acceptable result.
The recovered conductivity structure is a good representation of the true conductivity
and the data is fit to an appropriate level. Since the GCV algorithm has be successful
for a fixed value of p there is no reason why it should not work when p is included in the

model.
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Figure 5.5: GCV Curves and recovered models from iterations 1, 3, and 6 of the AEM
example GCV inversion with a fixed value of h. The measurement height was set equal
to 30 m. Panels (a), (¢), and (e) GCV function vs. 8 (solid line), 8 selected by GCV
algorithm (circle). Panels (b), (d), and (f) model calculated using GCV estimate of 3
(solid line), mode after it has been damped according to DGN approach (dashed line),
true model (dotted line), and ndamp is the number of dampings performed.
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5.2.2 GCYV when p is included in the model

The next step is to modify the algorithm to include p in the model, such that it is possible

recover both conductivity and a parameter value.

Inversion Algorithm

This algorithm is almost identical to the one presented Section 5.2.1 for the fixed p
solution. The only modification is the inclusion of a cooling schedule for a,. These
changes lie in Steps 1,2, and 9A. A flow chart of the algorithm is shown in Figure 5.6.

The changes in the algorithm are as follows:
1. The user must provide a starting value of a,.
2. The starting p,.s value is calculated as discussed in Section 4.2.2.
9A. The value of «, is decreased by a factor of 10 after each iteration.

Now having designed the algorithm it can be tested on a synthetic example.

Synthetic AEM Example

The same synthetic AEM data used in the fixed p example was inverted with p as part of
the model. For this inversion the starting value of o, was set equal to 1. Figure 5.7 shows
a comparison of the recovered models and predicted data from the discrepancy principle
inversion and the GCV inversion. The final measurement height, 8, model norm, data
misfit, and target misfit values for both of the inversions are shown in Table 5.2. These
results show that the GCV algorithm behaves similarly when p is included in the model.
The discrepancy principle inversion recovered a measurement height of 29.1 m and the
GCV recovered a value of 28.9 m, both of which are very good estimations of the true

height of 30 m. In both cases the recovered conductivity models are good representations
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Figure 5.6: Flowchart for the GCV inversion algorithm with p included in the model.
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Figure 5.7: Comparison of recovered models and predicted data from AEM example dis-
crepancy principle and GCV inversions with h included in the model. The measurement
height recovered with discrepancy principle was 29.1 m, with GCV was 28.9 m, and the
true value was 30 m. Discrepancy principle (x?) results: (a) True conductivity (dashed
line) and recovered conductivity (solid line) and (b) observed data (inphase - circles,
quadrature - crosses) and predicted data (inphase - solid line, quadrature - dashed line).

GOV results: (c¢) conductivity models (labeled as in (a)) and (d) data (labeled as in (b))

h B Pm $a | ¥
x> [29.1]1235.3 | 1.84 x 1072 | 20.0 | 20.0
GCV | 28.9 | 259.9 | 2.26 x 1072 | 17.4 | N/A

Table 5.2: Comparison of results from AEM example discrepancy principle and GCV
inversions with A included in the model. A is the recovered measurement height, 3 is
the final regularization parameter value, ¢,, is the recovered model norm, ¢4 is the data
misfit achieved by the inversion, and ¢} 1s the target misfit. Values are tabulated for
both the discrepancy principle (x?) and GCV inversions.
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of the true model. However, once again the GCV algorithm has over-fit the data slightly.
The convergence curves from both of the inversions are plotted in Figures 5.8 and 5.9.

Upon comparison, the convergence curves from these inversion are quite similar to those
from the fixed p inversions. The plots of ¢4, ¢,, and 3 versus iteration from the GCV
inversion exhibit a character similar to that seen when the height was held fixed at 30
m. In the GCV inversion the p versus iteration plot follows a much more direct route
to the final parameter value than that of the discrepancy principle solution. This is a
function of the small values of 8 values being selected by the algorithm. As discussed in
Section 4.2.2, when 8 is large the equations that govern 6log(c) and ép are decoupled
and the steps taken by p. This is the reason why in the early iterations of the discrepancy
principle inversions, p tends to wander slightly. However, the small 8 values selected by
the GCV algorithm ensure that both parts of the step ém are influenced by one another,
and as a result p approaches its final value in a direct manner. Plots of the GCV function
versus J and the resultant models were generated for iterations 1, 3, and 6 and are shown
in Figure 5.10. The GCV curves and the recovered models from this inversion are quite
similar to those from the fixed p inversion. The algorithm introduces unwanted structure
in the first iteration by selecting a small value of 8, and the remaining iterations are used
to remove the structure until a model which fits the data is found. For this example the
GCV algorithm has worked well to recover good representations of both conductivity as

well as a parameter value.

5.2.3 Application of GCV to small data sets

The theory of GCV requires a large number of data. The previous examples have shown
that GCV can work well with ten frequencies, that is twenty data. However, both of the
field examples which have motivated this thesis consist of soundings with a small number

of measurement frequencies. A sounding from the Sullivan data has four frequencies and
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Figure 5.8: Convergence curves from AEM example discrepancy principle inversion with
h included in the model. (a) ¢4 (circles) and target ¢4 (crosses) vs. iteration, (b) ¢, vs.
iteration, (c) h (circles) vs. iteration and hgmye (crosses), (d) ¢, vs. iteration, (e) B vs.
iteration, and (f) ¢(mg41) (circles) and ¢(my) (crosses) vs. iteration.



Chapter 5. Application of GCV to 1-D EM Inversion 135

10* 10"
©6—© Recovered Misfit
(a) *-> Target Misfit (b) c
108 g
o >
= g
o k3
8 3
10% 5
O
i
1 -2
10 D) 2 6 10 2 3 4 5 6
Iteration
325 10°
33
—~ -3
(c) Es1s (d) 10
= IS
5 31 5 .
] 210"
L305 =
5 g
301 -
£ §10
529.5 g
%]
S 29 107
=
285
a -7
28, 2 4 6 107 2 3 4 5 6
10° 10*
G—O @new
e ' f d *+ gold
@ ® ¢ .
]
g S10%
: 2
.%102 E—i
N 2
E :
35
2 3
o U]
1] 1]
109 2 3 4 5 6 10 2 3 4 5 6
Iteration Iteration

Figure 5.9: Convergence curves from AEM example GCV inversion with h included in
the model. (a) ¢4 (circles) and target ¢4 (crosses) vs. iteration, (b) ¢, vs. iteration, (c)
h (circles) vs. iteration and Ay (crosses), (d) ¢, vs. iteration, (e) B vs. iteration, and
(f) ¢(mr41) (circles) and ¢(my) (crosses) vs. iteration.



Chapter 5. Application of GCV to 1-D EM Inversion 136

10" 0.5
@] _
. — GCVIt.=1 £
1it=1 5
.5 100 E—O.S
g =
& 3
> [=h
O -1 [@]
I 10 (_)o
S 55 — GCV Model
" - -- DGN ndamp =1
10 -3
10° 10° 10%° 0 50 100 150
Depth (m)
10" -05
(©) (d)
. — GCVIt.=3 € 1
1t=3 , 3
§10 >
k3 >-15
c =
c 3
310 s 7
o Oo — GCV Model
Si2.5 _
5’ -- DGNndamp =0
-2
10 -3
10_10 100 1010 0 50 100 150
Depth (m)
10 -05
— GCVIt.=6 © ®
1t=6 o E
510° <
o
g £-15
c =1
z 3
> s 2
Q10 o
o o — GCV Model
%25 -~ DGN ndamp =0
s p=
-2
10 -3
10_10 100 1010 0 50 100 150
Depth (m)

Figure 5.10: GCV Curves and recovered models from iterations 1, 3, and 6 of the AEM
example GCV inversion with A included in the model. The measurement height was set
equal to 30 m. Panels (a), (¢), and (e¢) GCV function vs. 3 (solid line), B selected by
GCV algorithm (circle). Panels (b), (d), and (f) model calculated using GCV estimate
of B (solid line), mode after it has been damped according to DGN approach (dashed
line), true model (dotted line), and ndamp is the number of dampings performed.
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B Pm $a | &3
X’ 2231.7 |3.10x1072] 8.0 | 80
GCV | 1.44 x 1073 2.61 12.5 | N/A

Table 5.3: Comparison of results from the four frequency AEM example discrepancy prin-
ciple and GCV inversions with a fixed value of h. 3 is the final regularization parameter
value, ¢,, is the recovered model norm, ¢, is the data misfit achieved by the inversion,
and ¢ is the target misfit. Values are tabulated for both the discrepancy principle (x?)
and GCV inversions.

the Mt. Milligan data has three. In this Section I will apply the GCV algorithm for fixed
p to a set of data collected using four frequencies. This will shed some light onto the

applicability of my GCV algorithm to the field data sets.

Four Frequency AEM Example

In order to investigate how GCV behaves for a small number of data it is applied to a
synthetic AEM data set. The data were generated over the conductivity model shown in
Figure 3.1(a). The data were simulated at four frequencies ranging from 110 Hz to 56320
Hz with a coil separation of 10 m and measurement height of 30 m. In order to simulate
actual measurements random noise with a standard deviation equal to 5% of the data
amplitude + 10 PPM was added to each datum.

In order to invert the data using GCV the data were scaled by the standard deviations
of the errors which were equal to 5% of the data amplitude + 10PPM. The data were
inverted with a reference model equal to 0.01 S/m. Figure 5.11 shows a comparison of
the recovered models and predicted data from the discrepancy principle inversion and
the GCV inversion of the four frequency data. The final 8, model norm, data maisfit,
and target misfit values for both of the inversions are shown in Table 5.3. These results
show that the GCV algorithm has not been successful. The plot of the recovered model

in Figure 5.11(c) does not resemble the true model, and the values from Table 5.3 show
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Figure 5.11: Comparison of recovered models and predicted data from the four frequency
AEM example discrepancy principle and GCV inversions with a fixed value of h. The
measurement height was set equal to 30 m. Discrepancy principle (x?) results: (a)
True conductivity (dashed line) and recovered conductivity (solid line) and (b) observed
data (inphase - circles, quadrature - crosses) and predicted data (inphase - solid line,
quadrature - dashed line). GCV results: (c¢) conductivity models (labeled as in (a)) and
(d) data (labeled as in (b))
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Figure 5.12: Convergence curves from four frequency AEM example discrepancy principle
inversion with a fixed value of h. The measurement height was set equal to 30 m. (a)
¢a (circles) and target ¢q (crosses) vs. iteration, (b) ¢, vs. iteration, (c) fixed 8 vs.
iteration, and (d) ¢(mpy1) (circles) and ¢(my) (crosses) vs. iteration.

that the GCV solution in no way resembles the solution reached using the discrepancy
principle algorithm.

It is clear from this that my GCV algorithm is unstable when attempting to invert
the four frequency data. However, determining the cause of the instability may help in
developing a better GOV algorithm. In order to gain some insight into why the algorithm
failed, it is useful to examine the convergence curves from the inversion. The plots of ¢y,
®m, B, and ¢ versus iteration shown in Figure 5.12 are jagged. The most important curve,

which 1s also the most erratic, is the regularization parameter. The GCV function was

never able to reach a constant minimum value. A possible reason for this can be seen by
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plotting the GCV curves from various stages during the inversion. GCV function versus
0 and the resultant models, for the first three iterations, are plotted in Figure 5.10. The
GCV curve from the first iteration has a well defined minimum and appears to be normal,
however, the perturbation ém which it generates is extremely large. The size of the step
was damped once, such that the objective function decreased. The damped model shown
in Figure 5.13(b) was physically unacceptable; however, the algorithm accepted the step
and carried on to the next iteration. It is at this point that the problems continued. The
GCV curve from the second iteration, which is plotted in Figure 5.13(¢), does not have
a unique minimum. As a result the algorithm chooses an even smaller 8 value than it
chose in the first iteration. As would be expected, the step taken by the model in this
iteration is another unphysical one. This type of behavior continued until the algorithm
stopped after the thirtieth iteration. The behavior exhibited in this example could be
construed as the failure of GCV however, this is not the case.

When working with a linearized problem the solution that is attained can only be
as good as the linearization itself. Therefore, when evaluating the GCV function during
a given iteration, the chance of success depends in part on the model about which the
problem is linearized. Therefore, it should not come as a surprise that the GCV func-
tion calculated during the second iteration was problematic. If the model about which
the problem was linearized was physically unreasonable the GCV had little chance of
accurately estimating the noise.

These results suggests that the instabilities of my algorithm could be ameliorated by
adjusting the choice of 8 during the first few iterations. While choosing the GCV estimate
of 3 in the first iteration may well predict the noise level correctly, it may also result in
an unacceptable amount of structure being added to the model. A better choice of 3 for
the first iteration would be a large value which decreased the data misfit slightly without

adding too much structure, such as the step taken by the discrepancy principle. This can
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Figure 5.13: GCV Curves and recovered models from iterations 1, 2, and 3 of the AEM
example GCV inversion with a fixed value of h. The measurement height was set equal
to 30 m. Panels (a), (¢), and (e) GCV function vs. 8 (solid line), 8 selected by GCV
algorithm (circle). Panels (b), (d), and (f) model calculated using GCV estimate of 3
(solid line), mode after it has been damped according to DGN approach (dashed line),
true model (dotted line), and ndamp is the number of dampings performed.
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help to ensure that the recovered model will remain sensible and that the GCV estimate
of 8 will be reliable. An algorithm in which the value of 8 was gradually cooled with
the eventual goal of using the GCV estimate of 3 could help deal with the instabilities
of the algorithm as it is currently defined. The implementation of such an algorithm is

necessary in order to effectively assess the applicability of GCV to small data sets.

5.3 Summary

In this section a GCV based inversion algorithm which makes use of the damped Gauss-
Newton approach was developed. The algorithm was shown to work well when inverting
frequency domain EM soundings which consist of twenty data. The GCV inversion algo-
rithm was applied to both the problem of recovering conductivity as well as the problem
of recovering conductivity and a survey parameter. The results from the synthetic AEM
compared well with those attained using the the discrepancy principle algorithm devel-
oped in Chapter 4. When applied to data sets with smaller numbers of data the GCV
algorithm, as it has been designed, was unstable. This suggests the need for a new
algorithm that combines the stability of the discrepancy principle and the noise estimat-
ing properties of GCV. Overall, the use of GCV to estimate noise in non-linear inverse

problems looks promising.



Chapter 6

Summary

This thesis seeks a method to improve the inversion results of the Mt. Milligan and
Sullivan field data sets. It was conjectured that the problems associated with the data
sets were due to geometric survey parameter errors. In the Mt. Milligan data, meas-
urement height errors were causing distortions in the conductivity structure and in the
Sullivan data, coil separation errors were making it impossible to predict the inphase
data. A solution was proposed in the form of an algorithm that would recover both 1-D
conductivity and a geometric survey parameter.

Making use of background information on electromagnetic (EM) methods and the
1-D EM inverse problem, presented in Chapter 2, as well as the insight into the nature of
geometric parameter errors, gained in Chapter 3, the stage was set to solve the problem.

In Chapter 4 a modified inversion methodology was proposed to incorporate the extra
parameter into the model recovered during the inversion. The necessary changes were
made to the current algorithm and the new algorithm was designed. The algorithm was
tested on synthetic AEM and HLEM data sets. The results from these tests showed that
it was possible to recover both good estimates of parameter values as well as realistic
representations of the subsurface conductivity structure. When applied to the field data
sets the problems that were encountered before were corrected. The recovery of correct
measurement heights in the Mt. Milligan case removed the distortions from the conduc-
tivity models and in the Sullivan case the recovery of correct coil separations made it

possible to predict the inphase data.
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The problem of noise estimation was also addressed in the thesis. Chapter 5 presented
a discussion of the use of generalized cross validation (GCV) to estimate noise in non-
linear inverse problems. A GCV based inversion algorithm was developed for the 1-D
EM inverse problem. The algorithm worked well when applied to synthetic AEM data
set with 20 data. However, some of the algorithms instabilities were revealed when it
was applied to smaller data sets. While it appears that GCV worked well to estimate the
noise associated with the data, the algorithm needs modification in order to fully exploit
the potential of GCV. The result of these investigation was a better understanding of

how GCV should be used within the context of non-linear inverse problems.
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